Mathematics 38 Tufts Differential Equations

Examination 3 UNIVERSITY November 24, 12:00-1:20
No calculators, notes, or books are allowed. Please makeafiiglectronic devices are turned off and out of sight.
Show all work and cross out work you do not want graded!

Remember to sign your blue book.
With your signature you are pledging that you have neithezmginor received assistance on this exam. Good luck!

1. (15 points)

5 4 3 2 1
. 1 0 -1 -2 0 . . . .
a. The matrix 4 4 4 4 has | | asan eigenvector. Find the corresponding eigenvalue.

-2 1 2 1 0

5 4 3 2 1 8 1

. 1 0 -1 =2 o _(O0)_4 |O . .
Solution: 44 4 4 =1 s = 8 1180 the eigenvalue is 8.
-2 1 2 1 0 0 0

b. The general solution ofD — 1)(D + 1)(D? + 1)z = 0is z(t) = c1e’ + cae™ ! + c3 cost + ¢y sint.
Find the solution of this differential equation that saésfi(0) = 2/(0) = 1 andz" (0) = 2"/(0) = 2.

Solution: z/(t) = c1et — coe™ — cgsint + cqcost, 2" (t) = cret + coe™" — c3cost — ¢y sint,
2" (t) = cre! — coe™t + cysint — ¢4 cost, SO reduce

1 1 1 0 |1 1 1 1 0 |1
1 -1 0 1 | 1 1 -1 0 1 |1
11 -1 0 | o) MR am Rl gy g |
1 -1 0 -1 | 2 00 0 -2 |1
1 1 1 0 |1
1 1 0 -2 0 0 | 0
RQ—)RQ_R1_§R3+§R4 0 0 _9 0 | 1)
00 0 -2 |1

0 0 1 0
: 0o 0 o0 1 - : 5
c. The matrixA = 9 9 _3 1 has characteristic polynomia(A + 2)°, and
2 =2 1 -3
2 211 4 4 2 2
2 211 4 4 2 2
2 3
(A+20?=10 0 0 ol @+2D°=1, 4 o o
00 0 O 0 0 0 O

You do not need to check this!
Find the general solution of the differential equatién= AZ.

1 2 2 1 1
1] : : 5 000 0] . .
Solution: 0 is an eigenvector for eigenvalue 0. Por= —2, (A + 21)° reduces to 00 0 0l yielding
0 0 00O
—1 -1 —1 2 0 1 0
. : 1) . [o]. 0 o 2 0o 1
generalized eigenvectors = 0 | 5 |0 = Nk We havg A+27) = 9 5 _1 L
0 0 2 2 =2 1 -1
-2 -2
S0 (A + 21 = i (A4 207 = 0and(A4 + 21)vs = ( i as well ag A + 21)%; = 0 for eachi.
—4 —4



This gives the general solution

1 -1 -2 -1 -1 -2
o 1 _ 1 2 0 _ 0 2
()= o | Te2e 2 o | Tl 4 ) + cze 2 g | tecae 2 o | Tt 4 )
0 0 —4 0 2 —4

2. (10 points) LetA = (_(1) > The general solution aDZ = AZ is ¢ e <§) + cpe?t (1) Find the general

2
3

. et
solution of DZ = AZ + ot ) .

Solution: o .
det ¢ 62,5 det 26; et
/ ¢ 2 / 2 (1 el el e / € € —t
c(t)e L)t co(t)e )=z )= i (t 5ot =0,c5(t) = ot Ly ¢ hence
det < ot ) det ot o2t
—t 2 2t 1 t 1
c1(t) =0, ca(t) = , So the general solution ige? 1 + o€ )l )
6 3 —1 -1 2 1 -1 0
. (10 points)| 6 |, [ 3 |,e % 1|,e2 | =3 ],e2| -2 are solutions oDF = 0 -1 3|Z
2 1 1 1 -2 -1 1 0
You do not need to check this!
Prove or disprove that this is a complete set.
3 -1 -1
Solution: Taking the middle 3 solutions at=0wegetdet | 3 1 -3 | =3(1+3)-3(-14+1)+1(3+1) =
1 1 1

16 # 0. This shows that these three solutions are linearly indegety and hence they alone form a complete set.
Therefore the whole collection is also complete. Altewelyi, check directly via row reduction, say, that with thése
solutions one can match any given initial condition.

. (20 points) Find the general solution of the systems

1 1 0
a.Dr=|1 1 0|2
1 1 0
0
Solution: Since there is a column of 0¢,0 | is an eigenvector for eigenvalue 0 by inspection. A closek khows
1
-1 1
that 1 | is also an eigenvector for the eigenvalue 0, and moredvér,| is an eigenvector with eigenvalue 2.
0 1
-1 0
This gives the general solutiane?’ +co 1] 4+e|0
0 1
B 1 1-x 1
Alternatively, computelet 1 - = —\-det ( ) = —)?(\ — 2) and reduce
1 1-—A
1 1 1-— /\
1 1 0 1 1 0 -1 1 0 1 -1 0
A-0-I=(1 1 0] —={(0 0 O0)JandA—-2-1= 1 -1 0] —10 1 -1
1 10 0 00 1 1 -2 0O 0 0



0 0 —1
b. D¥r=({0 2 0 |&
1 0 0
-A 0 -1 “y —1
Solution: det [ 0 2—-X 0 | = (2—/\)det< 1 _/\) =-A=-2)(\*+1) =0for \ = 2,+i. By
1 0 —-A
0 —1 0 -1 1 0 —i
inspection,| 1 | is an eigenvector for the eigenvalue 2. Po=ireducel 0 2—-43 0 | — [0 1 0
0 1 0 —1 0 0 O
) )
to get the eigenvectof 0 | for the eigenvalué, which gives the corresponding soluti¢tost + isint) | 0 | =
1 1
icost —sint —sint cost 0 —sint cost
0 = 0 +1 0 , Sothe general solutiondse® [ 1 | +co 0 +c3 0
cost 4+ isint cost sint 0 cost sint

. (35 points) For each of the (systems of) differential equratibelow, find the equilibria, determine their stabilityda
classify each equilibrium as an attractor, a repeller, @heeof these. Draw the phase portrait.

dz 9
a. —=z"—1.
at "
Solution: 22 —1 = (z — 1)(z + 1) > Owhen|z| > 1,22 —1 < 0on(-1,1): ——e—«—e——. —1is an attractor,

hence stable, 1 a repeller, hence unstable.
S 3 2\,
b. D = (_2 3) T

Solution: (0,0) is the sole equilibrium.det | © A2

3_2 3_)\) = (3—A)?+4 =0for A\ = 3+ 2i, sowe have

outward spirals, clockwise sincé _3 g) (é) = (_g) has negativeg-component. The origin is a repeller,

hence unstable.

d
& 2x — 22% — xy

c dt

. dy 2
27— Ay — 2y —
dt Y Ty — Y
. 0=20—-22% —ay=a2(2— 22—
Solution: v =2 —ay = af z=y)

) gives equilibria(0, 0), (0,4), (1,0). The linearizations are

O:4y—2xy—y2:y(4—2:c—y

o N
=~ O
~~_
>
I
N
<y
I
7N
O =
~_
>
Il
=
<y
Il

( (1) ) , repeller, unstable

b

(0,4): (_é _Z),)\z -2, —4,7 = (?) attractor, stable

7= (_i) saddle, unstablef \‘

The phase portait then i :



6. (10 points)
a. Find as many linearly independent eigenvectors as pogsiiteorrespond to the eigenvalué of the matrix

0o 0 0 01

1 -1 0 -1 1

A=1]11 0 -1 -1 0

0o 0 0 01

1 0 0 -1 0
0 0
1 0

Solution: By inspection (or a minimal computation),0 | and| 1 | are eigenvectors for the eigenvalué.

0 0
0 0

b. Find the general solution dP¥ = AZ.
You may use the following information without verifying iTthe eigenvalues of are 0 and-1 and

14+ 1 t
t 0 1
1 , 0 and 0
t2/2 1 ¢
t 0 1

are linearly independent solutions Bff = AZ.

Solution: The given solutions correspond to the eigenvalue 0 (bedhegeexponential term ig”*), and there are 3
of them, so we only need to add the two solutions coming fragreigenvalue-1. This gives the general solution

1+ (t2/2) 1 t 0 0

t 0 1 1 0

c1 1 ool 0Ol +es| 0 +cge™™| 0 +eset] 1
t2/2 1 t 0 0

t 0 1 0 0

END OF EXAMINATION



