Tufts

UNIVERSITY

Math 38 Spring 2011

Midterm Exam 3 with Solutions

1. (10 points): Check following sets of vectors for independence (NO PARTIAL CREDIT):

1 2 1
@ 7114l o] ]o
2 -1 -1 -1
4 —2 6
3 2 8
(b) , :
2 4 8
1 8 10
Solution:

(a) Not linearly independent.

4 -2 6
3 2 8 = : :
(b) 2- + — = 0. Hence, these vectors are not linearly independent.
2 4 8
1 8 10
1 00
2. (15 points):  (a) Find the eigenvalues of the matrix A= | —_1 92 0
0 13

(b) Find eigenvectors for each eigenvalue of the matrix A.
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Solution:

(a) Eigenvalues are 1, 2, 3 since the matrix is lower triangular.

0
(b) By inspection, the eigenvector corresponding to A3 = 3is | o |. The eigenvector
1
-1 00
corresponding to Ay = 2 is obtained by solving the system | _1 ¢ o |v =0, so
0 11
0
we get v = | 1 |. The eigenvector corresponding to \; = 1 is obtained by solving
-1
0 00 2
the system | —1 1 9| v=0, and we have v = | 9
0 1 2 -1
1 10 1 1
3. (10 points): The matrix A= |1 (g 1 | has eigenvectorsv = |1 | and w = | —_2
110 1 1
Find the corresponding eigenvalues.
1 10 1 2 1
Solution: For v one has | 1 ( 1 11 =121 =21, and therefore, the eigen-
1 10 1 2 1
value is 2.
1 10 1 -1 1
Similarly for w we have | 1 o 1 2l =1 2 | =(-1)| =2, and the eigenvalue
0 1 -1 1
is -1.
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4. (10 points): Use the row reduction method to solve the following system:

T+ 200+ 23 — Ty — x5 =2
201 4 219 + 203 — 3x4 — 225 = 1

—T1 —I3+QI4+IE5:1.

No credit for any other method.

Solution: In matrix notation

1 2 1 -1 -1 | -1 1 2 1 -1 —1 |
0 -2 0 -1 0 |

-10 -1 2 1 | 1 0o 2 0 1 0 |
121 -1 -1 | -1 121 -1 -1 | -1
RQ%(_%)RQ 1 3 R3—R3—2R> 1
— (010 5 O | s~ (010 5 O |
020 1 0 | 3 000 0 0 |
Let:L*3:a,a:4:b,x5:c,thenxl:—a+26+c—1,x2:—%+§,so
—a+2b+c—1 -1 2 1 —1
b, 3 1 3
—3713 0 —3 0 3
T = a =al|l 1 |+b] 0 | tc|lo|+] o0
b 0 1 0 0
c 0 0 1 0

5. (20 points): Solve the system of linear differential equations Dz = Ax, where

0 0
A 0 O
0 2
0

S O N

2
1
0
0 -2
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Solution: Notice the block form. This is a decoupled pair of second order systems of

differential equations. The characteristic polynomial of (2 1) is (A —1)(A —3), so
1 2

the eigenvalues are 1 and 3, 1 has eigenvector ( 1 ), 3 has eigenvector (1> Next,
-1 1

-2 2

( 0 2) has eigenvalues +2i. Take 2¢ and (
-2 =2

-2 0

—1
1
p2it —1 — cos 2l + isin2t -1\ _ sin2t n — cos 2t .
1 1 cos 2t sin 2t

So, the general solution is

) v = 0, so we get eigenvector

1 1 0 0
ciet -1 + coedt : +c3 0 + ¢y 0
0 0 sin 2t —cos 2t
0 0 cos 2t sin 2t
6. (15 points): The matrix
1 00
A=1111
1 01

has a triple eigenvalue A = 1 (You do not have to verify this). Find the generalized
eigenvectors of A.
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000 000 000

Solution: (A—-X)*=11 o 1 10 1 10 1
1 00 1 00 100
0 00 000 000
=11 00 1 01 =10 00
0 00 1 00 000
1 0 0
So, the generalized eigenvectors are | o |, | 1 | and | o
0 0 1

7. (20 points): Solve the following initial value problem:

110 10
Di=111 0|7 7(0) = | 20
110 10
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Solution: The characteristic polynomial is A3 — 2)\2, so A\; = 2, which gives eigenvec-
1

tor | 1], and a double root Ay = 0. For Ay = 0, the corresponding eigenvectors, by

1
-1 0
inspection are | 1 |, and | o |. (You will get the same vectors if you solve the system
0 1
(A= X\)?v=0).
1 -1 0
So, the general solution is z(t) = cie* | 1 [ +c2 | 1 | +es | 0| - Plugging in the initial
1 0 1
values, we have ¢; = 15, ¢y = 5, c3 = —5. Thus the solution is
et -1 0
a(t)=15e2 [+5] 1 [+(=5) |0
e?t 0 1
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