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Completely reducible
representations

� If G is any group, if E is a �eld, and if V is a
(�nite dimensional) E-vector space, recall that a
representation r : G ! GL(V) is simple(or
irreducible) if the only invariant subspace of V
are 0 and V.
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representations

� If G is any group, if E is a �eld, and if V is a
(�nite dimensional) E-vector space, recall that a
representation r : G ! GL(V) is simple(or
irreducible) if the only invariant subspace of V
are 0 and V.

� V is completely reducible (or semisimple) – cr
for short – if for each invariant subspace
W � V, there is an invariant subspace W0 � V
such that W + W0 = V and W \ W0 = 0.
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Completely reducible
representations

� If G is any group, if E is a �eld, and if V is a
(�nite dimensional) E-vector space, recall that a
representation r : G ! GL(V) is simple(or
irreducible) if the only invariant subspace of V
are 0 and V.

� V is completely reducible (or semisimple) – cr
for short – if for each invariant subspace
W � V, there is an invariant subspace W0 � V
such that W + W0 = V and W \ W0 = 0.

� this of course meansV = W � W0.
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Completely reducible
representations...continued

� Exercise: if V is cr and W � V is invariant,
then:

� W is cr, and
� V/ W is cr.
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Completely reducible
representations...continued

� Exercise: if V is cr and W � V is invariant,
then:

� W is cr, and
� V/ W is cr.

� Exercise:V is cr () there are irreducible
invariant subspaces W1, . . . ,Wr such that
V =

L r
i= 1 Wi .
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Examples

� Theorem: (Maschke) If jGj is �nite and
invertible in E, then every representation of G
on an E-vectorspaceV is cr.
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Examples

� Theorem: (Maschke) If jGj is �nite and
invertible in E, then every representation of G
on an E-vectorspaceV is cr.

� If G is a compact topological group and
r : G ! GL(V) is a continuous representation
on an R- or C- vectorspace, thenV is cr.
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Examples

� Theorem: (Maschke) If jGj is �nite and
invertible in E, then every representation of G
on an E-vectorspaceV is cr.

� If G is a compact topological group and
r : G ! GL(V) is a continuous representation
on an R- or C- vectorspace, thenV is cr.

� “compact” and “continuous” aren't enough. If
` is prime, Z ` = inv. lim. Z/ `nZ is compact and
has the continuous non-cr representation

x 7!
�

1 x
0 1

�
on a Q `-vector space.
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examples, continued

� Let K be a �eld and let G be a reductive
algebraic group over K.
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examples, continued

� Let K be a �eld and let G be a reductive
algebraic group over K.

� Let V be aK-vector space and let
r : G ! GL(V) be a representation as an
algebraic group.
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examples, continued

� Let K be a �eld and let G be a reductive
algebraic group over K.

� Let V be aK-vector space and let
r : G ! GL(V) be a representation as an
algebraic group.

� If the characteristic of K is 0, then V is cr.
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examples, continued

� Let K be a �eld and let G be a reductive
algebraic group over K.

� Let V be aK-vector space and let
r : G ! GL(V) be a representation as an
algebraic group.

� If the characteristic of K is 0, then V is cr.
[Indeed, char. 0 =) V is cr for g. Moreover, G
leaves invariant each g-isotypic component of
V. Conclude since there are no non-trivial
self-extensions of G-modules for reductive G.]
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Reductive groups

� We will now focus on reductive groups.
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Reductive groups

� We will now focus on reductive groups.

� From now on, a representation of an algebraic
group means a representation on a K-vector
spaceV, and the morphism G ! GL(V) is
given by a map of algebraic groups.
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Forms of GLN

� Let A be a simple central algebra over K; thus
A ' Mat r (D) where D is a central division
K-algebra.
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Forms of GLN

� Let A be a simple central algebra over K; thus
A ' Mat r (D) where D is a central division
K-algebra.

� Then A determines a reductive algebraic group
schemeG = GL1,A over K such that
G(L ) = ( A 
 K L ) � for each commutative
K-algebra L .
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Forms of GLN

� Let A be a simple central algebra over K; thus
A ' Mat r (D) where D is a central division
K-algebra.

� Then A determines a reductive algebraic group
schemeG = GL1,A over K such that
G(L ) = ( A 
 K L ) � for each commutative
K-algebra L .

� If D 
 K L ' Mat N L, then G(L ) is just GLN (L )
whenever L is also an L-algebra – thus G is a
form of GL N .
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Some “exceptional” groups

� Let C be an 8 dimensional non-associative
“Octonion” K-algebra– thus C has a non deg.
quadratic form Q satisfying Q(xy) = Q(x)Q(y)
for x, y 2 C.
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� Let C be an 8 dimensional non-associative
“Octonion” K-algebra– thus C has a non deg.
quadratic form Q satisfying Q(xy) = Q(x)Q(y)
for x, y 2 C.

� The group G of algebra automorphisms of C is
a 14 dimensional simple algebraic group “of
type G2”.
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Some “exceptional” groups

� Let C be an 8 dimensional non-associative
“Octonion” K-algebra– thus C has a non deg.
quadratic form Q satisfying Q(xy) = Q(x)Q(y)
for x, y 2 C.

� The group G of algebra automorphisms of C is
a 14 dimensional simple algebraic group “of
type G2”.

� One can form a 27 dimensional “Albert
algebra” A as a subalgebra of Mat3(C); the
group of automorphisms of A is a 52
dimensional simple alg. group “of type F4”.
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Parabolic subgroups

G is a reductive group over K.

� A subgroup P � G is parabolicif G/ P is a
projective variety.
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Parabolic subgroups

G is a reductive group over K.

� A subgroup P � G is parabolicif G/ P is a
projective variety.

� For instance, if G = GL(V), W � V is a linear
subspace, andP is the stabilizer of W, then
G/ P is the (projective) Grassmann variety of
dim W-dimensional subspaces ofV. SoP is
parabolic.
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Parabolic subgroups

G is a reductive group over K.

� A subgroup P � G is parabolicif G/ P is a
projective variety.

� For instance, if G = GL(V), W � V is a linear
subspace, andP is the stabilizer of W, then
G/ P is the (projective) Grassmann variety of
dim W-dimensional subspaces ofV. SoP is
parabolic.

� If G = SO(V), and 0 6= W � V is a totally
isotropic subspace, the stabilizer of W is
parabolic.
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Levi subgroups

Let P � G be a parabolic subgroup.

� There is a largest normal unipotent subgroup
U � P.
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Levi subgroups

Let P � G be a parabolic subgroup.

� There is a largest normal unipotent subgroup
U � P.

� There is a reductive subgroup L � P with
L \ U = 1 and P = L � U; L is called a Levi
factor.
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Levi subgroups

Let P � G be a parabolic subgroup.

� There is a largest normal unipotent subgroup
U � P.

� There is a reductive subgroup L � P with
L \ U = 1 and P = L � U; L is called a Levi
factor.

� If P � GL(V) is the stablizer of the subspaceW,
choose a subspaceW0with V = W � W0; then
L = GL(W) � GL(W0) � P is a Levi factor of P.
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Complete reducibility

Let G be a reductive group, let H � G be a closed
subgroup, and let p be the characteristic of K.

� H is G-completely reducible ( G-cr) if whenever
H � P for a parabolic subgroup of G, then
H � L for some Levi factor of P.
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Complete reducibility

Let G be a reductive group, let H � G be a closed
subgroup, and let p be the characteristic of K.

� H is G-completely reducible ( G-cr) if whenever
H � P for a parabolic subgroup of G, then
H � L for some Levi factor of P.

� If G = GL(V) then H is G-cr if and only if V is
completely reducible as a rep'n for H. Ditto for
G = Sp(V) and SO(V), when p 6= 2.
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Complete reducibility

Let G be a reductive group, let H � G be a closed
subgroup, and let p be the characteristic of K.

� H is G-completely reducible ( G-cr) if whenever
H � P for a parabolic subgroup of G, then
H � L for some Levi factor of P.

� If G = GL(V) then H is G-cr if and only if V is
completely reducible as a rep'n for H. Ditto for
G = Sp(V) and SO(V), when p 6= 2.

� If p = 0 or p >> 0, then H is G-cr if and only if
Lie(G) is completely reducible as an
H-representation.
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Complete reducibilty

� Let H � G be a closed subgroup, and let S be a
maximal torus of the centralizer in G of H.
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Complete reducibilty

� Let H � G be a closed subgroup, and let S be a
maximal torus of the centralizer in G of H.

� Then L = CG(S) is a Levi subgroup of G, and
H � L. In fact, H is “ L-indecomposable” – a
maximal torus of CL(H) is central in L.
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� Let H � G be a closed subgroup, and let S be a
maximal torus of the centralizer in G of H.

� Then L = CG(S) is a Levi subgroup of G, and
H � L. In fact, H is “ L-indecomposable” – a
maximal torus of CL(H) is central in L.

� H is G-cr () G is L-cr.
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Complete reducibilty

� Let H � G be a closed subgroup, and let S be a
maximal torus of the centralizer in G of H.

� Then L = CG(S) is a Levi subgroup of G, and
H � L. In fact, H is “ L-indecomposable” – a
maximal torus of CL(H) is central in L.

� H is G-cr () G is L-cr.
� This follows from a characterization of G-cr

given by J-P. Serre:H is G-cr () the H-�xed
points on the spherical building of G do not
form a contractible space.
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Optimal SL2's

� Let G be a semisimple group in “very good”
characteristic, and let X 2 Lie(G) satisfy
X [p] = 0.
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Optimal SL2's

� Let G be a semisimple group in “very good”
characteristic, and let X 2 Lie(G) satisfy
X [p] = 0.

� X is an unstable vector in the G-variety Lie (G).
A result of Kempf associates a certain
CG(X)-conjugacy class of cocharacters
f : Gm ! G to X satisfying
lim t! 0 Ad (f (t)) X = 0.
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Optimal SL2's

� Let G be a semisimple group in “very good”
characteristic, and let X 2 Lie(G) satisfy
X [p] = 0.

� X is an unstable vector in the G-variety Lie (G).
A result of Kempf associates a certain
CG(X)-conjugacy class of cocharacters
f : Gm ! G to X satisfying
lim t! 0 Ad (f (t)) X = 0.

� Gm is the multiplicative group: Gm(K) = K� .
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Optimal SL2's

� Let G be a semisimple group in “very good”
characteristic, and let X 2 Lie(G) satisfy
X [p] = 0.

� X is an unstable vector in the G-variety Lie (G).
A result of Kempf associates a certain
CG(X)-conjugacy class of cocharacters
f : Gm ! G to X satisfying
lim t! 0 Ad (f (t)) X = 0.

� Gm is the multiplicative group: Gm(K) = K� .

� call these cocharactersoptimalfor X.
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Optimal SL2's continued

� Recall X 2 Lie(G) is �xed with X [p] = 0.
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Optimal SL2's continued

� Recall X 2 Lie(G) is �xed with X [p] = 0.

� Let X0 =
�

0 1
0 0

�
2 Lie SL2 = sl2.
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Optimal SL2's continued

� Recall X 2 Lie(G) is �xed with X [p] = 0.

� Let X0 =
�

0 1
0 0

�
2 Lie SL2 = sl2.

� Let Gm ' T � SL2 be the diagonal torus.

Complete Reducibility – p. 14



Optimal SL2's continued

� Recall X 2 Lie(G) is �xed with X [p] = 0.

� Let X0 =
�

0 1
0 0

�
2 Lie SL2 = sl2.

� Let Gm ' T � SL2 be the diagonal torus.

� Theorem (Seitz 2000, M. 2005) There is a
unique homomorphism y : SL2 ! G such that

� X = dy (X0), and
� y jT is an optimal cocharacter for X.

Moreover, the image of y is G-cr.
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An example

� Let A = (27 dimensional) Albert algebra, and
G be the group of aut's of A (“type F4”).
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An example

� Let A = (27 dimensional) Albert algebra, and
G be the group of aut's of A (“type F4”).

� If char(K) > 3, there is a non-degG-invariant
form b on A for which b(1, 1) 6= 0. Then 1? is a
26-dimensional simple representation of G.
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An example

� Let A = (27 dimensional) Albert algebra, and
G be the group of aut's of A (“type F4”).

� If char(K) > 3, there is a non-degG-invariant
form b on A for which b(1, 1) 6= 0. Then 1? is a
26-dimensional simple representation of G.

� Let X 2 Lie(G) be regular nilp. If p � 13,
X [p] = 0. Let f : SL2 ! G the corresponding
optimal map.
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An example

� Let A = (27 dimensional) Albert algebra, and
G be the group of aut's of A (“type F4”).

� If char(K) > 3, there is a non-degG-invariant
form b on A for which b(1, 1) 6= 0. Then 1? is a
26-dimensional simple representation of G.

� Let X 2 Lie(G) be regular nilp. If p � 13,
X [p] = 0. Let f : SL2 ! G the corresponding
optimal map.

� im (f ) is G-cr, but if p = 13, resGSL2
(1? ) is not a

completely reducible rep'n for SL 2.
Complete Reducibility – p. 15



Steinberg's 
 -theorem

We'll state this just for SL 2 though it is true much
more generally. Let K have characteristic p > 0.

� Let F : SL2 ! SL2 be the Frobenius morphism;

it is given by F
�

a b
c d

�
=

�
ap bp

cp dp

�
.
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� Let F : SL2 ! SL2 be the Frobenius morphism;

it is given by F
�

a b
c d

�
=

�
ap bp

cp dp

�
.

� The pesky (or lovely?) thing about F is: dF = 0.
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Steinberg's 
 -theorem

We'll state this just for SL 2 though it is true much
more generally. Let K have characteristic p > 0.

� Let F : SL2 ! SL2 be the Frobenius morphism;

it is given by F
�

a b
c d

�
=

�
ap bp

cp dp

�
.

� The pesky (or lovely?) thing about F is: dF = 0.

� There are p irreducible representations of SL2

whose restriction to sl2 remain irreducible: One
labels them L(n) for 0 � n � p � 1, and one has
dim L(n) = n + 1.
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...Steinberg's 
 -theorem...

� If V is any representation of SL2 given by
r : SL2 ! GL(V), let V [e] be the representation
of SL2 on V given by r � Fe : SL2 ! GL(V).
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...Steinberg's 
 -theorem...

� If V is any representation of SL2 given by
r : SL2 ! GL(V), let V [e] be the representation
of SL2 on V given by r � Fe : SL2 ! GL(V).

� Theorem. An arbitrary irreducible
representation of SL2 is isomorphic to

L(n) = L(n0) 
 L(n1) [1] 
 � � � 
 L(nr ) [r ]

for some n � 0, where n = å r
i= 0 ni pi is the

“ p-adic expansion” of n (so 0 � ni � p � 1 for
eachi).
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...Steinberg's 
 -theorem

� For n � 1, write n = n0 + pm with
0 � n0 � p � 1 and m � 1. Then
L(n) ' L(n0) 
 L(m) [1], and as a representation
for sl2, L(n) is a sum of dim L(m) copies of the
irreducible representation L(n0).
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...Steinberg's 
 -theorem

� For n � 1, write n = n0 + pm with
0 � n0 � p � 1 and m � 1. Then
L(n) ' L(n0) 
 L(m) [1], and as a representation
for sl2, L(n) is a sum of dim L(m) copies of the
irreducible representation L(n0).

� Thus given any simple representation (r , L) of
SL2, there is a restricted semisimple
representation (r 0, L) of SL2 such that dr = dr 0.
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G-cr Lie algebras

Suppose that K is algbraically closed.

� If h � g = Lie(G) is a subalgebra, say thath is
G-cr if whenever h � Lie(P) for a parabolic
subgroup P of G, then h � Lie(L) for some
Levi factor L of P.
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G-cr Lie algebras

Suppose that K is algbraically closed.

� If h � g = Lie(G) is a subalgebra, say thath is
G-cr if whenever h � Lie(P) for a parabolic
subgroup P of G, then h � Lie(L) for some
Levi factor L of P.

� Theorem. (M. 2005)
1. Let X1, . . . ,Xr be a basis ofh. Then h is G-cr

() the G-orbit of (X1, . . . ,Xr) is closed in
Õ r g.

2. If H � G is G-cr, then Lie(H) is G-cr.
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G-cr Lie subalgebras

� The converse of the previous result is very far
from being true.
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G-cr Lie subalgebras

� The converse of the previous result is very far
from being true.

� The result is similar to a result of B. Martin: Let
N � H � G with N normal in H. If H is G-cr
then N is G-cr.
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G-cr Lie subalgebras

� The converse of the previous result is very far
from being true.

� The result is similar to a result of B. Martin: Let
N � H � G with N normal in H. If H is G-cr
then N is G-cr.

� The proof uses the “instability parabolic
subgroup” associated to an unstable vector in a
linear G-representation by G. Kempf.
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G-cr SL2's

Let f : SL2 ! G have G-cr image.

� Prop. (M. + Testerman, 2005) If p > 2 and
d f 6= 0, then 9 an optimal homomorphism
f0 : SL2 ! G for which d f = d f0 : sl2 ! g.
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G-cr SL2's

Let f : SL2 ! G have G-cr image.

� Prop. (M. + Testerman, 2005) If p > 2 and
d f 6= 0, then 9 an optimal homomorphism
f0 : SL2 ! G for which d f = d f0 : sl2 ! g.

� Theorem (Leibeck + Seitz, 2002; M. + T., 2005)
There are !'ly determined pairwise commuting,
optimal maps f0, f1, . . . , fr and non-negative
integers n0 < n1 < � � � < nr such that f is given
by the rule (� ) g 7! f0(Fn0g) f1(Fn1g) � � � fr (Fnr g)
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why reprove it?

� The proof of the preceding theorem given by
Leibeck and Seitz relies on detailed knowledge
of the maximal (closed, connected) subgroups
of an exceptional simple algebraic group G –
the proof is “case by case”.
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why reprove it?

� The proof of the preceding theorem given by
Leibeck and Seitz relies on detailed knowledge
of the maximal (closed, connected) subgroups
of an exceptional simple algebraic group G –
the proof is “case by case”.

� The methods of M. and T. permit a “simple”
proof that the result works over any �eld K –
i.e. without the assumption “ K is algebraically
closed”. It works e.g. when K = Fq(X) is the
�eld of rational functions on a variety X over a
�nite �eld – such K are imperfect.
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...conversely...

� Let h(G) be the maximal Coxeternumber of a
simple quotient of G.
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...conversely...

� Let h(G) be the maximal Coxeternumber of a
simple quotient of G.

� Theorem. (M. + T., 2005) Assume
p > 2h(G) � 2. If f0, . . . , fr are pairwise
commuting, optimal homomorphisms and
n0 < n1 < � � � < nr are positive integers, the
rule (� ) determines a homomorphism whose
image is G-cr.
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...conversely...

� Let h(G) be the maximal Coxeternumber of a
simple quotient of G.

� Theorem. (M. + T., 2005) Assume
p > 2h(G) � 2. If f0, . . . , fr are pairwise
commuting, optimal homomorphisms and
n0 < n1 < � � � < nr are positive integers, the
rule (� ) determines a homomorphism whose
image is G-cr.

� p > 2h(G) � 2 is unnecessary whenG = GL1,D ,
when G is of type G2 provided p > 3, or when
G = SO(V) or Sp(V) provided p > 2.
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More questions...

� The centralizer of the image of an optimal
SL2-homomorphism is reductive. Is p very
good for its derived group? This might be
important for understanding conjugacy of G-cr
SL2-homomorphisms.
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More questions...

� The centralizer of the image of an optimal
SL2-homomorphism is reductive. Is p very
good for its derived group? This might be
important for understanding conjugacy of G-cr
SL2-homomorphisms.

� What are the G-cr homomorphisms from
H = SL1,Q for a quaternion K-algebra Q (so
that H is a form of SL2)?
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More questions...

� The centralizer of the image of an optimal
SL2-homomorphism is reductive. Is p very
good for its derived group? This might be
important for understanding conjugacy of G-cr
SL2-homomorphisms.

� What are the G-cr homomorphisms from
H = SL1,Q for a quaternion K-algebra Q (so
that H is a form of SL2)?

� If H is a (split?) simple algebraic group over K,
what are the “optimal” homomorphisms
H ! G?

Complete Reducibility – p. 24
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