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In this survey the authors discuss several topics in the theory of partially hyperbolic systems
including:
— definition of partial hyperbolicity (PH) (including the broad sense);
— Hölder continuity of invariant distributions of PH-systems;
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— examples including frame flows, direct and skew products, group extensions;
— the Brin-Burago-Ivanov theorem concerning the infinite cardinality of the fundamental group

of compact3-manifolds supporting PH diffeomorphisms;
— Pujals’ list of PH systems on3-manifolds;
— the Mather spectrum and Katok’s example of non-absolute continuity of central foliations (a

central problem to apply the Hopf argument to prove ergodicity);
— stable and unstable foliations and their filtrations;
— the integrability problem for central foliations;
— dynamical coherence;
— robustness and plaque expansiveness of central foliations;
— accessibility and transitivity (There is a nice exposition on p. 35 explaining why accessibility

is necessary to obtain ergodicity of PH systems via the Hopf argument.);
— the Dolgopyat-Wilkinson Theorem concerning theC1 genericity of stably accessible systems;
— stable accessibility from joint integrability for time-1 maps;
— the authors’ conjecture concerning stable accessibility of PH systems with the accessibility

property;
— the authors’ conjecture concerning theCr-open denseness of stable accessible PH systems;
— the ergodicity of volume-preserving essentially accessible PH systems with one-dimensional

central subbundle;
— Hertz’s result proving stable ergodicity for all linear automorphisms on then-torus,n≥ 5;
— SRB measures for PH attractors.
Unfortunately the authors do not consider other group actions, such as the flow case.
{For the entire collection seeMR2184980 (2006f:37003)}
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Hasselblatt, Boris(1-TUFT); Schmeling, J̈org (S-LUNDT)
Dimension product structure of hyperbolic sets. (English summary)
Modern dynamical systems and applications, 331–345,Cambridge Univ.Press, Cambridge,
2004.

In this article the authors consider the problem of computing the dimension of hyperbolic sets
in terms of their stable and unstable slices. It is conjectured that the dimension (Hausdorff or
upper box) of a hyperbolic set is the sum of the dimensions of the stable and unstable slices. The
authors propose an approach towards establishing this conjecture which consists in proving that
all the stable and unstable slices have the same dimension. This fact is essential for making the
statement of the conjecture meaningful. The results are established for the specific case of the
Smale solenoid; namely, the underlying manifold isM = S1×D, whereD = {v: |v|< 1} and the
dynamics given by theC2 mapf :M →M is defined as

f(x, y, z) = (ηx, λy +u(x), µz + v(x)),

with η, λ, µ:M → R+ satisfyingµ < λ < 1 < η. The stable slices are defined using the natural
projectionπx: (x, y, z) 7→ x, as follows. If one considers the attractorΛ =

⋂
n∈N fn(M), then the

stable manifold inp is W s(p) = Λπx(p), where for a setA⊂M one putsAx: = (πx|A)−1(x). The
stable slices areΛx = (πx|Λ)−1(x). If λ, µ andη are assumed to be constant, and, in particular,
η = 2, the authors first prove that

(i) dim Λx = dim Λy for anyx, y ∈ S1, and
(ii) dim Λ = dim Λx +1.

This result (Theorem 2) is established under the hypothesis of transversality of the unstable
foliation. However, in Theorem 5 it is shown that, whenf is analytic, the dimension of the slices is
independent of the slice, stable or unstable, without requiring transversality and whenf is analytic.
The proof is deduced from results about the existence of a bi-Lipschitz correspondence between
any two slices, which is obtained from holonomy maps. The set of bi-Lipschitz points for the
holonomy map between local stable manifolds has full dimension and so preserves the transverse
dimension. Theorem 2 follows as a consequence of this result. Using this theorem as a tool, the
authors study the set of pointsp in which the holonomy fromW s(p) to another manifoldW s(q)
is not Lipschitz. It is proved that the entropy of this set is less than that of the attractorΛ.
{For the entire collection seeMR2090761 (2005f:37001)}

Reviewed byAlejandro Mario Meśon
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Modern dynamical systems and applications, xi–xiv, Cambridge Univ.Press, Cambridge, 2004.

{This item will not be reviewed individually. For details of the collection in which this item
appears seeMR2090761 (2005f:37001).}
{For the entire collection seeMR2090761 (2005f:37001)}
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FModern dynamical systems and applications.
Dedicated to Anatole Katok on his 60th birthday.
Edited by Michael Brin, Boris Hasselblatt and Yakov Pesin.
Cambridge University Press, Cambridge, 2004.x+458pp. $90.00.ISBN0-521-84073-2

Contents: Michael Brin, Boris Hasselblatt and Yakov Pesin, Anatole Katok (xi–xiv)MR2090762;
V. Bergelson and A. Gorodnik, Weakly mixing group actions: a brief survey and an example
(3–25)MR2090763 (2005m:37010); Mélanie Bertelson and Misha Gromov, Dynamical Morse
entropy (27–44)MR2090764 (2005m:37056); M. Boyle [Mike Boyle] and J. B. Wagoner, Pos-
itive algebraic K-theory and shifts of finite type (45–66)MR2090765 (2005j:37016); Patrick
Eberlein, Geometry of 2-step nilpotent Lie groups (67–101)MR2090766 (2005m:53081); R.
Feres, A differential-geometric view of normal forms of contractions (103–121)MR2090767
(2005g:37051); Bernard Host and Bryna Kra, Averaging along cubes (123–144)MR2090768
(2005h:37004); Chao-Hui Lin and Daniel Rudolph, Sections for semiflows and Kakutani shift
equivalence (145–161)MR2090769 (2006f:37004); Herbert Abels and Gregory Margulis [Grig-
orii A. Margulis], Coarsely geodesic metrics on reductive groups (163–183)MR2090770
(2006e:22011); Klaus Schmidt [Klaus Schmidt1], Algebraic Zd-actions on zero-dimensional
compact abelian groups (185–209)MR2090771 (2005g:37003); R. J. Spatzier, An invitation to
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netic flows and magnetic billiards, Finsler metrics and a magnetic analog of Hilbert’s fourth
problem (233–250)MR2090773 (2005k:37073); Alexander Blokh, Chris Cleveland and Michał
Misiurewicz, Expanding polymodials (253–270)MR2090774 (2006d:37076); Jairo Bochi and
Marcelo Viana, Lyapunov exponents: how frequently are dynamical systems hyperbolic? (271–
297)MR2090775 (2005g:37060); Christian Bonatti and John Franks, A Hölder continuous vector
field tangent to many foliations (299–306)MR2090776 (2005h:37057); M. Brin [Michael Brin],
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/mathscinet/search/mscdoc.html?code=01A70
/mathscinet/search/publications.html?pg1=IID&s1=138355
/mathscinet/search/institution.html?code=1_PAS
/mathscinet/search/publications.html?pg1=IID&s1=41670
/mathscinet/search/institution.html?code=1_MD
/mathscinet/search/publications.html?pg1=IID&s1=270790
/mathscinet/search/institution.html?code=1_TUFT
/mathscinet/pdf/2090761.pdf
/mathscinet/pdf/2090761.pdf
/mathscinet
/mathscinet/search/publications.html?refcit=2090761&amp;loc=refcit
/mathscinet/search/mscdoc.html?code=37%2D06%2C%2800B30%2C22%2D06%29
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090762
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090763
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090764
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090765
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090766
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090767
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090767
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090768
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090768
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090769
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090770
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090770
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090771
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090772
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090773
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090774
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090775
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2090776


of 3-manifolds with commutative fundamental group (307–312)MR2090777 (2005g:37064);
Dmitry Dolgopyat, Prelude to a kiss (313–324)MR2090778 (2005h:37087); Bassam Fayad,
Nonuniform hyperbolicity and elliptic dynamics (325–330)MR2093307 (2005m:37065); Boris
Hasselblatt and J̈org Schmeling, Dimension product structure of hyperbolic sets (331–345)
MR2093308 (2007j:37037); Huyi Hu, Yakov Pesin and Anna Talitskaya, Every compact manifold
carries a hyperbolic Bernoulli flow (347–358)MR2093309 (2005g:37062); Michael Jakob-
son, Parameter choice for families of maps with many critical points (359–364)MR2093310
(2005j:37050); Oliver Jenkinson and Mark Pollicott, Entropy, exponents and invariant densities
for hyperbolic systems: dependence and computation (365–384)MR2093311 (2005h:37066);
Yuri Kifer, Some recent advances in averaging (385–403)MR2093312 (2005h:37067); R. de
la Llave, Bootstrap of regularity for integrable solutions of cohomology equations (405–418)
MR2093313 (2005g:37063); Sheldon Newhouse, Cone-fields, domination, and hyperbolicity
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chastic properties of billiards (433–445)MR2093315 (2005g:37074); Jean-Christophe Yoccoz,
Some questions and remarks aboutSL(2,R) cocycles (447–458)MR2093316 (2005h:37068).
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Hasselblatt, Boris(1-TUFT); Schmeling, Jorg(S-LUND-LIT)
Dimension product structure of hyperbolic sets. (English summary)
Electron. Res. Announc. Amer. Math. Soc.10 (2004), 88–96 (electronic).

In this announcement the authors conjecture that the fractal dimension of a hyperbolic set is (at least
generically or under mild hypotheses) the sum of those of its stable and unstable slices, where
“fractal” can mean either Hausdorff or upper box dimension. This would facilitate substantial
progress in the calculation or estimation of these dimensions, which are related in deep ways to
dynamical properties. The authors prove the conjecture in a model case of Smale solenoids.

For hyperbolic invariant measures a somewhat similar conjecture (the Eckmann-Ruelle conjec-
ture) was proved in [L. M. Barreira, Y. B. Pesin and J. Schmeling, Ann. of Math. (2)149(1999),
no. 3, 755–783;MR1709302 (2000f:37027)] by establishing a dimension product structure. For
the case of Hausdorff or upper box dimension, this kind of structure is difficult to establish since
the homology maps along stable or unstable lamination may not be Lipschitz continuous. The au-
thors describe possible ways to overcome this difficulty in proving the conjecture for the model
case of Smale solenoids.

Reviewed byPei Dong Liu
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Zygmund strong foliations. (English summary)
Israel J. Math.138(2003), 157–169.

The authors consider volume-preserving Anosov flows (which areCk with k ≥ 2) on three-
dimensional manifolds. S. E. Hurder and A. B. Katok [Inst. HautesÉtudes Sci. Publ. Math. No. 72
(1990), 5–61 (1991);MR1087392 (92b:58179)] showed that the weak stable and weak unstable
foliations areC1 with a derivative in the Zygmund class. They also studied the obtruction to higher
differentiability and related it to a cocycle.

In this paper, the authors prove that the strong stable and strong unstable bundlesEs, Eu are in
the Zygmund class. They also exhibit a cocycleK:M → R which gives an obstruction to higher
differentiability: the cocycleK is a coboundary if and only if the subbundleEu ⊕Es is little-
Zygmund (which is stronger than Zygmund regularity but weaker than beeingC1). In this case,
Eu⊕Es is in factCk−1 and the flow is a suspension or a contact flow.

Reviewed bySylvain Crovisier
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The Riccati equation: pinching of forcing and solutions. (English summary)
Experiment. Math.12 (2003),no. 2,129–134.

This paper deals with solutions of the Riccati equationẋ + x2 = k(t) wherex andk are real-
valued functions withk(t) > 0. The main thrust of the article is the comparison of solutions for
different functionsk and a discussion of the best possible nature of the results. The new results
of the paper are too long to give here, but are related to the following result of B. Hasselblatt [J.
Differential Geom.39(1994), no. 1, 57–63;MR1258914 (95c:58137)]: If a ∈ (0, 1), 0 < ak1(t) <
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k2(t) < k1(t) andxi is a solution ofẋ + x2− ki(t) for i = 1, 2, thenx2(0) > ax1(0) > 0 implies
thatx2(t) > ax1(t) for all t > 0.
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FA first course in dynamics.

With a panorama of recent developments.
Cambridge University Press, New York, 2003.x+424pp. $95.00; $35.00 paperbound.
ISBN0-521-58304-7; 0-521-58750-6

The book consists of two parts. Part 1 is a rather advanced, one semester, undergraduate course in
dynamical systems; Part 2 gives an overview of several major subfields of dynamical systems. The
course contained in Part 1 stands out among all other existing undergraduate dynamical systems
texts in that it gives a mathematically thorough introduction to a very wide variety of subareas
and concepts of dynamics. It presents both the topological and statistical (ergodic) point of view.
Part 1 starts with basic examples, notions and problems (Chapters 1–2). Low-level multivariate
calculus and an elementary course in ordinary differential equations are sufficient prerequisites
for this portion of the course. The difficulty level gradually increases through Chapters 3–5
which discuss simple systems with stable behavior, homeomorphisms of the circle, Cantor sets,
equidistribution of orbits for circle rotations and translations of the torus. These chapters assume
familiarity with linear algebra which is somewhat beyond an elementary (freshman or sophomore
course). The remaining chapters of the course (6–8, and possibly 9) are much more demanding
both in terms of the necessary prerequisites (advanced calculus and linear algebra, elements of
point set topology, etc.) and in the level of mathematical sophistication. This portion of the course
is aimed at a very advanced and quite motivated undergraduate student. It includes basics of
conservative systems, topological dynamics, symbolic dynamics, topological entropy and chaotic
behavior. As the authors say in the preface, Part 2 (Panorama of dynamical systems) provides
applications of ideas from Part 1 and connects them to contemporary topics of research. Most
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of this material should be presented only to an elite undergraduate student. The Panorama starts
with applications of the contraction mapping principle: the implicit and inverse function theorems,
foundations of ordinary differential equations (existence and uniqueness theorems, dependence
on initial values and parameters), and the stable manifold theorem for a hyperbolic fixed point.
It proceeds through a very wide range of topics—from foundations of hyperbolic dynamics, the
Feigenbaum phenomenon and strange attractors, through variational methods for twist maps and
closed geodesics on the sphere, to Weyl’s theorem on the distribution of values of polynomials
and other important applications of dynamical systems to number theory. The authors are to a
large degree successful in decreasing the awkwardness of avoiding the concepts of a Riemannian
manifold, Lebesgue measure and integration and some other notions which necessarily appear in a
graduate dynamical systems course. I highly recommend this book for an advanced undergraduate
course in dynamical systems. (For a more detailed and advanced text, see A. B. Katok and B.
Hasselblatt [Introduction to the modern theory of dynamical systems, Cambridge Univ. Press,
Cambridge, 1995;MR1326374 (96c:58055)]).

Reviewed byM. I. Brin
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Guysinsky, Misha (1-PAS); Hasselblatt, Boris(1-TUFT); Rayskin, Victoria (1-UCLA)
Differentiability of the Hartman-Grobman linearization. (English summary)
Discrete Contin. Dyn. Syst.9 (2003),no. 4,979–984.

The Hartman-Grobman theorem asserts that aC1 diffeomorphism can beC0 linearized near a
hyperbolic fixed point, say0 ∈ Rn. Hartman also showed that inR2 the linearization isC1.
However, he also gave an example inR3 for which there is noC1 linearization.

In order to use the linearization to understand the behaviour near a hyperbolic fixed point, one
needs the linearization to be smoother thanC0.

The authors prove the following theorem: Theorem. If the map of the Hartman-Grobman theorem
is C∞, then the linearizing homeomorphism is differentiable at the origin, and its derivative at0 is
the identity.

The authors’ proof is “inspired” by normal form methods. They need theC∞ requirement to
apply a theorem by Bronstein and Kopanskiı̆ to “reduce the map to its second-order normal form
expansion via aC1 conjugacy”. Other than that, the authors believe that their result should hold
for aC2 map.

Reviewed byMohamed Sami ElBialy
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Hasselblatt, Boris(1-TUFT); Katok, Anatole (1-PAS)
The development of dynamics in the 20th century and the contribution of J̈urgen Moser.
(English summary)
Ergodic Theory Dynam. Systems22 (2002),no. 5,1343–1364.

J. K. Moser (1928–1999) made profound and fundamental contributions to many branches of
mathematics. The present paper surveys his work in dynamics and related areas. For brief accounts
of all the achievements of Moser in mathematics, the authors recommend the notes by E. J.
Zehnder [Jahresber. Deutsch. Math.-Verein.95 (1993), no. 2, 85–94;MR1218340 (94d:01080)]
and J. N. Mather et al. [Notices Amer. Math. Soc.47 (2000), no. 11, 1392–1405;MR1794131
(2001h:01054)].

The first part of the paper outlines the development of dynamics from Newton and Laplace to the
contemporary theories, with an emphasis on the 20th century, and provides general characteristics
of the topics and style of Moser’s work. Here are some quotations: “Always keenly interested in
the work of others, he was able to discern the fundamental trends and invariably made essential,
often fundamental, contributions.” “We cannot think of another mathematician in the period after
1960 who had such a broad view and comprehensive understanding of virtually all major trends in
dynamics and influenced their development to a similar degree.” “In his work he usually searched
for wisdom rather than simply knowledge, and thus he strongly emphasized developments of
methods and insights over pushing a specific result to the limit.” “The leading theme of virtually
all of Moser’s work in dynamics is the search for elements of stable behavior in dynamical
systems with respect to either initial conditions or perturbations of the system.” In the second part
of the paper, the authors discuss (unavoidably omitting many details) Moser’s contributions to
the KAM (Kolmogorov-Arnol′d-Moser) theory, the Aubry-Mather theory, completely integrable
Hamiltonian systems, and hyperbolic dynamics, as well as some separate results. The exposition is
very vivid and provides both the mathematical ideas and historical accounts. However, it is hardly
intelligible to a layman. The bibliography contains 91 references, including 29 works by Moser.

Reviewed byMikhail B. Sevryuk
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79. J. H. Poincaŕe. Sur le probl̀eme des trois corps et les equations de la dynamique.Acta Mathe-
matica13 (1890), 1–270.
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MR1928520 (2004b:37047)37Dxx (37Cxx)

Hasselblatt, Boris(1-TUFT)
Hyperbolic dynamical systems.
Handbook of dynamical systems, Vol. 1A, 239–319,North-Holland, Amsterdam, 2002.

The aim of this survey is to outline important results in the theory of uniformly hyperbolic
dynamical systems on compact spaces, as well as their extension to nonuniformly hyperbolic
systems. No proofs are provided; the arguments are sometimes sketched.

The main part deals with the study of uniformly hyperbolic diffeomorphisms and flows, both
from the local and global viewpoints. It begins with the theory of stable and unstable laminations,
with an emphasis on their degree of regularity. The author then presents the basic topological
properties of the dynamics: expansivity, shadowing of orbits, and spectral decomposition. This
leads to the problem of structural stability, and topological classification of Anosov transformations
and flows. Whereas an Anosov diffeomorphism is structurally stable, which means topologically
conjugate to any small perurbation, the conjugacy cannot be expected to be smooth: indeed a
smooth conjugacy would preserve lengths of periodic orbits, and also the regularity of the stable
and unstable distributions. The first obstruction is related to cohomology equations, the Lyapunov
cocycle and the Liv̌sic theorem. The second obstruction leads to smooth rigidity results, which
say roughly that only smooth deformations of systems of algebraic origin can have stable/unstable
foliations with smooth holonomy. The author reviews these two aspects.

Zeta functions, growth of periodic orbits, Markov partitions and questions related to Gibbs
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measures and thermodynamical formalism are only briefly mentioned.
The last part deals with the nonuniform theory: Lyapunov exponents, the Oseledets theorem,

regular neighborhoods and hyperbolic measures are presented with some details. The survey then
focuses on surfaces. Standard results from the uniform theory hold in the nonuniform setting, as
soon as there are no zero Lyapunov exponents: the absolute continuity of the invariant foliations,
the shadowing lemma, the Livšic theorem for example; also, if the entropy of the hyperbolic
measure is nonzero, there exist embedded horseshoes with entropy arbitrarily close to the entropy
of the measure.
{For the entire collection seeMR1928517 (2003c:37002)}

Reviewed byYves Coudene
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Hasselblatt, Boris(1-TUFT); Katok, Anatole (1-PAS)
Principal structures.
Handbook of dynamical systems, Vol. 1A, 1–203,North-Holland, Amsterdam, 2002.

From the introduction: “Dynamical systems has grown from various roots into a field of great
diversity that interacts with many branches of mathematics as well as with the sciences. The
purpose of this survey is to describe the general framework for several principal areas of the theory
of dynamical systems. We are aware that this is an ambitious goal and that the presentation is
bound to be both brief and in many respects superficial.

“Our primary aim is to set the stage for the surveys collected in this and the subsequent volume
by establishing the unity of the various specialities within dynamics. The range of surveys in
these volumes therefore has a strong effect on the presentation given here. Certain topics, which
appear in a number of surveys and which we consider as basic for several branches of dynamics, are
presented in some detail. Examples are recurrence in topological dynamics, ergodicity, topological
and metric entropy, the variational principle for entropy, invariant stable and unstable manifolds,
and cocycles over dynamical systems. Even such topics are usually discussed with only a few
complete proofs. Topics central to any of the subsequent surveys are often discussed just enough
to place them in the greater context, deferring to the corresponding survey for exact statements and
further detail. Examples of these are dynamicalζ-functions, variational methods in Lagrangian
and Hamiltonian dynamics, KAM theory, dynamics of unipotent homogeneous systems, and
dynamical methods in combinatorial number theory. Nevertheless, some topics are surveyed here
because they play an essential role in the overall picture, even though they are not given much
attention in subsequent surveys. Bifurcations and applications per se are virtually absent here
because they are in the purview of other volumes in the series.
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“A possible use of this survey is as an introduction to mathematicians unfamiliar with dynamics,
and it may be interesting to experts as an overview of a diverse field. With this in mind we pay
attention to examples, motivations, informal explanations and discussion of key special cases or
simplified versions of general results. Nevertheless, they may often be too brief and may sometimes
look cryptic to a nonexpert reader. Expanding the pedagogical aspects of the survey substantially
would interfere with its primary goal and expand its size beyond a reasonable limit. Hopefully, a
compromise between comprehensiveness and accessibility has been achieved.

“A limited number of key results are proved in the text, when the importance of the result, the
insights provided by the proof, or its brevity suggested doing so. Other results are provided with
sketches or outlines of proofs; many more are only formulated or just mentioned.

“The structure of this survey is intended to reflect a coherent framework. Accordingly, this
chapter introduces a collection of important notions in generic terms, i.e., without relying on
any specific structure of the dynamical system (topological, measure-theoretic, smooth, etc.).
Although examples are therefore deferred, this serves to provide a structure that organizes the
notions and techniques in such a way that later chapters can present large subareas of dynamics in
a coherent fashion. Starting from Section 2 we introduce basic examples as close to the beginning
of each chapter as practicable and then intersperse further examples, as well as comments on
previously introduced ones, throughout the chapters. The central structural elements are presented
in the following order: the notions of equivalence, principal constructions, recurrence, and orbit
growth. The chapters on topological dynamics and ergodic theory follow this pattern closely. The
succeeding chapters on smooth dynamics, which are based on the earlier ones, fit into the same
framework as well, although the starting point and emphasis are, of necessity, slightly different.
Some background material is incorporated into the text. Examples of these are the treatment of
Lebesgue spaces, symplectic manifolds, and Hamiltonian formalism.

“The bibliography is divided into several parts, beginning with the surveys in this volume and
some of those planned for the companion volume. In order to help choose further reading we
provide a list of major sources. Of these we most frequently refer to our book [Introduction to
the modern theory of dynamical systems, Cambridge Univ. Press, Cambridge, 1995;MR1326374
(96c:58055)] for proofs omitted here. A particularly valuable recent publication is the collection
[Smooth ergodic theory and its applications (Seattle, WA, 1999), Proc. Sympos. Pure Math., 69,
Amer. Math. Soc., Providence, RI, 2001;MR1858533 (2002d:37005)], which contains numerous
expository papers on a broad variety of subjects treated in these volumes. Six volumes of the
Springer Encyclopaedia of Mathematical Sciences treat dynamical systems in the narrow sense.
They constitute an expository project that is similar in size to the present series of volumes and
complements it in many respects.

“While most of the remaining bibliography entries are referred to, often for specific results or
topics, some are included for added convenience. We do not claim to present a comprehensive
or even fully representative bibliography on any of the topics. The bibliographies in subsequent
surveys and in our major sources are better suited for that purpose. Furthermore, we are aware of
the bias in the references toward works that fit into our own point of view on the subject, as well
as the omission of some important sources with which we are not sufficiently familiar.”
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{For the entire collection seeMR1928517 (2003c:37002)}
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Edited by B. Hasselblatt and A. Katok.
North-Holland, Amsterdam, 2002.xii+1220pp. $180.00.ISBN0-444-82669-6

Contents: Boris Hasselblatt and Anatole Katok, Principal structures (1–203); Jean-Paul Thou-
venot, Entropy, isomorphism and equivalence in ergodic theory (205–238); Boris Hasselblatt,
Hyperbolic dynamical systems (239–319); N. Chernov [Nikolai I. Chernov], Invariant measures
for hyperbolic dynamical systems (321–407); Mark Pollicott, Periodic orbits and zeta functions
(409–452); Gerhard Knieper, Hyperbolic dynamics and Riemannian geometry (453–545); John
Franks and Michał Misiurewicz, Topological methods in dynamics (547–598); M. Jakobson and
G. Świ

‘
atek, One-dimensional maps (599–664); Renato Feres and Anatole Katok, Ergodic theory

and dynamics ofG-spaces (with special emphasis on rigidity phenomena) (665–763); Douglas
Lind and Klaus Schmidt [Klaus Schmidt1], Symbolic and algebraic dynamical systems (765–812);
Dmitry Kleinbock, Nimish Shah [Nimish A. Shah] and Alexander Starkov [A. N. Starkov], Dy-
namics of subgroup actions on homogeneous spaces of Lie groups and applications to number
theory (813–930); Alex Furman, Random walks on groups and random transformations (931–
1014); Howard Masur and Serge Tabachnikov [Sergei Tabachnikov], Rational billiards and flat
structures (1015–1089); P. H. Rabinowitz, Variational methods for Hamiltonian systems (1091–
1127); H. Hofer [Helmut H. W. Hofer], K. Wysocki and E. Zehnder, Pseudoholomorphic curves
and dynamics in three dimensions (1129–1188).
{The papers are being reviewed individually.}
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MR1920652 (2003g:37044)37D10 (37D20 37J10)

Hasselblatt, Boris(1-TUFT)
Critical regularity of invariant foliations. (English summary)
Discrete Contin. Dyn. Syst.8 (2002),no. 4,931–937.

The author studies the regularity of the unstable subbundle of an Anosov diffeomorphismf that
preserves a symplectic form. It is shown that there is an open set of such diffeomorphisms for
which either the unstable bundle isCε only on a negligible set, or it is better thanC1.

The differential of the transformationf acts on the space of bounded sections of the tangent
bundle byDf ◦X ◦ f−1. The spectrum of this operator is called the Mather spectrum off .

Consider numbersµf , µf , µs, µs with 0 < µf < µf < µs < µs < 1, and suppose that there exist
α,η in (0, 1) with (µf)α < (µs)2 andµsµf < (µf)1+η. Then a symplectic Anosov diffeomorphism,
with a Mather spectrum contained in the ringsµf < |z|< µf andµs < |z|< µs and their inverse,
is eitherCα only on a negligible set, orC1+η.

The proof relies on the study of an obstruction defined in terms of the matrix ofDf in adapted
coordinates.

Reviewed byYves Coudene

c© Copyright American Mathematical Society 2003, 2008

Article

Citations

From References: 7
From Reviews: 1

MR1695913 (2000f:37035)37D20 (37C20 37D05 37D30 37J05)

Hasselblatt, Boris(1-TUFT); Wilkinson, Amie (1-NW)
Prevalence of non-Lipschitz Anosov foliations. (English summary)
Ergodic Theory Dynam. Systems19 (1999),no. 3,643–656.

The authors give sharp regularity results for the invariant subbundles of hyperbolic dynamical
systems in terms of contraction and expansion rates. They also prove optimality of their results, in
a strong sense, by constructing open dense sets of codimension one systems where this regularity
is not exceeded. Another goal of the paper is to exhibit open dense sets of symplectic, geodesic
and codimension one systems where the estimates for the Hölder exponents of the holonomy
maps found in a paper by C. C. Pugh, M. Shub and A. Wilkinson [Duke Math. J.86 (1997),
no. 3, 517–546;MR1432307 (97m:58155)] are optimal. Yet another goal is to produce open
sets of symplectic Anosov diffeomorphisms and flows with low transverse Hölder regularity of the
invariant foliations almost everywhere. A corollary of this result is the prevalence of low regularity
for conjugacies between two Anosov systems. Finally, a new connection between the transverse
regularity of foliations and their tangent subbundles is established. All these results might have
applications in the future study of stochastic properties of hyperbolic and partially hyperbolic
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systems.
Reviewed byViorel Niţică
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Hasselblatt, Boris(1-TUFT); Wilkinson, Amie (1-NW)
Prevalence of non-Lipschitz Anosov foliations. (English summary)
Electron. Res. Announc. Amer. Math. Soc.3 (1997), 93–98 (electronic).

The authors give sharp regularity results for invariant subbundles of Anosov dynamical systems.
They exhibit open subsets in theC1 topology of symplectic Anosov diffeomorphisms and flows
such that the transverse Hölder regularity of invariant foliations is low almost everywhere in the
manifold (i.e., given anyα ∈ (0, 1) the transverse holonomy is of classCα only in a subset of
measure zero). In particular, the authors give open dense subsets of Anosov systems where the
analogous regularity results by Pugh, Shub and Wilkinson are optimal.

Reviewed byRafael Oswaldo Ruggiero
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MR1440773 (98d:58135)58F15 (58F17)

Hasselblatt, Boris(1-TUFT)
Regularity of the Anosov splitting. II. (English summary)
Ergodic Theory Dynam. Systems17 (1997),no. 1,169–172.

The paper under review extends the author’s previous result [Part I, Ergodic Theory Dynam. Sys-
tems14 (1994), no. 4, 645–666;MR1304137 (95j:58130)] on the regularity of stable and unstable
manifolds to the case of an integral bunching constant. A flowϕt on a compact Riemannian man-
ifold M is Anosov if the tangent bundle can be decomposed asT = Esu⊕Ess⊕Eϕ, whereEϕ

is the span of the flow associated toϕ and there areC, ε > 0 such that for allp ∈ M there are
µf < µs < 1− ε and1 + ε < νs < νf so that forv ∈ Ess(p) andu ∈ Esu(p) andt > 0 we have
C−1µt

f ||v|| ≤ ||Dϕt(v)|| ≤ Cµt
s||v|| andC−1ν−t

f ||u|| ≤ ||Dϕ−t(u)|| ≤ Cν−t
s ||u||. The unstable

bunching constant isBu(ϕ) = inf(log µs− log νs)/ log µf overp ∈ M . The distributionsEu =
Esu⊕Eϕ andEs = Ess⊕Eϕ provide the Anosov splitting ofT and their regularity is measured
via their representation in smooth local coordinates. Setα = Bu(ϕ). The main result in this arti-
cle is thatEu ∈ Cα if α /∈N andEu ∈ Cα,x| log x| if α ∈N. A functionf is β-Hölder continuous,
f ∈ Cβ, whenf has[β] continuous derivatives andf ([β]) is Hölder continuous with modulusβ−
[β]. One writesf ∈ Cβ,x| log x| wheng = f ([β]) has modulus of continuity

|g(y)− g(x)| ≤ C|x− y| · | log |x− y||
(for x andy sufficiently close).

Reviewed byEdoh Amiran
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bridge University Press, New York, Cambridge, 1995.MR1326374 (96c:58055)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.
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Katok, Anatole (1-PAS); Hasselblatt, Boris(1-TUFT)
FIntroduction to the modern theory of dynamical systems. (English summary)

With a supplementary chapter by Katok and Leonardo Mendoza.
Encyclopedia of Mathematics and its Applications, 54.
Cambridge University Press, Cambridge, 1995. xviii+802pp. $69.95.ISBN0-521-34187-6

Most introductory texts in dynamical systems concern somewhat limited systems, such as homeo-
morphisms of the interval, or only particular techniques, such as symbolic dynamics or simulation
of bifurcation. The book under review is an introduction to differentiable dynamical systems and
all that is connected to their analysis. Thus it must include thorough treatments of topological
dynamics, symbolic dynamics, and ergodic theory.

In order to begin a comprehensive exposition without sacrificing motivation, the authors use ex-
amples interlaced with definitions and propositions in the first chapter. Later chapters are organized
by topic, providing easier reference and some independence among chapters.

This book emphasizes topological, measure-theoretic, and number-theoretic invariants associ-
ated to dynamical systems, and methods for deciding a system’s asymptotic behavior, including
many local-to-global results.

The motivation is evident throughout the book. For example, the third chapter, on principal
classes of asymptotic topological invariants, begins: “In this chapter we will embark upon the
task of systematically identifying important specific phenomena associated with the asymptotic
behavior of smooth dynamical systems. We will build upon the results of our survey of specific
examples in Chapter 1 as well as on the insights gained from the general structural approach
outlined and illustrated in Chapter 2.”

The (over 650 pages of) text is supplemented with a discussion of nonuniformly hyperbolic sys-
tems by Katok and L. Mendoza, with an appendix providing background material, with historical
notes, and with hints and answers to exercises.

The audience for this book consists of graduate students or researchers in mathematics or related
fields who have the “first year” background in measure theory, functional analysis, topology (with
some differential geometry), and algebra, or are willing to learn it quickly from the appendix. The
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book is a pleasure to read.
Reviewed byEdoh Amiran
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Hasselblatt, Boris(1-TUFT)
Regularity of the Anosov splitting and of horospheric foliations. (English summary)
Ergodic Theory Dynam. Systems14 (1994),no. 4,645–666.

The author defines a flow on a smooth compact Riemannian manifold to be Anosov, using bunching
conditions on the strong stable and strong unstable distributions at a point. (Localization follows
the ideas of S. E. Hurder and A. Katok [Inst. HautesÉtudes Sci. Publ. Math. No. 72 (1990), 5–61
(1991);MR1087392 (92b:58179)].) Relating the regularity of the stable and unstable distributions
to the bunching parameter, it is shown that under certain conditions the Anosov splitting isC2−ε,
as conjectured in the late 1970s by Hirsch, Pugh and Shub, and others.

The main aim of the paper is to show that this regularity is optimal. The author shows that the
regularity of the Anosov splitting in dimension 4 or greater and of the horosphere foliation of
negatively curved manifolds of dimension 3 or greater which have a point at which the injectivity
radius exceedslog 2/

√
K is generically no better than the above. Several further results are

obtained for special cases.
The principal technique developed in this paper is to examine geometric consequences of bunch-

ing. The unstable distribution is represented as the graph of a linear map and it is shown that
high regularity of the “portion” of the graphed map corresponding to the slowest expansion and
contraction under the flow leads to a “horizontality” condition which is generically violated.

Reviewed byEdoh Amiran
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Hasselblatt, Boris(1-TUFT)
Periodic bunching and invariant foliations. (English summary)
Math. Res. Lett.1 (1994),no. 5,597–600.

Let ϕt:M →M denote a transitive Anosov flow on a compact manifoldM . A periodic pointp of
period τ is said to be
α-u-bunched if the absolute values of the eigenvalues of
dϕτ(p) restricted to the stable bundle are contained in the interval[q3, q1] and the abso-
lute values of the eigenvalues ofdϕτ (p) restricted to the unstable bundle are bounded byq2,
wherelog q1 + log q2−α log q3 ≤ 0 (q1, q2 andq3 can vary with the periodic pointp). The period
orbits are said to beα-bunched if all the periodic points areα-u-bunched under bothϕt andϕ−t.

The author shows, among other things, that if the periodic orbits areα-bunched, then the Anosov
splitting is of classCα−ε. These results complete and are based on previous results of the author
[Ergodic Theory Dynam. Systems14(1994), no. 4, 645–666] and U. Hamenstädt [Ergodic Theory
Dynam. Systems14 (1994), no. 2, 299–304;MR1279472 (95c:58132)].

Reviewed byGabriel P. Paternain
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Hasselblatt, Boris(1-TUFT)
Horospheric foliations and relative pinching. (English summary)
J. Differential Geom.39 (1994),no. 1,57–63.

M. W. Hirsch and C. C. Pugh [J. Differential Geom.10(1975), 225–238;MR0368077 (51 #4319)]
showed that absolutely14-pinched, negatively curved Riemannian manifolds haveC1 horospheric
foliations. This result was later improved to show thata-pinched, negatively curved manifolds have
C2

√
a horospheric foliations,a ∈ (0, 1). Hirsch and Pugh raised the question of whether the same

is true for relative pinching, i.e., for negatively curved manifolds satisfying a pointwise pinching
condition. This article gives a partial answer by establishing that relativelya-pinching impliesC2a

horospheric foliations,a ∈ (0, 1). The result is proved by relating relativea-pinching to the notion
of bunching for Anosov flows, and builds on earlier work of the author [B. Hasselblatt, Ergodic
Theory Dynamical Systems14 (1994), no. 4, 645–666].

Reviewed byGarrett Stuck
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Hasselblatt, Boris(1-TUFT)
Anosov obstructions in higher dimension. (English summary)
Internat. J. Math.4 (1993),no. 3,395–407.

From the text: “LetM be a compact Riemannian manifold.f ∈ Diff∞(M) is said to be Anosov
with Anosov splittingTM = Eu⊕Es if there existλ < 1 andC, such that for allp ∈ M , n ∈
N, ‖Dfn(v)‖ ≤ Cλn‖v‖ (v ∈ Es(p)) and‖Df−n(u)‖ ≤ Cλ−n‖u‖ (u ∈ Eu(p)). The regularity
of the Anosov splitting has been studied in several works—for example earlier by Anosov, Hirsch
and Pugh and more recently by Hurder, Katok and the author. A paper by S. E. Hurder and A. Ka-
tok [Inst. HauteśEtudes Sci. Publ. Math. No. 72 (1990), 5–61 (1991);MR1087392 (92b:58179)]
contains a complete analysis for two-dimensional area-preserving Anosov diffeomorphisms using
D. V. Anosov’s observation [Geodesic flows on closed Riemannian manifolds with negative curva-
ture, English translation, Amer. Math. Soc., Providence, RI, 1969;MR0242194 (39 #3527)] that
at every periodic point there is an obstruction to the Anosov splitting beingC2 by showing that it
arises from a cocycle. By work of B. Hasselblatt [“Regularity of the Anosov splitting and of horo-
spheric Foliations”, Ergodic Theory Dynamical Systems, to appear] not all aspects of the work
of Hurder and Katok [op. cit.] generalize to higher dimension: For symplectic systems generi-
cally the Anosov splitting is less regular than in the two-dimensional case. But the Anosov cocycle
does have a counterpart. The results apply to flows, e.g., geodesic flows (Propositions 12 and 19
assert that symmetric spaces can be perturbed so that the horospheric folations are nonsmooth).
These applications only depend on Theorem 1 below, not the more detailed study of the obstruc-
tion that follows. We obtain theC2-obstruction at periodic points in the first theorem. Then we
give properties analogous to the two-dimensional case, in particular we observe that sometimes
the obstruction arises from the cohomology class of a cocycle defined at every point. We use the
notions of fixed and periodic points interchangeably to avoid iterating the diffeomorphism. Two
appendices study adapted local coordinates andC1-foliations.”

c© Copyright American Mathematical Society 1995, 2008

Article

Citations

From References: 1
From Reviews: 0

/mathscinet
/leavingmsn?url=http://dx.doi.org/10.1142/S0129167X93000212
/mathscinet/search/publications.html?refcit=1228581&amp;loc=refcit
/mathscinet/search/mscdoc.html?code=58F15%2C%2858F17%2C58F18%29
/mathscinet/search/publications.html?pg1=IID&s1=270790
/mathscinet/search/institution.html?code=1_TUFT
/mathscinet/search/journaldoc.html?&cn=Internat_J_Math
/mathscinet/search/publications.html?pg1=ISSI&s1=125897
/mathscinet/pdf/1087392.pdf
/mathscinet/pdf/242194.pdf
/mathscinet
/leavingmsn?url=http://dx.doi.org/10.2307/2159232
/mathscinet/search/publications.html?refcit=1101985&amp;loc=refcit


MR1101985 (92i:58138)58F15 (58F18)

Hasselblatt, Boris(1-TUFT)
Bootstrapping regularity of the Anosov splitting.
Proc. Amer. Math. Soc.115(1992),no. 3,817–819.

Let f be aC∞ Anosov diffeomorphism of a compact Riemannian manifold. The main result is
that if the Anosov splittingTM = Eu⊕Es of f is Cn, wheren depends only on the constants
entering the definition of the splitting, then it isC∞. The same holds for Anosov flows. Some
corollaries are derived.

Reviewed byValery Covachev
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MR1016664 (91b:58192)58F15 (58F11)

Hasselblatt, Boris(1-TUFT)
A new construction of the Margulis measure for Anosov flows.
Ergodic Theory Dynam. Systems9 (1989),no. 3,465–468.

U. Hamensẗadt’s description [same journal9 (1989), no. 3, 455–464; see the preceding review] of
the Margulis measure for geodesic flows on compact manifolds of negative curvature is generalised
to Anosov flows. Letϕt be an Anosov flow onM , let W u(z) denote the unstable manifold atz,
and letTM = Eu⊕Es⊕E0 be the decomposition of the tangent bundle, whereEu is the unstable
bundle,E0 is tangent to the flow andEs is the stable bundle. The new description of the Margulis
measure, much as in Hamenstädt’s paper, needs a Riemannian metric on theW u(z), coming from
a Riemannian metric onM , which can, in fact, be any Lyapunov metric: that is, for somea >
0, ‖Dϕtu‖ ≤ eat‖u‖ for t ≤ 0, u ∈ Eu, ‖Dϕtv‖ ≤ e−at‖v‖ for t ≥ 0, v ∈ Es. After that, the
description of the measure is exactly as in Hamenstädt’s paper. The proof that the new description
does give the original Margulis measure seems to be a bit different, though the crucial point—the
identityη ◦ϕt = et · η (the notation is the same as in Hamenstädt’s paper)—is the same.

Reviewed byM. Rees
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