Mathematics 38 Tufts Differential Equations

Final Examination UNIVERSITY May 5, 8:30-10:30
No calculators, notes, or books are allowed. Please makeadiiglectronic devices are turned off and out of sight.
Show all work and cross out work you do not want graded!

Remember to sign your blue book.
With your signature you are pledging that you have neithezmginor received assistance on this exam. Good luck!

. (15 points)

t
a. Find the general solution ddZ = (_(1) g) T+ (;)_

t 2t
You may use that the general solution of the associated henemyis system is <2:t ) +c <22t ) .

t

Solution: One can note by inspection thaft) = (e

0 ) is a particular solution. Otherwise, note (by inspection,

t 2t t
row-reduction or Cramer’s rule) thet(t) = 0 andch(t) = e~* are solutions of/ (t) 2; +c5(t) 2t> - <€t >

(&
t
).
Solution: The general solution of the associated homogeneous diffatequation in; cost + ¢o sin t. The method
of undetermined coefficients gives the simplified guesss 3t + bsin3¢. Plug in to getsin3t = (—9acos3t —

9bsin 3t) + (a cos 3t + bsin 3t), soa = 0, b = —1/8. The general solution ig cost + ¢ sint — (1/8) sin 3t.
c. Find the general solution of’ = (z + 1)(t* + 1) fort > 0.
dz

Solution: Separation of variables givas(z+1) = el /t+t‘1 dt = t*/2+1Int+C, sox(t) = kte!’/2—1.
X

D O D

. . et i i 2€t th
This givesca (t) = —e~t andp(t) = — (et)' so the general solution is ( ot ) +c2 (e%) - (
b. Find the general solution af’ + x = sin 3t.

S
. (5 points) Calculate the inverse Laplace transfor .
©p ) b 3(s%2+9)2

. 1 3 s 1 t
. ooo—1 o . oy .
Solut|0n. Z [§S2——i—9m] = § Sin 3t * COS ?)t = E Sin 3t
0 t<m/6
. (10 points) Letf(t) = { sin3t #/6 <t <m/3.
0 t>m/3

a. Expressf(t) in step-function notation.

Solution: (ur /(1) — r/3) sin 3t.
b. Find the Laplace transform gf(t).
) . . . . —sZ 3 —sz
Solution: e~*% Z[sin(3(t + %))] —e %5 Lsin(3(t + g))] =e %5 ZL[cos 3t| + e %5 L[sin 3t] = %
S

. (10 points) Use the Laplace transformto solvi@) —2)(D —1)%z = —2¢! with 2(0) = 2/(0) = 0 andz”(0) = 2.

Solution: Laplace-transform tos — 2)(s — 1)>.Z[z] — 2 = % which becomes
L] = 2 B 2 Co2s—-1) -2 2(s—-2) 2
TG-96 12 -26-1° -2E-18 (-2@E-17 (s-1p
so
o) = 22— | — o1l = 2
(s—1)3 s3 '



5. (5 points)cy (t* + %) + ca(t* + 1) + c3(t* — 1) + eat + t* is a solution ofD*z = 24. Decide whether this is the
general solution.

Solution: Itis not. Either note thaft? + 1) + (¢3 — 1) = ¢3 + 2 or compute the Wronskian at= 0:

3 2 2 3 _ —_
v w w1 00 o 1 01 - Lo
det 6t 42 9 6t 0 =det 9 9 0 0 =12det 1 (1) (1) =12det 1 (1) =0
6 0 6 0 6 0 6 0
or comp3ute t2he V\2/ronskia;1 using row operations:
v w1 00 0 1 01 - 110
det 6t + 2 9 6t 0 = det 11 0 0 = det 1 (1) (1) = det 1 (1)(1) =0.
6 0 6 0 10 1 0
6. (15 points) Given the system
d
—m::102+2:vy—8:v
dt
(S) "
— =3 -9
dt rYy +y Y

a. Find the equilibrium points.

Solution: 0 = ccli_:tc = 2% + 2y — 8z = x(x + 2y — 8) and0 = % = 3zy +y® — 9y = y(3z + y — 9) gives the
equilibria(0,0), (0,9), (8,0), (2, 3).
b. Find the linearization matrid,, . of (S).
[Check your work carefully! You will not get credit for thelfowing parts ifA, .,y is wrong.]

Solution: A, ) = 2w +32yy -8 - +22xy 3 9> .
c. Classify each equilibrium as an attractor, a repeller otheeiof these.
Solution: Agg) = (_08 _09> \ = —8, -9, attractor,
Ag,9) = (;2 8) , A =10,9, repeller,
Ag,0) = <§ 12) , A= 8,15, repeller,

2 4

5Et+v144 5
A(2_’3) = (9 3 ,)\: —

5 =3 =+ 6, saddle, neither attractor nor repeller.
d. Classify each equilibrium as stable or unstable.

Solution: (0, 0): attractor, stable(0, 9): repeller, unstablgg, 0): repeller, unstable(2, 3): neither, unstable.
7. (15 points) Consider the functionE(z, y) = 2%y — zy? + 3zy and the system

525+ 120
. ~

d—m=:102+3:v—2xy
dt
(S) o
—y=y2—3y—2xy.
dt
a. Verify that E/ is a constant of motion for (S).
. d OF dr OFE dy 0 de 0 dy
Solution: —E(z(t),y(t)) = —— + — — = —[2%y — 2y* + 32y — + — 2%y — 21° + 32y]|— = [2zy —
olution: — E(x(t), y(t)) = 5—— dy di R :vy]dtJray[:vy zy” + ey = [2xy

y? + 3y](2? + 3z — 22y) + [ — 22y + 32](y* — 3y — 227) = 0.
b. Find the equilibria of (S).

Solution: 0 = 22 + 3z — 22y = x(x + 3 — 2y) and0 = y? — 3y — 22y = y(y — 3 — 2x) gives the equilibrig0, 0),
(0,3), (—3,0)and(—1,1).
¢ . Find the critical points of2, and classify them as extremum (that is, maximum or minimomnggaddle.

2



10.

Solution: 0 = ?9_ =2zy—y>+ 3y =y(2zx —y+3)and0 = (?9— = 2% — 22y + 3z = x(x — 2y + 3) gives critical
T )

i L . . 8%E O2E 92E )
points (0,0), (0,3), (—3,0) and(—1,1). The discriminant of the Hessian i§(z, y) = 527 oy (&an)
[2y][—27] — [22 — 2y + 3]%. Thus we get

(0,0) : A(0,0) = —3> < 0, saddle
(0,3): A(0,3) = —32 < 0, saddle
(=3,0) : A(=3,0) = —3% < 0, saddle

1)

A(=1,1)=2-2— 1% =3 > 0, extremum

(-1

d. Classify the equilibria of (S) as stable or unstable.
Solution: From the previous parts we conclude

(0,0) : unstable

(0,3) : unstable
(—3,0) : unstable
(—1,1) : stable

3

. (5 points) Draw the phase portrait of = 22 + 2z + 2.

Solution: 2’ > 0 so the phase portrait is—.

. (10 points) Show that any set of vectors that includéslinearly dependent.

Solution: Denote the vectors lﬂ', ¥1,...,U, and note thatin

1-04+0-% +--+0-%,=0
not all coefficients are zero.
(10 points) Find the general solution bfr = Ax, where
0 0 o0 01
1 -1 0 -1 1
A=1]1 0 -1 -1 0
0 0 0 0 1
1 0 0 -1 0

You may use the following information without verifying iTthe eigenvalues of are 0 and-1 and

14+ £ 1 t
t 0 1
1 , 0 and 0
t2/2 1 t
t 0 1

are linearly independent solutions Bf¢ = AZ. (This information makes the problem easy!!)

Solution: The given solutions correspond to the eigenvalue 0, ané #rer3 of them, so we only need to add at most

0 0
1 0
two solutions coming from the eigenvalud. By inspection ofA (or a minimal computation)] 0 [ and| 1 | are
0 0
0 0
actualeigenvectors for the eigenvalud. This gives the general solution
14+ % 1 t 0 0
t 0 1 1 0
c1 1 el 0l +es| 0O +ese | 0| +eset| 1
t2/2 1 t 0 0
t 0 1 0 0

END OF EXAMINATION



