Mathematics 38 T“fts Differential Equations

Final Exam UNIVERSITY December 15, 2010 8:30 - 10:30 AM

No calculators, books or notes are allowed on the exam. Abtednic devices must be turned off and put away.
You must show all your work in the blue book in order to receive full credit. Please bownanswers andross out
any work you do not want graded. Make sure to sign your blue book. With your signature you $&dging that you
have neither given nor received assistance on the exouod luck!

. (36 points, 6 eachyhese questions have no partial credit.
a. Check for independence.
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Solution: Not linearly independent. Five 4-vectors cannot be inddpah Or:
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b. Use the definition to computé&’ [e~"].

. & & -1 1
Solution: . [e*t] = / e~te st dt = / et gt = lim (e*t(sﬂ) - 1) = .
0 0 s + 1 t—oo s+ 1

c. Find¥ [tth sin 3t] .
Solution:

—d -d 3 6s 6s — 12
ZL[te?sin3t] = L[tsin3t] |, = (—ZLsin3t]) =(-—5—) =(5-) =—5—0.
[te* sin 31] [rsin3t] |, <ds [sin ])5_2 (ds 82+9)8_2 <82+9>S_2 (s2 —4s +13)2
d. Evaluatel *t.

t
. 1
Solution: 1%t = / udu = 5152.

0
e . Find all solutions of the form = % or x = t* for the equation
(t*D? —tD)z =0

Solution: Forz(t) = e, we have(t>?D? — tD)z = (a(a — 1)t — a)te® = 0 for all t only if a = 0. Forx(t) = t¢,
we have(t2D? — tD)x = t?a(a — 1)t*~2 — tat'~! = a(a — 2)t* = 0 for all t whena = 0 anda = 2, so the sought
solutions arer(t) = 1 andx(t) = t2.

f. Solve the nonhomogeneous equation

(t*D* —tD)x =t~"  t>0

Solution: First solve the homogeneous equation associated(\With— ¢t ' D)z = ¢—3: Frome. we haveh, (t) = 1
andhy(t) = t2. Now one can try to proceed by inspection (try a solution effdrmc - t* with ¢ # 0) or use variation
of parameters: The system

K1+ Kyt =0
Ej0 4+ ky2t =73

has solutiong (t) = —1t2 andkj(t) = ¢4 soky (t) = 5t~ " andky(t) = — 57>,
A particular solution is

_ R RS N RS R
p(t) = k1 (t)ha(t) + k2 (t)ha(t) = K gt T3t T3

so the general solution is
z(t)=c1+c t2+i
— G 2 3t-
Note that we have been able to dividetin several places singe> 0.
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The questions below have partial credit.
. (5 points) Solvez’ — 2 = t3 2(1)=0

. . . . . . . 1 1
Solution: The homogeneous equation can be solved by inspection osegration of variables( . dr = / n dt):

z(t) = ct + p(t),

and by inspection (try a solution of the form- ¢t with ¢ # 0) or variation of parameters/(t) - t = t3/t, so
c(t) = [t dt = 1t?), a particular solution ig(t) = 1¢3. To match the initial conditio) = z(1) = ¢ + 3 the

solution isz(t) = %(t‘3 —t).
. (8 points)
a. Show that for any > 0

is a solution of

Solution: z(0) = 0 since0 < b. The main point is to “plu itin: 2 () {O bsb g (t)4/®
- P P9 dt 5t—0b)* t>b
b. Does(x) have a unique solution?

0 t <
Solution: No. We just showed that(t) = { 5,
(t—50)° t>b
there. Moreoverz(t) = 0 for all ¢ is yet another solution of.
c. Does this fact contradict the existence and uniquenessaimedExplain why or why not.

is a solution foranyb > 0. That's infinitely many right

. d : . . .
Solution: No. d—5x4/5 = 4z~ '/ is not continuous at = 0, so the existence and uniqueness theorem does not apply
X
whenz(0) = 0.
. (5 points) Solve

1
1 2 1 -1 -1 T 2
2 2 2 -3 =2 z3 | =11
-1 0 -1 2 1 T4 0
x5
1 2 1 -1 -1 | 2
Solution: The system row-reducesto0 -2 0 5 4 | =3 |, which has no solution.
0 0o o 0o 0 | -1
. (10 points) Solve
2 0 4
D¥=10 2 0|%
1 0 2
2 0 2
Solution: By inspection or computation, the eigenvalues are 0, 2,4, with eigenvector 0 |, | 1|, | 0 ],
-1 0 1
so the general solution is
2 0 2 2(cq + czett)
Ft)=c| 0 | +ee®| 1] +eze| 0 or Z(t) = coe?t
-1 O 1 —C1 +6364t



6. (8 points) Solve

0 -3 2 et
D=3 0 =3 |&+| 3
0 O 2 et
1 1
Solution: The eigenvalues ave= 2, +3i. ForA = 2aneigenvectori$ 0 | and for\A = 3i an eigenvectori$ —i
1 0
' 1 1 cos 3t + ¢ sin 3t cos 3t sin 3t
From the “solutione®* | —i | = (cos3t+isin3t) | —i | = | sin3t —icos3t | = [ sin3t | +i | —cos3t
0 0 0 0 0
we extract the real and imaginary parts to form the real goiat
. 1 . cos 3t . sin 3t
hi(t)=¢e*| 0|, ho(t)=| sin3t |, hs(t)=| —cos3t
1 0 0

of the associated homogeneous system. To find a particUlsioso((t) = ki (¢)h1(t) + ke (£)ha(t) + ks(t)hs(t)),
use variation of parameters and solve the system

e?t cos3t sin3t | €2 0 cos3t sindt | 0
0 sin3t —cos3t | 3 Ri = R — Rs 0 sin3t —cos3t | 3
e 0 0 | e 1 0 0 | 1
to obtaink/ (t) = 1 and, via Cramer’s Rule or inspectiokt,(t) = 3sin 3t andk}(t) = —3cos3t. Thenk;(t) = ¢,
ko(t) = — cos 3t, andks(t) = — sin 3t, giving the particular solution
1 — cos? 3t —sin” 3t te?t —1
pt) =te* | 0 | + | —cos3tsin3t | + | cos3tsin3t | = 0
1 0 0 te?t

and the general solution

1 cos 3t sin 3t te? — 1
Z(t) = e 0] +eol sin3t | +e3| —cos3t | + 0
1 0 0 te?t
7. (8 points) Find the inverse Laplace transform of
a St
s2+6s+9
. s+1 s+1 §—2 1 2
Solution: 7! | -———| = 2! = St gyl —e Sty |2 - S| =731 - 2t).
[52—&—65—&—9} {(s+3)2] ‘ 52 ¢ s 82 e )
© 834+ 652+ 9s
Solution:
1 B 1 _1(5—1—3)—5_1[ 1 1 }_1{1(5—%3)—5 1 }
$34+6s2+9s  s(s+3)2 3 s(s+3)2  3ls(s+3) (s+3)2] 3Ll3 s(s+3) (s+3)2

1/9  1/9 1/3

SO

1 1 1 1 1 1 1 1 1 1
w1 @1 @1 w1 3t —3t
—— — | — = — — —_ - — — — —t
|:83+683+98] 9 L] 9 L—l—i’;] 3 {(3+3)2] 9 96 36 ’

where the third term uses the first shift formula.



8. (10 points) Solve

int t<
(D2+1)x:{sm <

0 t>m

Solution: Using the unit step function, the equation becorfi®3 + 1)z = sint — u,(t) sint. Applying the Laplace
transform and using that(0) = z’(0) = 0 gives

1
2 _ —Ts :
(s*+1)Z[z] = P £ [sin(t + )]

1

=91 +e ™YL [sint]

R S I

T2+l ¢ 2t

1 1
S0 1] = ————+e ™ —— and

(s2+1)2 € (s2+1)2

x(t) = sint * sint + u,(t) (sint * sint),

L t ! t+ ux(t) L (t )
= —sint — — cos - —sin(t —m) —
58 5 Cost+u 58 ™

s

T cos (t— 77))
1. . .
=3 [sint — tcost + ur(t) (—sint + (t — 7) cost)]

1 {sint—tcost t<m
2

—mcost t>m.

Note that this is continuous and these terms are as expeotaduihdetermined coefficients.

9. (10 points) Consider the system

i 10z — 6y
ORI

— =-0 1

7 z + 10y

a. Show thatt = —522 + 62y — 5y? is a Lyapunov function for (S).

. d
Solution: %E(x(t), y(t)) = (=102 + 6%)(10z — 6y) + (62 — 10y) (=62 + 10y) = —(10x — 6y)* — (62 — 10y)* < 0
except at the origin (the sole equilibrium of (S) and the soiécal point of F), so this is a Lyapunov function.
b. Determine whether (S) has closed integral curves.

. . . 0 0
Solution: It does not, because it has a Lyapunov function. becausei +

g
—= =10+10=20 > 0.
Ox Ox + >

END OF EXAMINATION ©2010 Trustees of Tufts College. Al rights reserved.



