
Mathematics 38 Differential Equations
Exam II November 2, 2009

1. (15 points) Solve the differential equation

(

(t− 1)D2 − tD + 1
)

x = (t− 1)et

by variation of parameters. You may use that the solution of the associated homogeneous differential
equation isH(t) = c1t+ c2e

t. [No credit for other methods or if you start with the wrongH(t).]

Solution: Solve

c′1t+ c′2e
t = 0

c′1 + c′2e
t = et

by Cramer’s rule to get

c′1 =

det

(

0 et

et et

)

det

(

t et

1 et

) =
−e2t

(t− 1)et
= − et

t− 1
, c′2 =

det

(

t 0
1 et

)

det

(

t et

1 et

) =
tet

(t− 1)et
= 1 +

1

t− 1
.

Thenc1(t) = −
∫

et

t− 1
dt andc2(t) =

∫

1 + 1
t−1 dt = t+ ln |t− 1|.

This givesx(t) = c1t+ c2e
t − t[

∫

et

t− 1
dt] + et[t+ ln |t− 1|].

2. (10 points) FindL [1] using the definition.

Solution: L [1] =

∫

∞

0

e−st dt = − lim
b→∞

1

s
e−st

]b

0
=

1

s
.

3. (10 points) Find the following convolutionsusing the definition
a. e2t ∗ e2t,

Solution: e2t ∗ e2t =
∫

t

0

e2(t−u)e2u du = e2t
∫

t

0

du = te2t.

b. e2t ∗ e3t.

Solution: e2t ∗ e3t =
∫

t

0

e2(t−u)e3u du = e2t
∫

t

0

eu du = e2t(et − 1) = e3t − e2t.

4. (15 points) Find the Laplace transform of

a.
d3

dt3
t4e2t,

Solution: L [
d3

dt3
t4e2t] = s3L [t4e2t] = s3

4!

(s− 2)5
.

b.
{

0 t < π

cos t

2 t ≥ π
,

Solution: L [uπ(t) cos
t

2
] = e−πs

L [cos
(t+ π)

2
] = −e−πs

L [sin
t

2
] = −e−πs

1/2

s2 + 1/4
.

c . t2e5t sin 3t.
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Solution: First compute

L [t2 sin 3t] =
d2

ds2
L [sin 3t] =

d2

ds2
3

s2 + 9
= −3

d

ds

2s

(s2 + 9)2
=

−6(s2 + 9)− 24s2

(s2 + 9)3
=

18s2 − 54

(s2 + 9)3
.

ThenL [t2e5t sin 3t] =
18(s− 5)2 − 54

((s− 5)2 + 9)3

5. (15 points) Find the inverse Laplace transform of

a.
s+ 5

s2 − 2s+ 5
,

Solution: L
−1[

s+ 5

s2 − 2s+ 5
] = L

−1[
(s− 1) + 6

(s− 1)2 + 4
] = et cos 2t+ 3et sin 2t.

b.
e−s

s(s+ 3)
,

Solution: L
−1[

1

s(s+ 3)
] =

1

3
L

−1[
(s+ 3)− s

s(s+ 3)
] =

1

3
L

−1[
1

s
− 1

s+ 3
] =

1

3
[1− e−3t], so

L
−1[

e−s

s(s+ 3)
] =

1

3
u1(t)[1− e−3(t−1)].

c .
5

(s2 + 5)2
.

Solution:

L
−1[

5

(s2 + 5)2
] = L

−1[

√
5

s2 + 5
·

√
5

s2 + 5
] = sin

√
5t ∗ sin

√
5t =

1

2
√
5
sin

√
5t− t

2
cos

√
5t.

6. (15 points) Solve the initial-value problem

(D2 + 3D + 2)x =

{

e2t t < 1

0 t ≥ 1
, x(0) = x′(0) = 0

using the Laplace transform. No credit by any other method.

Solution:

(s2 + 3s+ 2)L [x] = L [(1− u1(t))e
2t] =

1

s− 2
− e2

e−s

s− 2
,

soL [x] =
1

(s+ 2)(s+ 1)(s− 2)
− e2−s

1

(s+ 2)(s+ 1)(s− 2)
. Now,

L
−1[

1

(s+ 2)(s+ 1)(s− 2)
] = L

−1[
1/4

s+ 2
− 1/3

s+ 1
+

1/12

s− 2
] =

1

4
e−2t − 1

3
e−t +

1

12
e2t,

so

e2L −1[e−s
1

(s+ 2)(s+ 1)(s− 2)
] = e2u1(t) · [

1

4
e2−2t − 1

3
e1−t +

1

12
e2t−2].

Thereforex(t) =
1

4
e−2t − 1

3
e−t +

1

12
e2t − u1(t) · [

e4

4
e−2t − e3

3
e−t +

1

12
e2t]. Note that, as

expected, this does not containe2t whent ≥ 1.
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7. (10 points) Consider the differential equation

(D + 1)(D − 1)(D − 2)x = 2.

a. Convert this differential equation to a system.

Solution: Since(D + 1)(D − 1)(D − 2) = D3 − 2D2 −D + 2 the corresponding system is

x′

1 = x2

x′

2 = x3

x′

3 = 2x1 + x2 + 2x3 − 2.

b. Write the system in matrix form.

Solution: ~x′ =





0 1 0
0 0 1
−2 1 2



 ~x+





0
0
2



.

c . Find the general solution of the differential equation.

Solution: By inspection,x = 1 is a particular solution, so the general solution isx(t) = c1e
−t +

c2e
t + c3e

2t + 1.

8. (10 points) Determine whether







1
5
7
0






,







−1
−3
−4
1






,







−1
1
2
3







are linearly independent.

Solution: No, since

2







1
5
7
0






+ 3







−1
−3
−4
1






−







−1
1
2
3






=







0
0
0
0






.
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