Mathematics 38 T“fts Differential Equations

Examination 1 UNIVERSITY October 4, 2010, 8:30-10:30
No calculators, books or notes are allowed on the exam. Altednic devices must be turned off and put away.
You must show all your work in the blue book in order to receive full credit. Please boury@nswers and cross out
any work you do not want graded. Make sure to sign your blu&btdth your signature you are pledging that you
have neither given nor received assistance on the eguoud luck!
. (16 points) Consider the equation
(t+ 12" +tx=0

a. Is it separable?
Solution: Yes
b. Isitlinear?
Solution: Yes
c. Is it homogeneous?
Solution: Yes
d. Give the largest interval containirigwhere the equation is normal.
Solution: (—1, 00)
e. Write the equation in standard form.

Solution: z’ + %= 0
f. Solve the equation.
Solution: Separation of variable$n x = — / H% dt =—t+In|t+ 1|+ C,sox(t) = A(t + 1)e™*
g. Find a solution withz(0) = 2.
Solution: 2 = x(0) = A givesz(t) = 2(t + 1)e™*
h. Why is the solution unique? Because the given differentiab¢ign is normal at = 0. Or: Because the existence-

and-uniqueness theorem applies sifice z) = 11 1% is continuous af0, 2) and so is its:-derivative.

. (5 points)
a. Determine the largest rectangular region ofttheplane that contains the poiit, a) and on which the hypotheses
of the existence and uniqueness theorem hold for the gika.o.

Solution: 0 < ¢t < 7, —0co0 < x < 0.
b. By solving the o0.d.e., find the largest intervatefalues on which the solution of the 0.d.e. that satisfigs) = «
is defined and has values in the rectangular region found.n (a

du cott ( T ) 0
_ = T | — =
dt 2

. 4
Solution: z = [ 2’ dt = /cottdt /gdt In|sint| + C, and0 = z(w/2) = In|sinn/2|+ C = C, so

z(t) = Insint and the interval in question {9, )

3. (10 points) Use Cramer’s rule to solve foonly.

r+2y—3z=1
20 +2y+32=2
r— y+ z=0

1 2 -3

det| 2 2 3
Solution: z = 0 -1 1 = b+2 :l.
1 2 -3 54+24+12 19

det| 2 2 3

1 -1 1



4. (10 points) The Wronskian af t2, t3 is 0 whent = 0 (check this). Why are, t2, t* independent?
t 2

Solution: det [ 1 2t 3t2 | =t(12t* — 6t%) — (6t> — 213) = 2t3{
0 2 6t

5. (10 points) Solve

=0 fort=0
£0 fort#0"

(D3> 4+3D*+3D+ 1)z =0
z(0) = 2/(0) = 2”(0) =0
Solution: By inspection;z(t) = 0 for all ¢ is a solution, and by the theorem on existence and uniqughésthe only

one.

6. (4 points) Use exponential shift to compute

(D* — 7D + 5)t?e*

Solution: (D? — 7D + 5)t?e* = e*((D + 2)? — 7(D + 2) + 5)t? = €*(D? — 3D — 5)t* = €*(2 — 6t — 5t%).
7. (5 points) Find the annihilator of
e! +sin2t — 3

Solution: (D — 1)(D? + 4)D.
8. (10 points) Solve ~ (4D? +1)(D?+2D +2)z =0
Solution: ¢; cost/2 + casint/2 + cze~t cost + cge "t sint.
9. (10 points) Solve  (3D? 4+ 2D — 1)z = 2sint

Solution: (3D? + 2D — 1)z = (3D — 1)(D + 1)z = 0 has the general solution E*/3 + coe*; a simplified
guess for a particular solution ¢8D? + 2D — 1)x = 2sint is kj cost + ko sint. Plugging this in give2sint =
3(—ky cost—ks sint)+2(—ky sint+ko cost)— (k1 cost+ks sint) = (—3k;+2ko—k1) cost+(—3ky—2k1 —ks) sin t,
S0 —4ky + 2k = 0 and—2k; — 4ko = 2. Cramer’s rule giveg; = —1/5 andk, = —2/5, so the general solution is
1 EY3 + cye™t — (1/5) cost — (2/5) sint.

10. (10 points) Solve (D — 1)z = ¢t

Solution: The associated homogeneous equation has the generabsehiti The simplified guess for a particular
solution is ktet; plugging this into(D — 1)z = et givese! = k(D — 1)te! = ke!Dt = ke!, sok = 1 and
z(t) = ce + tet.

11. (10 points) Use variation of parameters to solve
(2D? —4D 4 2)z = €'

No credit by any other method.

Solution: In standard form this i§D? — 2D + 1)z = e!/2; the associated homogeneous equation has the general
solutionc et + cotet. Variation of parameters gives

c(t)e + ch(t)t e =0
ci(t)e + ch(t)(t +1)et = et /2.

Subtracting the first equation from the second one wediifit) = 1/2, hencec,(t) = ¢/2, and then (t) = —t/2, so
c1(t) = —t2/4, andz(t) = ciet + cate! + t2et /4.

END OF EXAMINATION ©2010 Trustees of Tufts College. Al rights reserved.



