Mathematics 38 Tufts Differential Equations

Exam || UNIVERSITY March 15, 2010
. (8 points) FindZ[t| using the definition
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Solution: .Z[1] = / te=stdt = — lim < ] +—/ e~stdt = — =~ lim —° ] =
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— (which checks with the table!).
S
. (14 points) Find the following convolutionssing the definition

a. e3t x et
t t
Solution: €3 x 3t = / 3t g3 gy — eSt/ du = te3t.
0 0
b. tx* e,
Solution: tx*e = t(t—u)e5“ du = E(e5t—1)—1u65“]t -l—1 /t e du = —E-I—i(e&—l)
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. (6 points) Find# ! | ———| using convolutions.
©p ) [8(82 + 1)] g
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Solution: . — | = | xZ ———— | = 1%cost = sintdt =
s(s?2+1) s s(s?2+1) 0
t . 1 24+1)—s- 1
—Cosu] =1—rcost. (Tocheck this note that = (s"+1) =55 —-__° )
0 s(s?2+1) s(s?2+1) s s2+41
. (21 points) Find the inverse Laplace transform of the foitayfunctions.
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Solution: ' | ——— | =2 | L | =yt | S—| = e 2t —
{32—43—1—6} [(3—2)2—1—2} ¢ s2 42 e* 005 V2
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Solution: .Z~* =y ! — = 23 4 3te3! — et
_(5—3)2(s+1)} L—s+(3—3)2 s+1] ¢ hoten e
se™? : .
C. - (you must simplify your answer).
5444
ution: .21 |2 | — ()1 | 8 —(—7)) = u_, 2 —u_, 2.
Solution: .¥ Erw u_ ()L 2 (t—(—7)) = u_r(t) cos2(t+m) = u_r(t) cos 2t
i sin 2t t<m
. (10 points) Solvé D? + 1)z = { _ : z(0) = 2'(0) = 0.
—sin2t t>mw
Solution: We will use thakin(t — 7) = —sint andsin(x + 27) = sin «.
2
(s +1).L[x] = L[(D* + 1)x] = L[sin 2t — 2u(t)sin(2(t + 7))] = Ta 2e77 211

Since
]__ —1[(82+4)_(82+1)
(s24+1)(s2+4)" 3 (s2 4+ 1)(s2 +4)

1 1
| = g(sint ~3 sin 2t),
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we getx(t) =

2 2 2 1 2
-1 _2 —TSs — 2 ot 2 4 2 . X 2 -
<z [(82 F1)(s% 1 4) e G2 1)(s2 +4>] 3 sint 5 5in t—|—3u7r(t)( sint +sin 2t)
. (15 points) Consider the differential equation
(N) D(D+1)(D -1z =t.

The corresponding homogeneous equatiofD + 1)(D — 1) = 0 has the general solution
H(t) = c1 + coe™ b + czel.

a. Find the general solution of (N) by whatever method you prefe
Solution: Variation of parameters would be foolish here. Inspectiarks. The annihilator
method gives the simplified gues&) = At + Bt2. Pluginto(D? — D)x = tto getp(t) = —t%/2
andx(t) = c; + coet + czet — 12/2.

b. Write (N) as a3 x 3 nonhomogeneous system.
Solution: As usual,

,Tl = X2
Th=1x9 + 1
or
0 1 0 0
=10 0 1])Z+][0
0 1 0 t
c. Usea. to find the general solution of the systembin
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x3(t) =2 (t) = coe "+ czel — 1

. (21 points) Find the Laplace transform of the following ftions.
a. te3! cos Tt.

Solution: .Z[te® cos 7t](s) = L[t cos Tt](s — 3) = (5 —3)* — 49
' (s — 3)2 + 49)2
because™-—° — s°+49 —s5-2s  —5”+49
ds 7140 (2+407 (9 +49)7
I 0<t<4
b. 0 4<t<8.
. 1 —4s 1 —4s —8(s—2)
Solution: .Z[1 — us(t) +ug(t)e?] = = — S pe S g2t == & © 5
S s s s 5 —
Cc. cos®t. (Hint: Use a double-angle formula.)
I 1 1 1 s
Solution: 20 = L= + Zcos2t] = — + = _
Z[cos” t] ,5,”[2 + 5 COS ] 5 + 57

. (5 points) ComputeZ[sin® t] + Z[cos® t].

Solution: Z[sin®t] + Z[cos? t] = L[sin®t + cos’ t] = ZL[1] = 1
s
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