Mathematics 38 T“fts Differential Equations

Examination 2 UNIVERSITY November 1, 2010 12:00 - 1:20

No calculators, books or notes are allowed on the exam. Alttebnic devices must be turned off and put away.

You must show all your work in the blue book in order to receive full credit. Please boxnenswers andross out
any work you do not want graded. Make sure to sign your blue book. With your signature you #&dging that you
have neither given nor received assistance on the exaood luck!

. (10 points) Use the definition of the Laplace transform to find

L[t e

No credit by any other method.

. o 00 t (s=3)t 1 t—00 1 o 1
Solution: / tete st dt = / teB=)t gt = [ ¢ ] - / B3t gt =0 —
0 0 3 — S t=0 3 — S 0 3 — S

1 . . . .
= = (which agrees with what one finds from the table and the Fhigt Bormula).
B—s)? (s—3)?

. (15 points) Find the Laplace transform of the following ftions:

a. e tcos3t

Solution: Z[e~" cos 3t](s) = % (First Shift Formula).

b. te?! sin 2t

d 2 4s

Solution: .Z[tsin 2t](s) = TP EFwE

(Second Differentiation Formula), so

. 4(s —2) . .
*'sin2t](s) = ————>—  (First Shift Formula).
ZL[te” sin 2t](s) G-+ (First Shift Formula)
0 t<1
C.q t 1<t<2

2t —1)°  2<t

Solution: Z[uy(t) - t + ua(t) - [2(t — 1)

—s 1 1 —2s —s
e [82+8]+62$[2t2+3t](5)=e [

t](s) = e 2Lt + 1](s) + e >Z[2(t + 1) — (t + 2)](s) =
(Second Shift Formula).
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3. (15 points) Find the inverse Laplace transform of the foifmyfunctions:

6—43

a. ——5
—4s
Solution: .Z~! [;_ 9] (t) = us ()2 L i 9] (t —4) = ug(t)e 2= (Second Shift Formula).
2s —1
" 5244545
Solution:
_ 2s — 1 L [2(s+2) -5 _ . . .
1 _ L Bk S e —e 2 (2cost — 58 F hift F la).
<z L?+4s+5] t) =% {(8+2)2+J (t) = e **(2cost — 5sint) (First Shift Formula)
S
T s2(s2—4)

?olution: 71 [5,2(321—4)] (t) = 2! [152_(82_4)} (t) =+ [ L 1} () =

loaflle+2)—(s=2) 1}, 1o afl 1 1, 11, 1 1 5 t
17 {4 s2—4 =] A0 e i o R e ] L e A TS

4. (10 points) Use the definition of convolution to find
txe

No credit by any other method

¢ ¢ ¢
Solution: tx e’ = et*t:/ ey du = et/ e “u du = et[[—ue“}é—i-/ e tdu] =e'[—te ' —[e"—1]] =
0 0 0
el —1—t.
1 s—(s—1) 1 1 s—(s—=1) 1 1 1 1
Check: Z[txe'] = L[t]- ZL[e'] = = = - = -—= = -——=,
[t+e’] 1-Ze’] s2(s—2) $2(s—1) s(s—1) s? s(s=1) 2 s—1 s s?
1 1 1

SOt*et:.,g_l[S_il—g—sz]Zet—l—t.

. 1 . . .
5. (10 points) ComputeZ ! [H} using convolution. No credit by any other method.
S

Solution: .#~! {8(84'4)] t) =2t [ﬂ (t) « 271 [8i4] (t) = 1xe ¥ = /Ote‘*“ du = [e_:“]: =

1— e—4t
4

Check: ! {



6. (20 points) Solve:
0 t<m
a. (D?+2D +2)z = { x(0) =2/(0) =0
e 'sint T<t
Solution: By inspectionz(t) = 0 for t < 7. The annihilator method leads us to expectcost, e tsint, te~? cost,
andtetsint for t > m. ((s + 1)? + 1).Z[z](s) = Lur(t)e tsint](s) = e ™.L[e” T sin(t + 7)](s) =

1
e e "L t] e e~ "————— (Second Shift Formula).
[e~Fsint](s) e PES T ( )
1 t .
The side calculatiodZ ! { } =sint xsint = 3 sint — 3 cost then gives
1
x(t) = §uﬁ( Ye t(sint — (t — )Cos t).

b. (D? +4D + 4)x = te= % z(0)=0, 2'(0)=1
Solution: The annihilator method leads us to expect’, te =2, t?e =2, t3e =2, (s+2)2.Z[z](s)—1 = L[te”*](s) =

1 1 1 3
——  (First Shift Formula), sa(t) = £ ' | ——— | () + .27 | ——— | (t) = —e 2" +te 2! (First Shift).
CEE - sel?) {(s+2)4]()+ [(34—2)2}() g e )
7. (10 points) Check for independence
1 1 0
a. o),111],11
1 1 1
1 1 0 c1+c=0
Solution: ¢ | 0 | +e2 | 1 | +es| 1] = 6imp|ies ca + c3 = 0. Subtracting the second equation from the
1 1 1 c1+ca+c3=0

last givesc; = 0; subtracting the first from the last gives = 0, and any of the equations then givgs= 0, so these
vectors are linearly independent.

1 5 7
2 6
b. 31'’{7)]'|5
4 8 4
1 7 5 7 1 ) 7
. 2 6] 6 6 2 6 6| =~
Solution: 3 - (3 + 5 =2 7 + 5 , S03 3 -2 . + 5| = 0, and these vectors are
4 4 8 4 4 8 4
linearly dependent.
8. (10 points)
1 -1 -1
a. Find the eigenvalues of the matr{x0 0 -1
0o 0 2
Solution: 1, 0, 2 since the matrix is triangular.
b. Find the corresponding eigenvector(s) for each eigenvalue
1
Solution: 1 has eigenvectof 0 | by inspection.
0
For the eigenvalue 0, the last row tells us that the last comapof an eigenvector is zero, and the first row then
1
tells us that the first 2 components are equal; | is therefore an eigenvector.
0
-1 -1 -1 v 1
For the eigenvalue 2 we needtosolye 0 —2 -1 vy | = 0, which gives the eigenvectqr 1
0O 0 0 v3 -2

END OF EXAMINATION ©2010 Trustees of Tufts College. Al rights reserved.



