Mathematics 38 T“fts Differential Equations

Examination 1 UNIVERSITY October 5, 2009

No calculators, notes, or books are allowed. Please makeadiiglectronic devices are turned off and out of sight.

Show all work and cross out work you do not want graded!

Remember to sign your blue book.

With your signature you are pledging that you have neithegmghor received assistance on this exam. Good luck!
. (5 points, answer only, no partial credit) Can the systerovbdde solved by Cramer’s rule?

1+ xotx3 =0
2014+3x2+x3 =0

—I1—3$2+ZE3 =0

Solution: No, the determinant of the matrix of coefficients is zero.
. (5 points, answer only, no partial credit) Consider thediwihg system of equations:

1+ xotx3 =0
2014+3x0+x3 =0

—I1—3$2+ZE3 =0

Choose one answer: The system has
a. a unique solution, b. no solution, c. more than 1 solution. d. None of the above.
Solution: c.: d. is clearly impossiblea. is impossible because the previous problem shows that Cistest gives a
zero determinant, artal is not true because;, = x5 = 3 = 0 is an obvious solution.
. (5 points, answer only, no partial credit) Choose one answer

5 1 sint t2+3 1
0 4 ¢t et 0
det | O O 3 Int 8 =
00 O 2 Vit
0 0 0 0 1

1 1
a.5, b.2vt, ¢.120, d.120—sint — Zet - Z(t2 +3)e’. e.None of the above.

Solution: c.; this is easy because the matrix is triangular.
. (5 points, answer only, no partial credit) Choose one answer
The functions?, e, e!*! are
a.linearly dependent b. linearly independent. c. None of the above.

Solution: a. because - ¢ +0-e~f —1-¢'*! =0 forall t.
. (5 points, answer only, no partial credit) Consider theadd#htial equation

trz" — 2za’ = 0.

Chooseeveryfunction from the following that is a solution of this diffemtial equation.
a.0, b.1, c.t, d.t?, e.t3, f.t* g.None ofthe above.

Solution: a., c., e: Plug themin. ..
. (5 points, answer only, no partial credit) Choose the coaaswer:

(D —1)%(t'e") =
a. (4t3 +4)et, b.4t3et, c. (413 + 2412 + 24t)e!,  d. (—t* + 83 + 1212 — 24t)e!, e.12t%e!, f. 24tel,

g. None of the above.
Solution: f.: This is easiest by the exponential shift.



7.

10.

(4 points, answer only, no partial credit) Consider theadléhtial equation

(t—1)2" = —x.

Choose all correct answers from below. For the initial vdlyex) = (1,0):

a. The theorem about existence and uniqueness of solution@spand the differential equation has a unique

solution with this initial value.

b. The theorem about existence and uniqueness of solutioiespgand the differential equation has no solution

with this initial value.

c. The theorem about existence and uniqueness of solutioiespmnd the differential equation has more than one

solution with this initial value.

d. Thetheorem about existence and uniqueness of solutiossxvapply, and the differential equation has a unique

solution with this initial value.

e. The theorem about existence and uniqueness of solutiorssrdgeapply, and the differential equation has no

solution with this initial value.

f. The theorem about existence and uniqueness of solutiorssran@pply, and the differential equation has more

than one solution with this initial value.

g. None of the above.

Solution: d.: This was on the homework.

. (4 points, answer only, no partial credit) Again consider tlifferential equatiorit — 1)2’ = —z but now with the
initial value (to, «) = (0,1). From the statements—g. in the previous problem choose all that are correct for this

new initial value.

Solution: a.. —z/(t — 1) is continuous af0, 1).

. (4 points, answer only, no partial credit) Yet again consitle differential equatio(t — 1)2’ = —x but now with the

initial value (to, @) = (1, 1). From the statements—g.in Problem 7. choose all that are correct for this initialal

Solution: e: Insertt = 1 andx = 1 into the differential equation to gét= 1, which is impossible.

(10 points, answer only, no partial credit) Consider théedéntial equation

(D —1)%z =e' 4 t.

If one uses the method of undetermined coefficients, thendhectsimplified gues$or a particular solution is

a. A + Bt%et, b. A+ Bt + Ceél, c. A + Bt + Ctet, d. Aet + Btet, e. At + Cet,

f. A+ Bt+Ct%e!, ¢.At+ Bsint+Ccost, h. A+ Bt+Csint+ Dcost, i. A+ Bt?e' +Csint+ D cost,
j. A+ Bt + Ce' + Dsint + Ecost, k. A+ Bt+ Ctet + Dsint + Ecost, |. At + Be! + Csint + D cost,
m. A+ Bt + Ct?e* + Dsint + Ecost, n.None of the above.

Solution: f.



11.

12.

13.

14.

15.

. _ d 1
(15 points) Solve the initial-value problelﬁZ —ter=t, z(0)= 3

Solution: Write 2/ = #(x + 1) and separate variables to gét) = Ae!" /2 — 1. Thenz(0) = 1/2 givesA = 3/2, so
z(t) = %et2/2 -1

. . .l
(10 points) Find the general solution 3#5 —x=0.

Solution: The roots ofr* — 1 are41 and+i, so the general solution ise? + coe ™t + c3 cost + ¢4 sint.

(5 points) Determine constants andk, such thap(t) = kit cos 2t + kot sin 2¢ is a solution of

(D? 4 4)x = sin 2t.

Solution: (D? + 4)p(t) = —4k; sin 2t + 4ko cos 2t, SOk; = —1/4, ko = 0.

(5 points) Solve the following system of equatidosx only.

r+2y—3z =1
2042y+3z =2
z— y+ z2=0
1 2 -3
det |2 2 3
. . 0 -1 1 —92(2 —
Solution: Cramer’s rule gives = = 5—2(2-3) = v
1 2 -3 5-2(2-3)+12 19
det |2 2 3
1 -1 1

(7 points) Suppos¢ (t) is a continuous function. Give a solution of the initialwalproblemz’ + f(¢)x = 0,
z(1) =0.
(Hint: Think before applying standard techniques.)

Solution: By inspection,z(t) = 0 (for all ¢) is a solution of the ODE (smceE = 0), and it satisfies the initial
condition. (Note that the Theorem about existence and @migss applies, so any different answer is wrong.)

One could get this by separation of variables (not recommahdwe rewrite the equation acg = —f(t)z, and
separate variables to gi\féCE = —f(t)dt (if x # 0). Integrating (and forgetting about absolute values), we g
x

Inz = — [ f(t)dt + C, sox = CS Wt _ go= [ 1t for some constant (which used to be positive but in
retrospect does not have to be). To satisfy the initial cioriwe can takel = 0, which givesz(t) = 0 for all ¢.

END OF EXAMINATION



