Mathematics 38 Tufts Differential Equations

Exam [ UNIVERSITY November 2, 2009
. (15 points) Solve the differential equation

((t—1)D* —tD+ 1)z = (t — 1)’

by variation of parameters. You may use that the solutioh@éssociated homogeneous differential
equation isH (t) = c1t + coet. [No credit for other methods or if you start with the wrofgt).]

Solution: Solve

it + chet =0

/ /
c, + czet = et

by Cramer’s rule to get
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C,_det<et et>_ —e?t et C,_det(l et)_ tet 14 1
e t et  (t—1e t—1" 2% t e\ (t—1Det T t—1
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1 e 1 e
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Thenc, (t) = _/t — dtandey(t) = [14 Ly dt =t+In|t —1].
t
This givesz(t) = c1t + cpe’ — t[/ ; ¢ . dt] + e[t +1In |t — 1]].
. (10 points) FindZ[1] using the definition
. o 1 b1
Solution: Z[1] :/ e ' dt = — lim —e_St] = —.
0 b—oco S 0 s
. (10 points) Find the following convolutionssing the definition
a. et xe?t,
t t
Solution: e?! x 2t = / 2= e2u oy = th/ du = te*t.
b. e?t x e, " "
t t
Solution: e x 3 = [ e2(t-wWedu gy = ezt/ e¥du = e*(e! —1) = &3 — 2.
0 0
. (15 points) Find the Laplace transform of
d 4 2t
a. %t e,
Solution: 2[4 p1e) = e = 0
. dt3 e =S e _8(8—2)5.
0 t <
b. { oo
cosg 1 >
. t t t 1/2
Solution: Z[u,(t) cos 5] =e " .ZL|cos ( -;W)] = —e " Z[sin 5] = —e_”ﬁ.

c. t2e® sin 3t.



Solution: First compute

d? > 3 d 2s —6(s%+9) — 245>  18s? — 54
L[2sindt] = - Lsindt] = — > = 32 - - .
[#” sin 3] ds? [sin 3¢ ds? s2+9 3ds (s2+9)2 (s2+9)3 (s2+9)3
18(s — 5)% — 54

Th 2 5t s —
enZ[t"e” sin 3t (552 97

5. (15 points) Find the inverse Laplace transform of

a 5+ 5
T s2—-25+5’
: _ +5 4. (s—=1)+6 :
Solution: (L, N~ —]=elcos2t *sin 2t.
ution: .& [82—28+5] z [(3—1)2—1—4] e’ cos 2t + 3e’ sin
e—s
S s(s+3)]
. _ 1 1 1.(s+3)—s 1 4.1 1 1 _
Solution: .#~! S ) RN A, 7 P =_-[1—¢e73", s0
o [3(54—3)] 3 [8(8+3)] 3 [s s+3] 3[ e
s 1
-1 € — (D)1 — =301
s3] = 3@ =)
. O
" (s2+45)%
Solution:
5 V5 NG 1 t
-1 _ 1 . . o .
f [m]—g [82+5-S2+5]—Sln\/gt*SIH\/gt—mSln\/gt—§COS\/gt.
6. (15 points) Solve the initial-value problem
et t<1
D? 43D +2)x = — ) —
(D*+3D + 2)x {O £>1 z(0) = 2'(0) =0

using the Laplace transform. No credit by any other method.

Solution:
1 S
(s 435+ 2).Z[a] = 2|1~ w (1)) = — — ¢ :_ 1
1 1
so.Z[x] = —e2s . Now,
= e -2 ¢ G196 DE-2)
_ 1 L1413 112, 1, 1o, 1
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L 1, L o e —2t e’ —t L o
Thereforex(t) = 1€ 3¢ + T uq (t) [4 e 3¢ + T |. Note that, as

expected, this does not contaitf whent > 1.



7. (10 points) Consider the differential equation

(D+1)(D —1)(D - 2)z = 2.

a. Convert this differential equation to a system.

Solution: Since(D + 1)(D — 1)(D — 2) = D® — 2D? — D + 2 the corresponding system is

Ty = 19

/

/

Tq = 221 + T2 + 223 — 2.

b. Write the system in matrix form.

0O 1 0 0
Solution: @ = 0 0 1|Z+1]|0
-2 1 2 2

c. Find the general solution of the differential equation.

Solution: By inspection,z = 1 is a particular solution, so the general solution{g) = cie™* +
t 2t
coe’ + cze”t + 1.

8. (10 points) Determine whether

1 -1 —1
5 -3 1
70’ —4 1’ 2
0 1 3
are linearly independent.
Solution: No, since
1 —1 —1 0
5 -3 1 0
7] 3 a1 2] o
0 1 3 0

END OF EXAMINATION ©2010 Trustees of Tufts College. All rights reserved.



