Mathematics 38 Tufts Differential Equations

Exam 1 UNIVERSITY March 10, 2008

. (5 points) Determine whether the system

is linear. Ifitis linear
a. determine whether it is homogeneoudy. determine its order, andc. write it in matrix form.

Solution: Yes.a. no. b. 3. c.

T 0 -t -1 T t 0 -t -1 t
y| =|(-1/t 0 =1/t y |+ 1 or F=|-1/t 0 -1/t |zF+|1
z 1 —t 0 z 0 1 —t 0 0

. (5 points) Given the o.d.e.
(D* - 1)z =t (N)

a. find the equivalent systeli®y),

b. the general solution of (N) i8(t) = cie™¢ + caet — t. You do not need to verify this
Use the general solution of (N) to obtain each componentef#neral solution ofSy ),

c. write (Sy) in matrix form,
d. write the general solution dfSy) in the forma = c1 Ay (t) + - - - + cnhp (t) + P(t).
_ i =x 21(t) = cre”t+coel —t
Solution: a. { L Y { 1) R
xy =x1 +1 xo(t) = —cre” "+ et — 1

4 (0 1Y), 0 L et et —t
C.o¥ = (1 O)x—}— (t) d Z=c¢ (—e_t) + 2 (et) + (_1).
. (5 points) Determine whether the spring modeledbyD? + bD + k)x = 0 with m = 1gram,
k = 4dynes/cm and = 4 gram/s is undamped, underdamped, critically damped, adaveped.

Solution: Critically damped:1 - D? +4- D +4 = (D + 2)2,

4A+1 t<2
. (5 points) Rewritef(t) = < 9 2 <t <3 inunitstep function notation.
t2 t>3

Solution: f(t) = 4t + 1 4+ ua(t)(9 — (4t + 1)) + uz(t)(t*> — 9).
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5. (10 points)
a. Make a simplified guess for a particular solution(af? — 2D + 1)z = te'.
You do not need to determine the coefficients!
Solution: kit2et + kot3el.
b. Find the general solution ¢fD? — 2D + 1)z = e'\/t fort > 0.

Solution:
¢ (t)e! + ch(t)e't =0 ¢y (t) + eyt

t
simplifies to
(t)et + ch(t)el(t +1) = Vite! P (1) = V1,

i | 1
which givesc) (t) = —t3/2 andc,(t) = t'/? and the general solutian e + cote! + 1—5t5/26t.

6. (10 points)
a. ComputeZ[e5+3] using the definitionNo credit by any other method
b. State for which values of this Laplace transform is defined.

00 h e3 e3
Solution: / e SteS3 dt = lim 63/ et gt = — 3 lim [e~ =9k 1] =
0 0

h—o0 S — 9 h—oo s—5
for s > 5.

7. (10 points) Findl * cos 5t.
t
Solution: / 1 - cos5udu = (1/5)[sin 5ulf = (1/5) sin 5t.
0

8. (10 points) Find the Laplace transform ft) = te® sin 3t.

d 3 6s
dss2+9  (s2+9)2

6(s —5)
((s=5)2+9)2

Solution: Z[tsin 3t] = S0.Z[te" sin 3t] =

9. (20 points) Find the inverse Laplace transform of

a s+3
T 8244545
: _ +3 1 (8+2)+1 ot ep1r SH1 _ :
I : %79 ST Ty 2t STy ot _
Solution: . [324—43—1—5] < [(5—1—2)24—1] e [524—1] e “*(cost+sint)
b, — °
C(s245)%
Solution: f‘l[L] =271 s 1 | = cos \/gt*L sin V5t = Lsin\/gt
' (s2+5)>" (s2+5) (s2+5)" V5 - 2v5 '
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10. (20 points) Solve using the Laplace transforNo credit by any other method
a. ' + 42’ + 4z = t2e™ %, z(0) = 2/(0) = 0.

1
andxz = —t*e™?,

P 2 _ 2 —2t1 _ _

Solution: (s + 2)*Z[z] = ZL[t°e™ | = —(s o S0.%[x] Gror 5
t2 t<2
b. (D—-1)x = , =1.

(D =1)e {t2+1 1520 “0

i ) 9 2 Y 2 6—28
Solution: (s — 1).Z[x] — 1 = ZL[t°] + Llus(t)] = ~ +e B L) = o + ——. 50

1 2 e2s
Zla] = s—1+s3(s—1) +s(s—1)'

Now do partial fractions decompositions: setting

gives
As*(s—1)+Bs(s—1)+C(s—1)+Es*=1 or A+E=0,B-A=0,C-B=0,-C =1,

givingC = -1, B = -1, A= —1,andE = 1. Similarly, set

givingA(s—1)+ Bs=1,0rA=—-1,B =1.

So,
1 2 e~ 28
_ —1
(t) =2 L—1+s3(s—1)+s(s—1)]
-1 1 1 1 -1 1
_t O et O o
=e' +2% {S 3 S3+S_J+u2(t)$ {S+S_J(t 2)

2
=3e" -2 -2t — 7 —uy(t) (1 —€7?).

t2
:&+2(—L—w“—+J)+uﬂo¢4+e“ﬂ
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