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Sign Diagrams
M. Guterman
(Tad4< dnivers )
In these notes we describe a method for deciding when g given polynomial or quotient
of polynomials is positive, and when it is negative. The method assumes that we can
factor the polynomials. It relies on the fact that the product of an odd number of negative
factors is negative, while the product of an even number of negative factors is positive.

Let’s begin by considering
r(z) =2 — 22 -3 =(z+ 1)(z - 3).

The factor  — 3 is zero when z is 3, negative for = less than 3, and positive for = greater
than 3. Figure 1 includes a flag going left from 3 showing where £ — 3 is negative. The
factor z + 1 is zero when r is —1, negative for = less than —1, and positive for z greater
than —1. The flag going left from —1 shows where z + 1 is negative. The product r(z) is
zero when z is —1 or 3. By counting the negative factors (represented by flags), we can
determine the sign pattern of r(z). If + < —1, then r(z) is the product of two negative
factors, so r(z) is positive. If —1 < z < 3, then r(z) has only one negative factor, so it
is negative. If z > 3, then there are no negative factors, so r(z) is positive. This sign
pattern is indicated by the pluses and minuses in Figure 1. We refer to Figure 1 as a sign
diagram for r(z).

X -3
X+ L
-1 3
+4++ 0 ——— 0 +++

Figure 1. Sign Diagram for r(z) = (z + 1)}(z — 3)

Let’s next consider
r(z) = (2z 4+ 1)2*(z — 3)*.

The factor 2z + 1 is zero at —1/2, negative to the left of —1/2, and positive to the right
of —1/2. Thus a sign diagram for r(z) should have a flag going left from —1/2 (see Figure
2). The factor z3 is zero at 0, negative to the left of 0, and positive to the right of 0.
Figure 2 includes a flag going left from 0 corresponding to this factor. The factor (z — 3)*
is zero at 3 and positive everywhere else. Since this factor is never negative, we don’t need
any corresponding flags. We have, however, erected a flag pole at 3 to remind us that this
factor is zero there. Now that we have analyzed the factors, we can count negative factors
(flags) to find the sign of r(z). To the left of —1/2 there are two negative factors, so r(z) is
positive for ¢ < —1/2. Between —1/2 and 0, there is one negative factor so r(z) is negative
for —1/2 < z < 0. Between 0 and 3, and to the right of 3, there are no negative factors.
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Thus r(z) is positive for 0 < z < 3 and for £ > 3. The pluses and minuses in Figure 2
show this sign pattern.
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Figure 2. A Sign Diagram for r(z) = (2r + 1)z3(z — 3)*

One way to analyze the sign of r(z) = 4 — z? is to factor it as follows:
r(r) = —1(z? — 4) = =1(z + 2)(z - 2).

We then draw a sign diagram (Figure 3) that-includes flags indicating where each of the
three factors of r(z) is negative. Corresponding to the two factors ¢ + 2 and = — 2, we
draw flags going left from —2 and 2. The factor —1 is always negative, so we draw a flag
over the entire line corresponding to this factor. The number of flags is odd to the left of
—2 and to the right of 2. Thus r(z) is negative for 2 < —2 or z > 2. Between —2 and 2
there is an even number of flags. Thus r(z) is positive for —2 < z < 2.

——— 0 4+++ 0 ——
Figure 3. A Sign Diagram for r(z) = 4 — 2

Another way to deal with r(2) = 4 — z? is to factor it as follows:
r(z) =2+ )2 —=z).
As before, our sign diagram (Figure 4) has a flag going left from —2 showing where 2 + z
is negative. The factor 2 — z is zero at 2, negative for = greater than 2, and positive for z

less than 2. To show where 2 — z is negative, we have drawn a flag going right from 2. As
usual, we count negative factors (flags) to determine the sign pattern of r(z).
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Figure 4. Another Sign Diagram for r(z) = 4 — z2

Another situation that can arise is illustrated by the polynomial
r(z) = (32 — 2)(~2% + 2z — 5).

As usual, our sign diagram (Figure 5) has a flag going left from 2/3 corresponding to the
factor (3z —2). There are no real values of z for which the factor —z2 + 2z — 5 is zero (you
can check this by using the quadratic formula). Thus this factor is either always positive or
always negative. When z is 0, the factor is —5, so it is always negative. Our sign diagram
has a flag over the entire line corresponding to this factor. By counting flags, we see that
r(z) is positive for z < 2/3 and negative for z > 2/3.

—x'+ 2% -§

Bx — 2.

|
2
3
+4++ 0

Figure 5. Sign Diagram for r(z) = (3z — 2)(—z? + 2z — 5)

The same method works for quotients. After all, if £ # a, then the sign of 1/(z — a)
is the same as the sign of z — a. Note, however, that 1/(z — a) is not defined when z = a.
We indicate this by placing the symbol x below z = a on the sign diagram.

As an example, let’s analyze the sign of
y g

o) e — (=8 @+ VB = V)
TErDE-1 T @D o1E

The sign diagram shown in Figure 6 includes flags going left from ++/3 corresponding to
the two factors of the numerator. The flag going left from —1 corresponds to the factor
(z +1)® in the denominator. We have erected at flag pole at 1, the point where the factor
(z — 1)? is zero. Since this factor is positive everywhere else, we don’t need any flags on
this pole. The function r(z) is zero when the numerator is zero (at ++/3) and undefined
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when the denominator is zero (at +1). By counting negative factors (flags), we see that
r(z) is negative if £ < —V/3, =1 < £ < 1,0or 1 < z < V/3, and that r(z) is positive if
~v3<z<-lorV3<az.

(xa-\{&' o 3?

Figure 6. Sign Diagram for r(z) = (T_g%;;(:j%m
As a final example, let’s determine the values of « for which the inequality
1 > 2
z+2 " -1

holds. We first subtract 1/(z — 1) from both sides of the inequality:

1 2

- > 0.
z+2 T-—-17

We next combine the terms on the left side over a common denominator:

—(z+5)
GraE-D="

Note that the quotient on the left is zero at —5 and is undefined —2 and at 1. Figure 7
shows a sign diagram for this quotient. From this diagram we see that the inequality holds
if

r<—-5 or —2<z<l.

X—1
X+2
X ¥S
-5 -2 1
++4+ 0 ——— X +++ X ——=

Figure 7. Sign Diagram for _(.z;(zr?;sll)
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Exercises

In problems 1 through 9, find the values of = for which r(z) is (a) zero, (b) undefined,
(c) positive, and (d) negative.

1. r(z) =322 + 52 -2
2. r(z) =322 -2z -4
3. r(z) =2+z—2?

4. r(z) = 22% 4 522 — 3z
5. r(z)=2° -z

6. r(z) = 16 — z*
Tor(a) = S5

‘ _ =2(z%+3)(z+2)
8. 7(2) = oty

—1)*z—-
9. r(z) = B22brd)

In problems 10 through 14, find the values of z for which the given inequality holds.
10. 22° +2—-6<0

11. Z=L >0

13. 22 -3z <3 -z
14, =—%—=2>1
In problems 15 through 17, find the domain of f(z).

15. f(z) = V2 — 3z — 222
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16. f(2) = \/ EEetay

17. f(2) =/ s55eim



