Mathematics 38 Tllfts Differential Equations

Exam 1 UNIVERSITY October 27, 2008

1. (4 points) Determine whether the spring modeledyD? + bD + k)x = 0 with m = 1 gram,
k = 5dynes/cm and = 4 gram/s is undamped, underdamped, critically damped, adaveped.

Solution: Underdamped1 - 72 +4 - r + 5 = (r + 2)? + 1 has complex roots.

2. (6 points) Determine whether the system

d=x—ty

w' = tr —yV3+ zsint +w

is linear. Ifitis linear
a. determine whether it is homogeneoudy. determine its order, andc. write it in matrix form.

z\ ' 0 -t -1 0 x 12
. y| | -1/t 0 -1/t © y 1
Solution: Yes. a. no. b. 4. c. " = 1 4 0 0 . + 0 or
w t —v/3 sint 1 w 0
0 —t -1 0 2
L, | -1t 0 =1/t 0], 1
=L 2t 0 olT o
t —v3 sint 1 0

3. (8 points) Given the differential equation
(D* +4D +3)z=3t+7 (N)

a. find the equivalent syste(Sy),

b. the general solution of (N) i8(t) = cie =t +coe 3t +¢t+1. You do not need to verify this
Use the general solution of (N) to obtain each component®ftneral solution ofSy ),

c. write (Sy) in matrix form,
d. write the general solution afSy) in the form@ = ¢,k (t) + - - - + cuhn () + ().
, x r1(t) = cre7t+ e+t +1
Solution: a. { . b { 1) ! . ? 2t :
x —3x1 —4ao +3t+ 7 xa(t) = —cre”t — 3cge "t 4+ 1

L, (0 1Y, 0 L et e 3t t+1
C.a:—<_3 _4)x+(3t+7). d.x—cl(_e_t)—i—cQ(_?)e_gt + L

1



4. (8 points) In parta. andb. you are given a matri¥, a vector-valued functioﬁ(t) and formulas
describing a collection of solutions of the nonhomogenaystemDZ = AZ + E(t). In each
case decide whether the collection is complete.

3 _ . —t 1 = 2c1e 2 + coet
a A— 3 2 . B = Qe_t : 1 1 ; 2 .
r 0 —e To = —cre 2 —cpeTt et
Solution: The Wronskian at O idet (_? _1) = —1 # 0, so this is a complete set.
5 _3 0 0 1 = 6cpe*t — 2c9e™ 4
b.A=|3 -5 0], E®)=[0]: To = 2c1e% — Gege 4t
o 1 2 4 T3 = crett + et — 2

Solution: Since this is a linear combination of only 2 (not 3) solutiathss set is not complete.

4+1 t<12
5. (6 points) Rewritef (t) = < 0 12 <t < 30 inunit step function notation.
t2 t > 30

Solution: f(t) = 4t + 1 + w12 (t)(— (4t + 1)) + uso(t)(¢?).

6. a. (5 points) ComputeZ[e!~2!] using the definitionNo credit by any other method
b. (3 points) State for which values efthis Laplace transform is defined.

lim [e”(F2h _ 1] =
S+ 2 h—oo s+ 2

[e%) h
Solution: e e 2t gt = lim e/ e (Tt gy —
0

h—oo

0
for s > —2.

7. (8 points) Findcos 5t x 4.

t
Solution: cos 5t « 4 = 4 % cost = / 4 - cos budu = (4/5)[sin 5ulf, = (4/5) sin 5¢.
0

8. (8 points) Find the Laplace transform 6ft) = 5te” sin 2t.

d 2 20s
dss2+4  (s2+4)

20(s —17)
((s =72 +4)*

Solution: Z[5tsin 2t] = —5 5, 50.Z[5te" sin 2t] =

2



9. (16 points) Find the inverse Laplace transform of

a s+2
" s2+4s+5
, 2 2
Solution: .# =22 g ST 2 g rgen Ty 2y
s24+4s+5 (s+2)2+1 s2+1
b %
(s2 4 25)2
D8 s 5) t
Solution: L] =271 : = t % sin 5t = — sin 5t.
[(82+25)2] [(82+25) (82+25)] cos bt * sin b 2sm5

10. (20 points) Solve using the Laplace transforNo credit by any other method
a. 2" +42’ + 4z =t%e7%,  2(0) =2/(0) = 0.

ion: 2 _ 2 —2t1 _ _ _i 4 —2t
Solution: (s +2)°Zz] = Z[t"e™] = (S+2>3’So$[as] = Grop andz = —t'e ™%,
0 t<2
( )z {1 i =0
Solution: (s —1).Z[s] 1 = Llus(t)] = e 211 = © s0Zf] = —— 4 Now
(s x = ZLus(t) =e = )= T

1 A B
do a partial fractions decomposition: setti = — 4+ —_qgivesA(s—1)+ Bs=1,or
p p b +—9 (s—1)+Bs

s(s—1) s
A=-1,B=1. So,

1 2 —1
2 1 1
11. (8 points) Check this set of vectors for linear independence | 3 4 -1
4 3 1
1 2 —1
1 2 -1
2 1 1
Solution: Notethat| 3 | — | 4 | — | —1 | =0, so this triple is linearly dependent.
4 3 1
1 2 -1

END OF EXAMINATION



