Mathematics 38 Differential Equations
Exam Il October 23, 2006

. (10 points)

: 0 fort<0 0 fort<o0
a. Are the functions h,(t) = o(t) =

t fort>0' t2 fort >0
pendent on the intervatoo < t < c0?

linearly inde-

Solution: Yes, becaus&/ [hq, h2|(1) = det (} ;) =1+#0.

b. Are they linearly independent on the intervabo < ¢ < 0?
Solution: No, becausé - hy(t) + 1 - ho(t) = 0fort < 0.
. (10 points) What is the Wronskian éf (t) = te! andhs(t) = t2et att = 0?
Solution: 0

. (10 points)
a. What is the general solution of(D — 1)?(D + 1)z = 0?

Solution: cje? + cotel + czet.
b. What is the general solution of3(D? + D + 2)?z = 0?

Solution: e*/2((c; + cot) cos VTt /2 4 (c3 + cat) sin /7t /2).
. (5 points) Make asimplifiedguess for a particular solution of

(D —1)(D* 4+ 1)3(D 4 2)x = t?e' + e 'sin 3t + .

Solution: cite! + cot?el + czt3e! + cqetsin 3t + czet cos 3t + ¢ + crt.
. (10 points) Determine whether the spring modele@hy)? +-bD +k)x = O withm = 1 gram,k =
100 dynes/cm and = 20 gram/s is undamped, underdamped, critically damped, odaveped.

Solution: Critically damped:1 - D? + 20 - D + 100 = (D + 10)2.
. (10 points) Determine whether the system

is linear. Ifitis linear
a.determine whether it is homogeneoudy. determine its order, andc . write it in matrix form.

Solution: Yes.a. no. b. 3. c.

/

x 0 -t -1 x t 0 -t -1 t
Y = -1/t 0 -1/t y |+ 1] ord = -1/t 0 =1/t |Z+ |1
z 1 —t 0 z 0 1 —t 0 0

—PLEASE TURN OVER—
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7.

10.

. (10 points) Given the matrid =

(10 points) Find the general solution of

(D?* —2D + 1)z = €'/t (fort > 0).

. 4
Solution: cjet + cotet + Btf’/Qet.

. (15 points) Given the o.d.e.

(D* -z =t (N)

a. find the equivalent syste(i®y ),
b. find the general solution of (N) and use it to obtain the gdrestaition of (Sy ),
Cc. write (Sy) in matrix form,
d. write the general solution dfSy) in the formx = ¢1hy (¢) + - - - + ¢, h, (¢) + p(2).
A t) = —t t —t
Solution: a. { 33/1 2y, { z1(t) Cle_t +626t .
xo =x1 +1 xa(t) = —cre” "+ coet — 1
0 1 0 et et —t
C.X:(1 O)X+(t>' d.X:cl<_e_t)-l—cz(et)-l—(_l).
-3 =2

—t
] 0), the vector-valued functioll(¢) = (Eee_t )
1 = 2c1e % 4 cqet

or describing a collection of solutions of the

and the formula . .
XTo = —cC1e " —coe” "+ e

nonhomogeneous systeix = Ax + E(t), decide whether the collection is complete.

: 2e 2t et
Solution: Yes, becausdet <—e—2t —e_t) )
(10 points)
a. The vectors
vi= |3, ve=[1], vs=]11], va=/[3], vs=]1

are linearly independent. Decide whethgr, v, vs, v4 are linearly independent. Explain
clearly.

Solution: If c1V1+caveg+c3vy+cegvy =0 then a|SQZ1V1 +covy +c3vy+cq4vy +0vs = 0. By
linear independence ofy, va, vs, vy, vi thisimpliesc; = 0,¢c2 =0, ¢3 =0, ¢4 = 0 (and0 = 0).
b. Show that any set oi-vectors that include8 is linearly dependent.

Solution: Write the set of vectors @ vo, ..., vi. Then5-0+0-vy +---+0- v, = 0, which
shows (because # 0) thatO, v, . . ., v, are dependent.

END OF EXAMINATION



