Mathematics 38 T“fts Differential Equations

Final Examination UNIVERSITY December 12, 8:30-10:30
No calculators, notes, or books are allowed. Please makeafiiglectronic devices are turned off and out of sight.

Show all work and cross out work you do not want graded!

Remember to sign your blue book.

With your signature you are pledging that you have neithegmghor received assistance on this exam. Good luck!

. (10 points) For the initial-value problem

d
td—f—x:t?’, z(1)=0

a. State the order of the differential equation, whether tHiedintial equation is linear, homogeneous or nonho-
mogeneous, and whether it has constant coefficients or ffidhe lequation is linear, find the largest interval
containing 1 on which the differential equation is normal.

Solution: First order, linear, non-homogeneous, not constant casitie. Normal ont > 0.
b. Solve the initial-value problem.

Solution: First solve homogeneous equatmﬂ% = x giving z(t) = kt (either by inspection or separation of
3

variables). Then let(t) = k(t)t. Plug into equation giving’(¢)t> = 3, sox(t) = % + ct. The initial condition
givesz(t) = (£ —¢).

. (8 points) For the initial-value problem
(t—12"+2=0, z(1)=0

a. Decide whether the Existence-and-Uniqueness Theorerieappl

Solution: It does not: The right-hand side of = —z/(¢ — 1) is discontinuous at= 1.
b. Decide whether there is a solution or not, and if there isid#ewhether it is unique. Give reasons.

Solution: z(t) = 0 is a solution by inspection, so there is a solution. It is ueigSeparation of variables shows that
any solution that is not zero for all valuesis of the formk/(t — 1), and onlyk = 0 gives a solution defined for
t=1.
. (15 points)

a. Find the general solution ¢D? + 4)(D? — 4)(D — 4)%*z = 0.
Solution: Using the formulag(t) = c¢; sin(2t) + c2 cos(2t) + cze? + cse ™2 + cxet + cgtet.

b. Find the general solution ¢fD — 3)2x = .
Solution: General solution of D — 3)%z = 0is z(t) = c1€3' + cote3. Annihilator of e is (D — 3), so make
simplified guess thap(t) = kt2e3t. Substitution gives® = (D — 3)2kt2e3t = €3 D2kt? = 2ke3, sox(t) =
cle3t + CQt@St + %e?’t.

c. Isz(t) = c1 + czet the general solution afD? — D)x = 0?

t
Solution: Yes itis.r? — r has roots 0 and 1, and the Wronskian is nonzdem:((l) Zt) =et #£0.

. (5 points) For each of the following two vector functions dieovhether it is a solution of the second-order homogeneous

S 0 1,
systemDac_<_6/t2 4/t)x'

Solution: Dh; = (2;) = (—60/t2 41/t) hi(t), Dhe = (3()’tt2> = (—60/t2 4%) hi(t),

1



0 1 0 0
. . . . . -1 0 0 0
5. (12 points) Find the general solution bfr = AZ, whereA = 0 0 0 1
0 0 0 O
Solution: By inspection or computation, the eigenvalues-afe0, 0.
-3 1 0 0 - 1 0 0
. -1 —i 0 0 -1 —-i 0 0
A=il=149 o —i 1|70 o 1 0]
0 0 0 —i 0 0 01
1 1 cost sint
SO (Z) is an eigenvector for the eigenvalijavhich gives the solution’ 6) =1 sgnt +4 Coobt
0 0 0 0
-1 0 00
am2_as2_]1 0 -1.00
(A=0-1)"=A"= 0 0 0 0]’
0 0 0O
0 0
which gives generalized eigenvect rs(l) and 8 . The general solution is
0 1
cost sint 0 0 0 0
—sint cost 0-t 0 0 0t 0 0
cl 0 Co 0 + c3e 1 +tA 1 + cqe 0 +tA 0
0 0 0 0 1 1
cost sint 0 0
B —sint cost " 0 " 0
“al o = Sl T e
0 0 0 1

6. (8 points) Find the general solution 6f = ( 1 i) x+ G)

2t
You may use that the general solution of the associated henemyis system is < _1 > +co (Z% ) .

1
1

2t
reduction or Cramer’srule) thef(t) = 0 andch(t) = e~ are solutions of (t) < 11 > +c5(¢) <22t) = < 1) . This

Solution: One can note by inspection th#t) = —3 is a particular solution. Otherwise, note (inspection,+ow

2t
givescy (1) = 0andea(t) = —3e2, andp(t) = 1 < i ) , S0 the general solutionds < _11 > +e2 <22t > —% ( 1 >

2
7. (8 points)

0 t<
a. Find the Laplace transform ¢f(t) = { i

tsin(2t) t>n

Solution: f(t) = ux(t)tsin(2t) s0,.Z[f(t)] = e ™.ZL[(t + m)sin(2(t + 7))]. Sincesin(2(t + 7)) = sin(2t + 27),
ZIf@t)] = e ™ ZL[(t + 7)sin(2t)]. From the formula,Z [ sin(2t)] = Sfﬁ. Using the second differentiation
formula, #[tsin(2t)] = — 4 (52—14) Thus, Z[f(t)] = e~ ((524%)2 + 522%)

b. Find the inverse Laplace transformBfs) =

53 4+ 652 + 9s
Solution: Writing s* + 65 + 9s = s(s + 3)?, We geteh—o = 4 + 2 + (ng)z _ (A+B)S2:3,(J??5tig:C)s+9A.
This yieldsA = 1, B = —1,C = =3,50 s = L= Ly = 3 Tofind. 21 | 2| = e dte 1 [3] =

3te™3t, s0. L HF(s)] =1 — e 3t — 3tedt.



8. (10 points) Use the Laplace transform to sol¥# + 2D + 2)2z = 0 with z(0) = 2/(0) = z”(0) = 0 andz’’(0) = 2.
No credit will be given for a solution using any other method.

Solution: Z[(D? + 2D + 2)%z] = (s* + 25 + 2)2ZL[z] — 2 = 0, s0 L[z] =
e ty1 [ﬁ] = 2e " t(sin(t) * sin(t)) = et (sin(t) — ¢ cos(t)).

9. (10 points)

a. Find the equivalent system to the equati@¥ — 2D — 3)z = 0 and write it in matrix form,Dz = AZ7.
o (0 1Y),
Solution: DZ¥ = <3 2) Z.

2 -3

b. Draw the phase portrait for the systeor = <O _1

> Z and state whether the origin is a stable or unstable

equilibrium point.

Solution: A has eigenvalued and—1 This gives a saddle, which is unstable. Eigenvectors(aée) for A = 2 and

1
<1> for A = —1.

10. (14 points) Consider the system

da:i
a7

dy

— =€ — X
dt y

a. Find all equilibria.

Solution: (0,0) only.
b. Show thatE(z,y) = —2% — y? is a Lyapunov function for this system.

Solution: (OE/dx)x’ + (OE/dy)y’ = —2xy — 2e*y? + 22y = —2e%y? < 0 fory # 0.

c. Classify each equilibrium as an attractor, a repeller, ithee of these.
Solution: Note that at the origiid? E/92%)(0*E/0y?) — (0*°E/0x0y)? = 4 and9*E/0x? = -2, 50(0,0) is a
global maximum for the Lyapunov function, hence a repellar. The linearization at the origin ié _01 1 ) ,and it

has eigenvalued + 1/3i)/2, so(0,0) is a repeller by the Hartman—-Grobman Theorem.
d. Determine the stability of each equilibrium.

Solution: Being a repeller, the origin is unstable.
e . Draw the phase portrait of tHmearizationof each equilibrium.

Solution: Outward spirals, clockwise becauée_o1 }) ((1)) = (_01 ) .

f. For each equilibrium determine whether the Hartman—Grarb'meaoremiapplle/s.

Solution: It does, since both eigenvalues have real pA2v # 0.
g. Show that this system of differential equations has no dasegral curve.

af  9g

Solution: 6_+6_ = e > 0 everywhereOr: 2rr’ = 2xy+2y(e®y —x) = 2e%y? > 0fory # 0, sor = /22 + 3?2
£ Y

is strictly increasingOr: The presence of a Lyapunov function makes this impossible.

END OF EXAMINATION



