Mathematics 38 T“fts Differential Equations

Examination 3 UNIVERSITY November 23, 12:00-1:20

No calculators, notes, or books are allowed. Please makeadilglectronic devices are turned off and out of sight.

Show all work and cross out work you do not want graded!

Remember to sign your blue book.

With your signature you are pledging that you have neithegrginor received assistance on this exam. Good luck!
1. (10 points) In partea. andb. you are given a matri¥i, a vector-valued functiorﬁ(t) and formulas describing a

collection of solutions of the nonhomogeneous systefn= Az + E(t). In each case decide whether the collection

is complete.

-3 — . —t 1 = 2c1e” % + coe”t
a. A= (3 2), Em=(%): pTae Tee
1 0 —e T = —cie” “" —ce e

Solution: The Wronskian at O iget (_i _}) = —1# 0, so this is a complete set.
5 -3 0 0 1 = 6cre?t — 2cqe 4
b.A=[3 -5 0], E®)=1]0 Ty = 2c1eM — Gege™ M
0 1 2 4 x3 = crett 4 cpemH -2
Solution: Since this is a generic linear combination of only 2 (not 3usons, this set is not complete.
1 -1 -1
2. (10 points) Determine wheth rg , :i , ; are linearly independent.
0 1 3
Solution:
1 -1 -1 1 -1 -1
5 =3 1 0 2 4
6 —4 9 R2—>R2—5R1,R3—>R3—6R1 0 9 4
0o 1 3 0o 1 3
1 0 0
0 0 -2
Ri —-Ri+Ry— Ry, R3 > R3 — Ry, Ry — Ry — 2Ry 0 0 0
0O 1 3

has 3 corner entries, so the vectors are linearly indepénden

6 —4 2 =3 0
. 19 1 1 -1 1 . . . .
3. (10 points) The matri 76 0 5 has o | @san eigenvector. Find the corresponding eigenvalue.

7T 6 -3 -3 0

6 -4 2 -3 0 0 0

9ot 1“1 ) (3] L 1 , :
Solution: 2 6 0 5 s | =16 = 3 o |80 the eigenvalue is 3.
7 6 -3 -3 0 0 0

4. (20 points)
a. Find all solutions, if any, of the system

2I1+2I2+2I373I4721‘5 =0
—I1 — 23+204+ 25 =0

T1+2x9+ x3— T4— Ty = 2.

2 2 2 -3 =2 | 0 2
Solution: -1 0 -1 2 1 | 0 R3 —» R3s— R1 — Ry -1

12 1 -1 -1 | 2 0
this is inconsistent and therefore has no solution.




b. The general solution ofD — 1)(D + 1)(D? + 1)z = 0isz(t) = c1e’ + cae™! + c3 cost + ¢y sint.
Find the solution of this differential equation that saésfi(0) = z/(0) = 1 andz"(0) = z"/(0) = 2.

t

Solution: 2/(t) = c1et — cae™ — c3sint + ¢y cost, 2" (t) = c1e! + cae™t — c3cost — ¢y sint,

2" (t) = cret — cae™t + cgsint — ¢4 cost, SO reduce

1 1 1 o0 |1 1 1 1 0 |1
S S Y O VIEY S N PSS R R
1 -1 0 -1 1| 2 0 O 0 -2 | 1
1 1 1 0 |1
R2_>R2_%R3+%R4 8 02 —02 8 { (1)
o 0 0 -2 |1
Thus,z(t) = (3/2)et — (1/2) cost — (1/2)sint.
0 0 2
. (10 points) Find the general solution of the systBi= | 0 2 0 | &
-2 0 0
= 0 2 ) 9
Solution: det [ 0 2—X 0 | =(2—A)det (_2 _>\> = —(A—2)(\? +4) = 0for A = 2,+2i. By in-
-2 0 —A
0 —2i 0 2 1 0 ¢
spection,| 1 | isan eigenvector for eigenvalue 2. Po= 2ireduce| 0 2—-2i 0 — 10 1 0 )toget
0 -2 0 —2i 0 00
—1 —1 sin 2t — 7 cos 2t
the eigenvectof 0 |, which gives the corresponding solutittvs 2t +isin2t) [ 0 | = 0 =
1 1 cos 2t + 4 sin 2t
sin 2t —cos 2t 0 sin 2t —cos 2t
0 + 1 0 , SO the general solution 52 [ 1] + ¢ 0 + c3 0
cos 2t sin 2t 0 cos 2t sin 2t
300 3
. (10 points) Find the general solutionbff = | 0 0 0 | Z+ | 9sin9¢
0 0 5 edt
1 0 0

Solution: The general solution of the associated homogeneous systeat'i 0 +eco 1 +c3e 0 . Varia-

e300 i (t) 3 10 36"“ -3t
tion of parameters{ 0 1 0 ch(t) | = | 9sin9t |,so| ea(t) | = 9sin 9t = | —cos 9t ,
0 0 € ch(t) bt 3(t)

C
1 0
and the general solution &t) = (c1e® — 1) | 0 | + (co —cos9t) | 1 | + (c3 +t)e
0 0
7. (20 points) Find the general solution bz = A¥, where

0 0 0 0 0
0 -1 0 0 1
A=1|1 0O -1 -1 0
0 0 0 0 0
1 0 0 -1 0
0 0 0 0 0
1 1 0 -1 -1
Youmayusethat A>=| -1 0 1 1 0
0 0 0 0 0
0 0 0 0 0



0 0
1 0
Solution: By inspection ofd, | 0 | and| 1 | are eigenvectors for the eigenvalué.
0 0
0 0
Since A has rows of 05) is an eigenvalue; multiplicity 3 sincé? has 3 rows of 0s, so we don’t need to compufe
0o 0o 0 0 o0 1 1 0
1 0 -1 -1 0 -1 0 1
andA? — 0 1 1 0 -1 | givesgeneralized eigenvectofs 1 |, 01, 0
0o 0 0 0 o0 0 1 0
o o0 0 0 o0 0 0 1
Therefore, the general solution is
1 1 1 1 1 1
-1 -1 /2 -1 0 0 42 0
1 Lf+tAa|l 1] +=42 1] |+ec|]o|+tAl0]|+—=4%]0
0 o] 2 0 1 1] 2 |1
0 0 0 0 0 0
0 0 0 0 0
1 1 1 1 0
+ c3 0l +tA|lo0 ] +=42]0 Fee 0| +eset| 1
0 o] 2 o 0 0
1 1 1 0 0
1 0 0 1 0 0
-1 1 2|0 0 0 2|0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0
1 0 2 0 1 0
+ c3 Of+t]O0O]+—=10 Feae PO | +eset] 1
0 o] 21o 0 0
1 0 0 0 0
1 1 0 0 0
t—1 0 1 1 0
=C 1 el 0l +es| 0 +cge™ |0 +ese ] 1
0 1 0 0 0
t 0 1 0 0

8. (10 points) Show that any set of vectors that includéslinearly dependent.

Solution: Denote the vectors b@, V1, ..., U, and note that in

10400+ +0-%,=0

not all coefficients are zero.

END OF EXAMINATION ©2010 Trustees of Tufts College. Al rights reserved.



