Mathematics 38 T“fts Differential Equations

Examination 3 UNIVERSITY December 6, 2010 12:00 - 1:20

No calculators, books or notes are allowed on the exam. Aftednic devices must be turned off and put away.
You must show all your work in the blue book in order to receive full credit. Please bownenswers andross out
any work you do not want graded. Make sure to sign your blue book. With your signature you #&dging that you
have neither given nor received assistance on the exood luck!

. (15 points) The3 x 3 matrix

3 =3 1
A=(1 0 O
0 1 0

has a (triple) eigenvalue af(you do not have to verify this). Find the general solution of

Dz = A%
2
2 -3 1 1 -2 1 1 0 0
Solution: (A—-I)?’=|1 -1 0 =11 -2 1|;A-12=0.0=|0|,T=|1]|,5=|0
0 1 -1 1 -2 1 0 1
. : . t
are generalized eigenvectors. Each of these gives a solutit) = e'[I +t(A — I) + E(A — D35 =
100 2 -3 1 o (1 -2 1 1+2t+¢2/2 =3t—t2  t+t2/2
0 1 0)+t|1 =1 0 J+5 (1 =21 7 = e t+t2/2 1—t—+¢2 t2/2 Ti,
0 0 1 0 1 -1 1 -2 1 t2/2 t—t*  1—t+t%/2
so the sought general solution is
1+2t+t%/2 —3t — t? t+1%/2
F(t) = cre t+1t2/2 +eget | 1—t—12 | +c3et t2/2
t2/2 t—t2 1—t+1t%/2
. (10 points) Find all solutions of
Ty
1 2 1 -1 -1 To 1
2 2 2 -3 -2 3 | =1
-1 0 -1 2 1 T4 0
T5
or explain why the system has no solutions.
Solution:
12 1 -1 -1 | 1 1 2 1 -1 -1 | 1
2 2 2 -3 -2 | 1 R3R_>f3R+ fr"ﬂ_%Rl 0 2 0 -1 0 | -1
-1 0 -1 2 1 | 0 CHAL: B 00 0 0 0 | O
1 0 1 -2 -1 ] 0
Ri—> R+ Ry 0 -2 0 -1 0 | -1
00 0 0 0 | 0
. ' 1
In terms of the free variabless =: a, z4 =: b, x5 =: ¢ we then findzy, = 5(1 —b)andx; = —a+ 20+ c.
X1 0 —1 2 1 —I3+2I4—|—l‘5
T2 111 0 -1/2 0 _ 11— z4)
or: | z3 | = 3 O|l+al] 1 |+0 0 +c| 0 ]. Orsimply: T3
T4 0 0 1 0 Ty
T5 0 0 0 1 I5



3. (10 points) SolveDZ¥ = AZ, where

1 1 0 0
3 -1 0 0
A= 0 O 0 1
0 0 -1 0

Solution: Note the block form. This is a decoupled pair of second-osystems of differential equations. The

characteristic polynomial _1 ) is(1—X)(—1—X)—3 = \?—4, sothe eigenvalues ate2. 2 has eigenvector

1

G) by inspection, forh = —2 solve (2 i

) ¥ = 0 to find <_31> Next, (_01 _01) has eigenvaluesi, and

solving the second equation o — )7 = :i _11 7 = 0 gives eigenvecto< _lz> with associated solution
e AN —i\ _ [ —tcost+sint\ [ sint . [ —cost
€ ( 1 ) - (CObt+%mt)< 1 ) o ( cost +isint ) o (cost) +Z< sint )
1 -1 0 0
Thus, the general solution ige?* 1 + coe™ 3 + c3 0 Ca 0
’ 0 0 sint —cost
0 0 cost sint
4. (15 points) Solve
1 1.0 O
O s T S R I
PE=1 19 o1 2
0 0 1 1

Solution: The characteristic polynomial [§1 — \)? + 1], which gives double eigenvalugst-i.

—i 1 0 0\°2 -2 -2 1 0 —2i 2 i 0
B o -1 =i 10 I A T T | 0 0 —i -1
A-Q+0IP=1 0 o 5 3] =lo o -2 270 o -2 -2
0 0 1 —i 0 0 -2 -2 0 0 0 0
1 1
givesv; = 6 (by inspection a proper eigenvector!) amd= g
0 2i

71 gives rise to the solution

cost+isint
¢ | tcost —sint
O )
0

eUFDG = e (cost + isint) =

OO =

and@, yieldse( 9% [y + (A — (1 +4))Ts] =

1 - 1 0 0 1 cost +1sint —itcost + tsint
.. 0 -1 — 1 0 0 tcost 4 itsint
Ll
e'(cost +isint) 5 | T 0 0 —i -1 ( 9
2 21

—2i 0O 0 1 —i

2cost+ 2isint
—2tcost+ 2sint

Taking real and imaginary parts gives

cost sint cost +tsint sint — tcost
Ft) = ¢ ot —sint 4 epet cost 4 enet tcost +eget tsint
- 0 2 0 3 2cost 4 2sint
0 0 2sint —2cost



5. (15 points) Solve
L (1 1Y\, 0 S (2
D:c—(l 1>$+(4> x(O)—(1>
Solution: The general solution of the associated homogeneous equ’atﬁn(t) = cie?t <1) + ¢ (11) (by
. . I e?t 0 e 1 | 0Y) p
inspection). Variation of parameters 2t _ — gives ¢4(t) = —2 and then
c(t) = 2e72, socy(t) = —2t, c1(t) = —e 2, and Z(t) = cie? 1) + ¢ (_11> - (}) - 2t(_11>.

Initial values: setting(?) = Z( ) and reducing (or Cramer’'s Rule) gives

<
=32 (1) 3 (5)- () -+()-3(

6. (20 points) For the system
dx

(@)
=
I
9}
G
—_
N—
4
Q
[V
|
—_
—_ e N——

E:4x—2m2—wy
dy
E——y-ﬁ-wy

a. Find the equilibria (and determine their stability)

b. Classify each equilibrium as an attractor, a repeller, @heeof these.
c. Draw the phase portrait of the linearization at each equilib.

d. Draw the phase portrait of the entire system.

Solution: The linearization matrix it , ) = (4 Tdemy —w )

Y z—1
Equilibrium Ay Eigenvalues Stability Classification Phase portrait Tphedse portrait
(0,0) (é _01 ) 4,—-1 unstable neither
-4 =2 .
(2,0) 0 1 —4,1 unstable neither
-2 -1 .
(1,2) 9 0 —1+4 stable attractor

7. (15 points) For the system

dx 9 3
E*I y+y
d

di{ oty

a. Verify that G(z, y) = y? — 22 is a constant of motion.

b. Find the equilibria of the system.

¢ . Find the critical points of7 and classify them as extremum or saddle.
d. Classify each equilibrium of the system as stable or unstabl

Solution: a 4G _0Gdr  0Gdy
T dt Ox dt Oy dt
b. 0 = 2%y +y3 = y(2% + y?) and0 = 2 + 2y = x(2? + y?) impliesxz = y = 0, s0(0, 0) is the only equilibrium.
= (Z—G, Z—G) = (—2z,2y) gives(0,0) as the sole critical point, and this is clearly a saddle.
€T oy
d. Therefore the origin is a saddle, hence an unstable equitibfand neither an attractor nor a repeller).

—2z(2y +y°) + 2y(2® + 2y®) = 0

END OF EXAMINATION ©2010 Trustees of Tufts College. Al rights reserved.



