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ZYGMUND STRONG FOLIATIONS IN HIGHER DIMENSION
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(Communicated by Anatole Katok)

ABSTRACT. For a compact Riemannian manifold M , k ≥ 2 and a uniformly
quasiconformal transversely symplectic C k Anosov flow ϕ : R×M → M we de-
fine the longitudinal KAM-cocycle and use it to prove a rigidity result: E u ⊕E s

is Zygmund-regular, and higher regularity implies vanishing of the longitudi-
nal KAM-cocycle, which in turn implies that E u ⊕E s is Lipschitz-continuous.
Results proved elsewhere then imply that the flow is smoothly conjugate to
an algebraic one.

1. INTRODUCTION

1.1. Statement of main result. For Anosov systems (Definition 1.6) with both
continuous and discrete time, interesting phenomena of smooth and geometric
rigidity have been observed in connection with the degree of (transverse) regu-
larity of the (weak) stable and unstable subbundles of these systems. The sem-
inal result was the study of volume-preserving Anosov flows on 3-manifolds by
Hurder and Katok [15], which showed that the weak-stable and weak-unstable
foliations are C 1+Zygmund (Definition 1.7) and that there is an obstruction to
higher regularity whose vanishing implies smoothness of these foliations. This,
in turn, happens only if the Anosov flow is smoothly conjugate to an alge-
braic one. The cocycle obstruction described by K atok and Hurder was first
observed by Anosov and is the first nonlinear coefficient in the Moser normal
form. Therefore one might call it the KAM-cocycle. This should not be con-
fused with “KAM” as in “Kolmogorov–Arnold–Moser”, and Hurder and Katok
refer to this object as the Anosov-cocycle.

In [7], we showed some analogous rigidity features associated with the longi-

tudinal direction, i.e., associated with various degrees of regularity of the sum
of the strong stable and unstable subbundles: For a volume-preserving Anosov
flow on a 3-manifold the strong stable and unstable foliations are Zygmund-
regular [25, Chapter II, Equation (3·1)], and there is an obstruction to higher
regularity, which admits a direct geometric interpretation and whose vanishing
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implies high smoothness of the joint strong subbundle and that the flow is ei-
ther a suspension or a contact flow. We now push this to higher-dimensional
systems:

THEOREM 1.1. Let M be a compact Riemannian manifold of dimension at least

5, k ≥ 2, ϕ : R×M → M a uniformly quasiconformal transversely symplectic C k

Anosov flow.

Then E u ⊕E s is Zygmund-regular and there is an obstruction to higher reg-

ularity that defines the cohomology class of a cocycle we call the longitudinal
KAM-cocycle. This obstruction can be described geometrically as the curvature

of the image of a transversal under a return map, and the following are equiva-

lent:

(a) E u ⊕E s is “little Zygmund” (see Definition 1.7).

(b) The longitudinal KAM-cocycle is a coboundary.

(c) E u ⊕E s is Lipschitz continuous.

(d) ϕ is up to finite covers, constant rescaling and a canonical time-change

C k conjugate to the suspension of a symplectic Anosov automorphism of a

torus or the geodesic flow of a real hyperbolic manifold.

This result implies in particular that almost all time-changes of a geodesic
flow of a hyperbolic manifold (namely, all noncanonical ones) produce a flow
with nontrivial KAM-cocycle. In a similiar light, Theorem 1.9 can be viewed
as saying that most 3-dimensional magnetic Anosov flows have nontrivial lon-
gitudinal KAM-cocycles. However, combining uniform quasiconformality with
being magnetic rules this out: Geodesic flows of hyperbolic metrics are rigid in
the quasiconformal category even among magnetic flows (Definition 1.4).

THEOREM 1.2. Let (N , g ) be a n-dimensional closed negatively curved Riemann-

ian manifold and Ω a C∞ closed 2-form of N . For λ ∈ R small, let ϕλ be the

magnetic Anosov flow of the pair (g ,λΩ). Suppose that n ≥ 3 and ϕλ is uni-

formly quasiconformal. Then g has constant negative curvature and λΩ= 0. In

particular, the longitudinal KAM-cocycle of ϕλ is a coboundary.

Magnetic flows are introduced below; for the moment it may suffice to re-
mark that the magnetic flow for λ= 0 is the geodesic flow.

1.2. Background and terminology. We now introduce the notions that play a
role in this result and the proof.

1.2.1. Transversely symplectic flows.

DEFINITION 1.3. Let ϕ be a C∞ flow on a closed manifold M . Denote by X the
generating vector field of ϕ. The flow ϕ is said to be transversely symplectic if
there exists a C∞ closed 2-form ω on M such that Kerω = RX . The closed 2-
form ω is said to be the transverse symplectic form of ϕ. It is easy to see that ω
is ϕ-invariant.

Examples of transversely symplectic flows can be obtained via the following
classical construction: Let (N ,ωN ) be a C∞ symplectic manifold and H : N →R
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a C∞ Hamiltonian function. The Hamiltonian flow ϕN of H with respect to ωN

is generated by the vector field X N determined by iX N ωN =−d H . Observe that
ϕN preserves all the energy levels of H . Therefore, if the function H is proper
and a ∈ R is a regular value of H , then the energy level H−1(a) is a closed ϕN -
invariant C∞ submanifold of N . Let M = H−1(a) and ϕ = ϕN ↾M . It is easy to
verify that ϕ is transversely symplectic with respect to the closed 2-form ωN ↾M .

1.2.2. Magnetic flows. Magnetic flows are important examples of transversely
symplectic flows, which are constructed as follows:

DEFINITION 1.4. Let (N , g ) be a closed C∞ Riemannian manifold and Ω a C∞

closed 2-form of N . Let α denote the C∞ 1-form on T N obtained by pulling
back the Liouville 1-form of T ∗N via the Riemannian metric. For λ ∈ R, the
twisted symplectic structure ωλ is defined as

ωλ = dα−λπ∗
Ω,

where π : T N → N denotes the canonical projection. Let H : T N → R be the
Hamiltonian function defined as

H(v) = 1
2 g (v, v)

for any v ∈ T N . The energy level H−1(1/2) is the unit sphere bundle SN . Let
ϕλ be the restriction to SN of the Hamiltonian flow of H with respect to ωλ. It
is clear that ϕλ is a transversely symplectic flow with respect to ωλ↾SN , which
is said to be the magnetic flow of the pair (g ,λΩ).

REMARK 1.5. If the Riemannian metric g is negatively curved and λ is small
enough, then the magnetic flow ϕλ is a transversely symplectic Anosov flow.

To see that ωλ is a symplectic form note that T N splits into the horizontal
and vertical subbundles H(T N ) and V (T N ) of the Riemannian metric g , and
dα vanishes on either of these. If v ∈ V (T M), then Dπ(v) = 0, so for w ∈ T M

we have π∗
Ω(v, w) = 0. Since dα is symplectic, for any u ∈ H(T N ) (respec-

tively, u ∈ V (T N )), there exists v ∈ V (T N ) (respectively, v ∈ H(T N )) such that
0 6= dα(u, v) =ωλ(u, v). Therefore, ωλ is a symplectic form.

1.2.3. Anosov flows and time-changes.

DEFINITION 1.6 ([17]). Let M be a manifold and ϕ : R× M → M be a smooth
flow. Then ϕ is said to be an Anosov flow if the tangent bundle T M splits as
T M = Eϕ⊕E u ⊕E s (the flow, strong-unstable and strong-stable directions, re-
spectively), where Eϕ(x) =Rϕ̇(x) 6= {0} for all x ∈ M , in such a way that there are
constants C > 0 and η> 1 >λ> 0 such that for t > 0 we have

∥∥Dϕ−t↾E u

∥∥≤Cη−t and
∥∥D f t↾E s

∥∥≤Cλt .

The weak-unstable and weak-stable directions are Eϕ⊕E u and Eϕ⊕E s , respec-
tively.

A canonical time-change is defined using a closed 1-form β by replacing the
generator X of the flow by the vector field X /(1 +β(X )), provided β is such
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that the denominator is positive. (See Section 2 for more on canonical time-
changes.)

1.2.4. Regularity. The subbundles are invariant and (Hölder-) continuous with
smooth integral manifolds W u and W s that are coherent in that q ∈ W u(p) ⇒
W u(q) = W u(p). W u and W s define laminations (continuous foliations with
smooth leaves).

DEFINITION 1.7. We say that a function f between metric spaces is Hölder-

continuous if there is an H > 0, the Hölder exponent, such that d( f (x), f (y)) ≤
const.d(x, y)H whenever d(x, y) is sufficiently small. We specify the exponent
by saying that a function is H-Hölder. A continuous function f : U → L on an
open set U ⊂ L′ in a normed linear space to a normed linear space is said to be
Zygmund-regular if there is Z > 0 such that ‖ f (x+h)+ f (x−h)−2 f (x)‖ ≤ Z‖h‖
for all x ∈U and sufficiently small ‖h‖. To specify a value of Z we may refer to
a function as being Z -Zygmund. The function is said to be “little Zygmund” (or
“zygmund”) if ‖ f (x+h)+ f (x−h)−2 f (x)‖ = o(‖h‖). For maps between manifolds
these definitions are applied in smooth local coordinates (see Appendix A).

Zygmund regularity implies modulus of continuity O(|x log |x||) and hence
H-Hölder-continuity for all H < 1 [25, Chapter II, Theorem (3·4)]. It follows
from Lipschitz-continuity and hence from differentiability. Being twice differ-
entiable implies a quadratic Zygmund condition: ‖ f (x+h)+ f (x−h)−2 f (x)‖ =
O(‖h‖2). Being “little Zygmund” implies modulus of continuity o(|x log |x||) and
follows from differentiability but not from Lipschitz-continuity.

The regularity of the unstable subbundle E u is usually substantially lower
than that of the weak-unstable subbundle E u ⊕ Eϕ. The exception are geo-
desic flows, where the strong unstable subbundle is obtained from the weak-
unstable subbundle by intersecting with the kernel of the invariant contact
form. This has the effect that the strong-unstable and weak-unstable subbun-
dles have the same regularity. However, time changes affect the regularity of the
strong-unstable subbundle, and this is what typically keeps its regularity below
C 1. In [7] we presented a longitudinal KAM-cocycle that is the obstruction to
differentiability, and we derived higher regularity from its vanishing.

THEOREM 1.8 ([7, Theorem 3]). Let M be a 3-manifold, k ≥ 2, ϕ : R×M → M a

C k volume-preserving Anosov flow. Then E u ⊕E s is Zygmund-regular, and there

is an obstruction to higher regularity that can be described geometrically as the

curvature of the image of a transversal under a return map. This obstruction

defines the cohomology class of a cocycle (the longitudinal KAM-cocycle), and

the following are equivalent:

(a) E u ⊕E s is “little Zygmund” (see Definition 1.7).

(b) The longitudinal KAM-cocycle is a coboundary.

(c) E u ⊕E s is Lipschitz.

(d) E u ⊕E s ∈C k−1.

(e) ϕ is a suspension or contact flow.
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In (e) no stronger rigidity should be expected because E u ⊕E s is smooth for
all suspensions and contact flows. In [1, 20] this was applied to magnetic flows.

THEOREM 1.9 ([1]). Let (Σ, g ) be a closed oriented Riemannian surface and Ω

a closed 2-form of Σ. For λ ∈ R, suppose that the magnetic flow ϕλ on SΣ is

Anosov.

(a) If Ω is exact, then the longitudinal KAM-cocycle of ϕλ is a coboundary if

and only if λΩ≡ 0.

(b) If Ω is not exact, then the longitudinal KAM-cocycle of ϕλ is a cobound-

ary if and only if g has constant negative curvature and Ω is a constant

multiple of the area form.

1.2.5. Uniform quasiconformality. The work by Hurder and Katok in [15] in-
spired developments of substantial extensions to higher dimensions, see, for
example, [14]. The present work extends our earlier work to higher-dimensional
systems in this “longitudinal” context. This requires somewhat stringent as-
sumptions, however.

DEFINITION 1.10. An Anosov flow is said to be uniformly quasiconformal if

(1) Ki (x, t ) :=
‖dϕt↾E i ‖
‖dϕt↾E i ‖∗

is bounded on {u, s}×M ×R, where ‖A‖∗ := min‖v‖=1 ‖Av‖ is the conorm of a
linear map A.

A uniformly quasiconformal Anosov flow is said to be rate-symmetric if it
preserves volume and the stable and unstable subbundles have the same di-
mension.

REMARK 1.11. We use the term rate-symmetric because for quasiconformal
volume-preserving Anosov flows whose stable and unstable subbundles have
the same dimension the contraction and expansion rates are close to being
reciprocal. This condition follows from transverse symplecticity, which is a
hypothesis for our main result. However, some of our results use only rate-
symmetry. Note that rate-symmetry implies that at a periodic point the re-
striction to a stable or unstable subspace of the differential of a return map
is complex-diagonalizable with all eigenvalues on the same circle.

1.3. Rigidity. In the 3-dimensional case we showed that smoothness of E u⊕E s

implies that ϕ is a suspension or contact flow, but in the present situation we
obtain more detailed information because we assume quasiconformality and
can apply the following rigidity theorem:

THEOREM 1.12 ([3, Corollary 3]). Let M be a compact Riemannian manifold

and ϕ : R×M → M a transversely symplectic Anosov flow with dimE u ≥ 2 and

dimE s ≥ 2. Then ϕ is quasiconformal if and only if ϕ is up to finite covers

C∞ orbit equivalent either to the suspension of a symplectic hyperbolic auto-

morphism of a torus, or to the geodesic flow of a closed hyperbolic manifold.

JOURNAL OF MODERN DYNAMICS VOLUME 4, NO. 3 (2010), 549–569



554 YONG FANG, PATRICK FOULON AND BORIS HASSELBLATT

This also serves to illustrate that the assumption of uniform quasiconformal-
ity is quite restrictive. We should also point out that our result about rigidity of
the situation with E u ⊕E s ∈ C 1 overlaps with a closely related earlier one, al-
though the proof is independent:

THEOREM 1.13 ([3, Corollary 2]). Let ϕ be a C∞ volume-preserving quasiconfor-

mal Anosov flow. If E s ⊕E u ∈C 1 and dimE u ≥ 3 and dimE s ≥ 2 (or, dimE s ≥ 3
and dimE u ≥ 2), then ϕ is up to finite covers and a constant change of time scale

C∞ flow equivalent either to the suspension of a hyperbolic automorphism of a

torus, or to a canonical time change (Definition 1.6) of the geodesic flow of a

closed hyperbolic manifold.

The implication “(c)⇒ (d)” in Theorem 1.1 is a consequence of Theorem 1.12
and the following results from [8].

THEOREM 1.14 ([8, Corollary 1.4]). Let M be a compact locally symmetric space

with negative sectional curvature and consider a time-change of the geodesic

flow whose canonical 1-form is Lipschitz-continuous. Then the canonical form

of the time-change is C∞, and the time-change is canonical (Definition 1.6).

THEOREM 1.15 ([8, Corollary 1.8]). Let ψ be a hyperbolic automorphism of a

torus or a nilmanifold Γ\M and consider a time-change of the suspension whose

canonical 1-form is Lipschitz-continuous. Then the canonical form of the time-

change is C∞, and the time-change is a canonical time-change (Definition 1.6).

1.4. Structure of this paper. We first make a few remarks about canonical time-
changes because not all readers may be familiar with these. After some prelim-
inary developments pertinent to establishing regularity of the strong subbun-
dles in the subsequent two sections, we then establish Zygmund-regularity of
the joint strong subbundles in Section 5.

The two sections that follow establish (a)⇒ (b)⇒ (c) in Theorem 1.1 (while
(c)⇒ (d) was already discussed in the previous section). Specifically, (a)⇒ (b) is
Proposition 6.5 and (b)⇒ (c) is Proposition 7.2.

Section 8 establishes Theorem 1.2, and the paper concludes with an appen-
dix to show that Zygmund-regularity is well-defined when one uses charts; the
account here is based on personal communication with Rafael de la Llave, and
we are grateful for his permission to reproduce his arguments here.

2. CANONICAL TIME-CHANGES

We make a few remarks here about canonical time-changes (Definition 1.6)
that are not needed for the sequel but may serve to show why this is a natural
class of time-changes to expect in rigidity results for flows.

PROPOSITION 2.1 (Trivial time-changes). Consider a flow ϕt with generating

vector field X and a smooth function f : M → R such that 1+d f (X ) > 0. Then,

Ψ : x 7→ ϕ f (x)(x) conjugates the flow generated by the vector field X f := X
1+d f (X )

to ϕt .
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Proof. Smoothness of f and 1+d f (X ) > 0 ensure that Ψ is a diffeomorphism.
Now we write xt =ϕt (x) and use the chain rule to compute

dΨ(X (x)) =
dΨ

d t
=

d

d t
ϕ f (xt )(xt )

∣∣
t=0 =

dϕ

d t

∣∣∣
t=0

d f (X )(x)+X
(
ϕ f (x)(x)

)

= X
(
ϕ f (x)(x)

)
·d f (X )(x)+X

(
ϕ f (x)(x)

)

= (1+d f (X )(x))X
(
ϕ f (x)(x)

)
,

which gives dΨ(X f ) = X upon division by 1+d f (X )(x).

PROPOSITION 2.2 (Cohomology class). If α and β are cohomologous closed 1-

forms with 1+α(X ) > 0 and 1+β(X ) > 0 then the associated canonical time-

changes of X are smoothly conjugate.

REMARK 2.3. This tells us that the cohomology class of α is the material ingre-
dient in a canonical time-change by α.

Proof. Writing β=α+d f with smooth f we observe that

X

1+β(X )
=

X

1+α(X )+d f (X )
=

X
1+α(X )

1+d f
(

X
1+α(X )

) =
(

X

1+α(X )

)

f

.

Now use Proposition 2.1.

PROPOSITION 2.4 (Regularity). Suppose X0 generates an Anosov flow, and α is

a closed 1-form such that 1+α(X0) > 0. If A0 denotes the canonical form for X0

then A := A0 +α is the canonical form for X := X0/(1+α(X0)).

REMARK 2.5. In particular, this shows that canonical time-changes with smooth
closed forms do not affect the regularity of the canonical form.

Proof. We first note that two invariant 1-forms for an Anosov flow are propor-
tional: Both being constant on X , this follows from the fact that a continuous
1-form that vanishes on X is trivial [6, Lemma 1].

Since α is closed we have d A = d A0. Also

A(X ) =
A0(X0)+α(X0)

1+α(X0)
= 1,

which implies that LX A = 0, i.e., A is X -invariant and hence proportional to
the canonical 1-form of X . But A(X ) = 1 then implies that A is equal to the
canonical 1-form of X .

3. LOCAL ADAPTED COORDINATES

To prove regularity of E u⊕E s we use the Hadamard graph transform method
[11, 17]. It was developed in order to prove the existence of invariant manifolds,
and we examine it with a view to regularity of the subbundles. In essence, we
apply it to the one-form whose kernel is E u ⊕E s .

The graph transform acts on subbundles by ϕt
∗E (p) := Dϕt

(
E (ϕ−t (p))

)
, i.e.,

the subbundle E is acted on by the differential of ϕt . If one considers the space
of continuous subbundles moderately close to E u with the distance defined by
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(the supremum of) pointwise angles, then the graph transform is a contract-
ing map and hence has a unique fixed point, E u . In order to prove regularity
of E u it therefore suffices to consider the same transformation in a complete
subspace of subbundles of the desired regularity, and to prove that the orbit of
some initial subbundle remains in that space. This proves that the fixed point
E u is in that space as well.

In fact, there is a little less to show than it would appear: The subbundle
E u is smooth in the flow direction by invariance, and it is C k−1 along W u be-
cause W u has C k leaves. Therefore it suffices to show the desired regularity
along W s . To set up and illustrate the method we do this here for Hölder-
continuity. Achieving Zygmund regularity requires a little more preparation,
which we carry out in the next section.

Take T ≥ 1, fixed for now. After possibly rescaling time we will from now as-
sume that ϕ1 contracts stable manifolds and expands unstable manifolds. By
adjusting multiplicative constants, the estimates we get for T ≥ 1 can be ex-
tended to T ∈ [0,1).

We consider the graph transform ϕT
∗ henceforth. The next lemma refers to

local stable and unstable manifolds. The local unstable manifold W u
loc(p) of a

point p is defined to be the connected component containing p of the inter-
section of W u(p) with an ǫ-neighborhood of p.

LEMMA 3.1. There exist local coordinates adapted to the invariant laminations,

i.e., coordinate systems Ψ : M × (−ǫ,ǫ)2n+1 → M such that Ψp :=Ψ(p, ·) satisfies

the following.

(a) Ψp is a C k -diffeomorphism onto a neighborhood of p for every p ∈ M.

(b) Ψp depends continuously/Hölder-continuously/Zygmund-continuously on

p if the strong stable and unstable laminations do.

(c) Ψp preserves volume for each p ∈ M; if ϕt is transversely symplectic then

Ψp sends the standard symplectic structure to the one on transversals in M.

(d) Ψp (0) = p.

(e) Ψp ((−ǫ,ǫ)n × {0}× {0}) =W u
loc(p)∩Ψp

(
(−ǫ,ǫ)2n+1

)
.

(f) Ψ
−1
p

(
ϕδ(Ψp (u, t , s))

)
= (u, t +δ, s) for |δ| < ǫ.

(g) Ψp ({0}× {0}× (−ǫ,ǫ)n) =W s
loc(p)∩Ψp

(
(−ǫ,ǫ)2n+1

)
.

REMARK 3.2. We will denote by (M ,Ψ) a manifold together with such a choice
of charts.

Such coordinates are fairly standard [17, Section 6.4b], [12, Proposition 3.1].
Even more sophisticated adaptations are possible [2, 15], and we presently pro-
duce one such (Theorem 3.4). One basic ingredient is Moser’s homotopy trick
[17, Section 5.1e], refined to impose conditions beyond volume normalization.
It is natural to denote the coordinate variables by (u, t , s).

Referring to (1), we will take

(2) K ≥ max{Ki (x, t ) | x ∈ M , t ∈R, i = u, s},

so ‖dϕt↾E i ‖ ≤ K ‖dϕt↾E i ‖∗ in these coordinate charts for all x ∈ M , t ∈ R, and
i = u, s.
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The promised adaptation of the coordinates uses a result by Sadovskaya ob-
tained by refining normal-form methods of Katok and Guysinsky [10, 9, 18]. We
provide here the flow-version from [4].

THEOREM 3.3 ([23, Propositions 3.3, 4.1],[4, p. 1940]). Let ϕt be a uniformly

quasiconformal Anosov flow on a compact manifold M and let W be a continu-

ous invariant foliation with C∞ leaves such that ‖dϕt↾T W ‖ < 1 for t > 0. Then

for any x ∈ M there exists a C∞ diffeomorphism hx : W (x) → TxW such that

(a) hϕt (x) ◦ϕt = dϕt
x ◦hx ,

(b) hx (x) = 0 and (dhx )x is the identity map,

(c) hx depends Hölder-continuously resp. Zygmund-continuously on x in the

C∞ topology if the leaves of the foliation do.

The regularity assertion (c) can be seen from the proof in [23]. Also, a far less
restrictive assumption than quasiconformality is quite sufficient here.

We now extend these linearizing coordinates from a local leaf to a neighbor-
hood.

THEOREM 3.4. For a rate-symmetric Anosov flow there exist coordinates such as

in Lemma 3.1 with the additional property that in these coordinates the flow acts

linearly on stable leaves, and these coordinates can be chosen to depend continu-

ously/Hölder-continuously/Zygmund-continuously on the base point if the leaves

of the strong stable foliation do. Moreover, if the flow is transversely symplectic,

one can choose the coordinates in such a way as to send the transverse symplectic

structure to the standard one.

Proof. Start with coordinates as in Lemma 3.1. With respect to these, the lin-
earization in Theorem 3.3 on each strong stable leaf is isotopic to the iden-
tity for sufficiently small ǫ by Theorem 3.3(b): We can write the coordinate
change as s′

i
= si +

∑
kl gkl (s)sk sl , and for sufficiently small ǫ,

∑
kl gkl (s)sk sl is

a contraction. But then so is t ·
∑

kl gkl (s)sk sl for t ∈ [0,1], which shows that
s′

i
= si + t

∑
kl gkl (s)sk sl is a diffeomorphism for each t ∈ [0,1].

Thus the linearization on strong stable leaves can be written as s′ = ℓ1(s),
where ℓt is a flow on each strong stable leaf. We aim to produce a coordinate
change that retains the properties in Lemma 3.1; in particular, it needs to be
symplectic. The time-1 map of the Hamiltonian flow of H(u, s) := 〈 ∂

∂t
ℓt (s)|t=0,u〉

produces the desired coordinate change because it is symplectic by construc-
tion, it restricts to the linearization hx on the stable leaf, and it does not change
the other properties.

We will henceforth be using these coordinates, and we refer to them as lin-

earizing coordinates.

4. THE GRAPH TRANSFORM AND HÖLDER REGULARITY

Since the subbundles are invariant under the flow, the coordinate represen-
tation of the flow preserves the axes of the local coordinate system as well as
volume. Note that this flow produces maps between charts at different points.
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The differential of ϕT at points of the stable leaf (the third coordinate plane,
or “s-axis”) therefore takes the following form:

(3) DϕT (0,0, s) =



βT (s) 0 0
ηT (s) 1 0
ξT (s) 0 αT (s)


=




β 0 0
η(s) 1 0
ξ(s) 0 α


 ,

where α(s), β(s) and ξ(s) are n ×n-matrices, η(s) = O(‖s‖), ξ(s) = O(‖s‖), and
‖α(s)‖ < 1 (using a Lyapunov metric). Here, all O(s) are uniform in p.

We use here that in the coordinates provided by Theorem 3.4 the entry α in
(3) does not depend on s, and ϕT (0,0, s) = (0,0,αs) in local coordinates. When
the flow is transversely symplectic, β = tα−1 is also independent of s, and this
is the reason for writing β instead of β(s).

In adapted coordinates a subbundle transverse to Eϕ⊕E s is represented by
graphs of linear maps from E u to Eϕ⊕E s . Using the canonical representation
of the tangent bundle of R2n+1 we can write any subspace transverse to the t s-
“plane” as the image of a linear map given by a column matrix




I

e

e


 or by




I

e(s)
e(s)


 ,

when we wish to indicate the dependence on s. Note that here e is a row vector
and hence represents a 1-form.

PROPOSITION 4.1. The canonical invariant one-form A associated to the flow by

A(ϕ̇) = 1, A(E u ⊕E s) = 0

has the same regularity as e in the above representation of E u .

Proof. By invariance, A is smooth in the flow direction, so we need to verify
the claim along the stable manifold. To that end we show that A(0,0,s) = d t −
e(s). Since A(0,0,s)(∂/∂t ) = 1, A(0,0,s)(∂/∂s) = 0 and A(0,0,s)(E u

(0,0,s)) = 0, we have

A(0,0,s) = d t +
∑

i fi (0,0, s)dui . Choosing a basis vi = e(s)(∂/∂ui )∂/∂t + ∂/∂ui

of E u
s we find that 0 = A(0,0,s)(vi ) = e(s)(∂/∂ui )+ fi (0,0, s) for all i . This gives

A(0,0,s) = d t −e(s).

To establish the desired regularity we use the Hadamard Graph-Transform
[17]. This is simply the natural action of dϕt on subbundles transverse to Eϕ⊕
E s given by ϕT

∗ (F )(x) = dϕt (F (ϕ−t (x))). Its unique fixed point is E u , and there-
fore one can show that E u is in a given closed subspace of the space of contin-
uous Eϕ⊕E s-transverse subbundles by establishing that this closed subspace
is invariant under the graph-transform.

PROPOSITION 4.2. If ϕt is rate-symmetric then for each H ∈ (0,1) there is a Z >
0 such that the graph transform preserves the space of subbundles that are H-

Hölder along E s with constant Z in local coordinates.

Thus the graph transform preserves Hölder-continuity. More specifically, ap-
plying the graph transform to a subbundle that is H-Hölder with sufficiently
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large constant Z in local coordinates gives a subbundle with the same property
(for the same Z and H). Thus, for any H < 1 the unique fixed point of the graph
transform lies in the space of H-Hölder subbundles, and we have shown

COROLLARY 4.3. The strong stable and strong unstable subbundles of a rate-

symmetric Anosov flow are H-Hölder for any H < 1.

Proof of Proposition 4.2. The advantage of the above representation is that ap-
plying the derivative amounts to simple composition. The image (in the coor-
dinates at ϕT (p) of the subspace is represented as the image of the linear map
with matrix 


β 0 0
η 1 0
ξ 0 α







I

e

e


=




β

η+e

ξ+αe


 ,

which is also the image of the linear map with matrix

(4)




I

η(s)β−1 +e(s)β−1

ξ(s)β−1 +αe(s)β−1


=:




I

e(sT )
e(sT )


 ,

where ϕT (0,0, s) =: (0,0, sT ) in local coordinates.
We also use that by quasiconformality d f ↾E u distorts volume by at most

(K ‖β‖∗)dimE u

, and d f ↾E s distorts volume by at most (K ‖α‖∗)dimE s

, where K

is as in (2). Rate-symmetry then gives

(5) ‖α‖∗‖β‖∗ ≤ 1 ≤ K ‖α‖∗ ·K ‖β‖∗

and hence

(6)
∥∥β−1

∥∥= 1/‖β‖∗ ≤ K 2‖α‖∗.

Thus,

(7) ‖s‖
∥∥β−1

∥∥≤ K 2‖α‖∗‖s‖ ≤ K 2‖αs‖ = K 2‖sT ‖.

To prove Proposition 4.2 take H ∈ (0,1), then take T > 0 large enough such
that

(8)
∥∥β−1

∥∥=
∥∥β−1

T

∥∥< K −2H/(1−H)

for all p (uniform hyperbolicity), M > 0 large enough such that ‖η(s)‖ ≤ M‖s‖
for all p (since η(s) =O(s) uniformly), and (using that K 2H‖β−1‖1−H < 1 by (8))

Z ≥
MK 2

(
‖α‖n1/dimE s

ǫ
)1−H

1−K 2H‖β−1‖1−H
≥ sup

s

MK 2‖sT ‖1−H

1−K 2H‖β−1‖1−H
.

We will use that this implies

(9) Z K 2H
∥∥β−1

∥∥1−H +MK 2‖sT ‖1−H ≤ Z .
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If ‖e(s)‖ ≤ Z‖s‖H , then (7) gives

‖e(sT )‖ ≤
∥∥e(s)β−1

∥∥+
∥∥η(s)β−1

∥∥

≤ Z‖s‖H
∥∥β−1

∥∥+M‖s‖
∥∥β−1

∥∥

≤ Z (K 2‖sT ‖)H
∥∥β−1

∥∥1−H +MK 2‖sT ‖

=
(
Z K 2H

∥∥β−1
∥∥1−H +MK 2‖sT ‖1−H

)
‖sT ‖H

≤ Z‖sT ‖H ,

where the last step used (9).
Likewise, for H ∈ (0,1] take T > 0 such that K 2(‖α‖∗)1−H‖α‖ < 1. If ‖e(s)‖ ≤

Z‖s‖H , then

‖e(sT )‖ =
∥∥[ξ(s)+αe(s)]β−1

∥∥

≤
[
o(‖s‖)+Z‖s‖H‖α‖

]∥∥β−1
∥∥

≤ K 2‖α‖∗
[
o(‖s‖)+Z‖s‖H‖α‖

]

≤ ‖αs‖H K 2(‖α‖∗)1−H
[

Z‖α‖+o
(
‖s‖1−H

)]

≤ ‖sT ‖H K 2(‖α‖∗)1−H
[

Z‖α‖+o
(
‖s‖1−H

)]

=
[

Z K 2(‖α‖∗)1−H‖α‖+o
(
‖s‖1−H

)]
‖sT ‖H

≤ Z‖sT ‖H

for suitable Z .

We return to this argument later. For now we note that while we need the full
force of Corollary 4.3, Proposition 4.1 shows that the last part of the preceding
argument is not necessary for proving regularity of E u ⊕E s .

In order to improve Proposition 4.2 to the desired Zygmund regularity we
will pursue a similar strategy.

5. ZYGMUND REGULARITY

To prove Zygmund regularity of the strong unstable subbundle we vary the
strategy slightly from the one employed in Proposition 4.2. Instead of showing
that the space of Z -Zygmund subbundles is preserved by the graph-transform
for sufficiently large Z , we start with E u ⊕E s itself, rather than a candidate for
it, and we use that for s > ǫ> 0 the Zygmund condition is vacuous, because one
can just choose a suitably large constant. Starting from this, the graph trans-
form is then used to extend the Zygmund condition to ever smaller values of s,
while controlling the Zygmund constant.

PROPOSITION 5.1. The joint subbundle E u ⊕E s of a transversely symplectic uni-

formly quasiconformal Anosov flow is Zygmund-regular.

Proof. Below we will use that ‖η(s)+η(−s)‖ ≤C‖s‖ for some C that is indepen-
dent of t . To see this, note that by the C 2 assumption we can take M such that
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‖η1(s)−η1(−s)‖ ≤ M‖s‖2. Here we write ηt for the corresponding derivative of
ϕt for clarity. One then gets

‖ηn(s)−ηn(−s)‖ ≤
n−1∑

i=0
‖η1(si )+η1(−si )‖‖βi‖ ≤ M‖s‖

n−1∑

i=0

‖si‖2‖βi‖
‖s‖

.

This implies the claim because

‖si‖2‖βi‖ = ‖αi s‖2‖βi‖ ≤ ‖s‖2‖αi‖2‖βi‖ ≤ K 2‖αi‖‖s‖2;

here, the last inequality follow from ‖αi‖‖βi‖ ≤ K 2, which is shown similarly to
(5).

By Proposition 4.1 we can represent E u ⊕E s in linearizing coordinates as



1
e

e




and establish Zygmund regularity of e.
To that end pick ǫ2 > ǫ1 > 0 with ǫ1/ǫ2 sufficiently small and then Z ∈R such

that ‖e(s)+ e(−s)‖ ≤ Z‖s‖ when ‖s‖ ∈ (ǫ1,ǫ2) in any of these local coordinate
systems. We will show that, in fact ‖e(s)+ e(−s)‖ ≤ K 2(Z +C )‖s‖ for all s. This
is accomplished by applying the graph transform to get expressions for e(s) on
smaller domains.

In linearizing coordinates we have −(st ) = (−s)t and hence

‖e(st )+e(−(st ))‖ = ‖e(st )+e((−s)t )‖

=
∥∥[η(s)+η(−s)]β−1 + [e(s)+e(−s)]β−1

∥∥

≤ (‖η(s)+η(−s)‖+‖e(s)+e(−s)‖)
∥∥β−1

∥∥

≤ (O(‖s‖)+Z‖s‖)
∥∥β−1

∥∥

≤ K 2(Z +C )‖αs‖

= K 2(Z +C )‖st‖

for all t ≥ T for some T . Here, the last inequality used ‖s‖‖β−1‖ ≤ K 2‖αs‖,
which follows from (6).

For this T we choose ǫ1/ǫ2 such that the regions {s | ‖s‖ ∈ (ǫ1,ǫ2)} and {s |
‖s−T ‖ ∈ (ǫ1,ǫ2)} overlap properly, i.e., ‖s−T ‖ = ǫ2 ⇒ ‖s‖ > ǫ1. This produces a
recursive improvement as follows: For the annulus {s | ‖s‖ ∈ (ǫ1,ǫ2)} we assume
the Z -Zygmund condition in all local charts; in particular, it is known also for
{s | ‖s−T ‖ ∈ (ǫ1,ǫ2)}. Applying the graph transform for time T then gives the
K 2(Z +C )-Zygmund condition on the image of the annulus {s | ‖s−T ‖ ∈ (ǫ1,ǫ2)}
and hence on the union of this annulus with the annulus {s | ‖s‖ ∈ (ǫ1,ǫ2)}; by
construction this is an annulus with smaller inner radius. But we can do the
same again, starting with the annulus {s | ‖s−2T ‖ ∈ (ǫ1,ǫ2)} and applying the
graph transform for time 2T . This gives the same K 2(Z+C )-Zygmund regularity
on an annulus of yet smaller inner radius, and so on.
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Then this recursively establishes that e, hence A and E u ⊕E s are K 2(Z +C )-
Zygmund.

6. AN OBSTRUCTION TO HIGHER REGULARITY

The regularity in Proposition 5.1 is sharp. To see this, we recognize an ob-
struction to higher regularity.

6.1. The longitudinal KAM-cocycle. Recall that (M ,Ψ) denotes the manifold
M together with a family of charts. Fix for now such a choice. We then write
the chart representation of ϕT as ϕ̃T (u,τ, s) =: (uT ,τ+ fT (u,τ, s), sT ). Geometri-
cally, the function fT measures the difference between the transversal at ϕT (p)
and the ϕT -image of the transversal at p as measured using the time parameter
along orbits. Since ϕT maps stable manifolds to stable manifolds and unsta-
ble manifolds to unstable manifolds, we have fT (0,τ, s) = 0 = fT (u,τ,0). Thus,
(0,0,0) is a critical point for fT , and the obstruction KAM is defined as the non-
trivial part of the Hessian. The Hessian has the form

(
0 ∗
∗ 0

)
, and is symmetric.

We consider the nontrivial block:

DEFINITION 6.1. The longitudinal KAM-cocycle is a map

KAMΨ

T : M → E u∗⊗E s∗, p 7→
∂2ϕT

∂s∂u

∣∣∣
(0,0,0)

(
dΨp (·), dΨp (·)

)
.

In other words, for each pair of charts (and dropping Ψ in the notation), we
define a quadratic form

KAMp,T : E s(p)×E u(p) →R by η′(s) :=
∂η(s)

∂s
= KAMp,T (·, ·)+o(‖s‖),

where η(s) is as in (3). We will show that this defines the cohomology class of a
cocycle KAM : M ×R→ E u∗⊗E s∗ independently of charts.

Sometimes we write KAM for KAMp,T and KAMs for KAM(s, ·). We now study
this obstruction more carefully, showing that it is a well-defined cocycle.

LEMMA 6.2. If ϕ is transversely symplectic, then KAM is an additive cocycle.

REMARK 6.3. Note that KAM takes values in quadratic forms, so the proper
cocycle definition involves a suitable twist:

KAMp,T+S =α(0)KAMϕT (p),Sβ(0)+KAMT,p for all p ∈ M and T,S ∈R.

Proof. Writing

DϕT (0,0, s) =



β 0 0
η 1 0
ξ 0 α


 at p and DϕS(0,0, sT ) =



β̄ 0 0
η̄ 1 0
ξ̄ 0 ᾱ


 at ϕT (p),

we find that

DϕT+S(0,0, s) =




∗ 0 0
η̄β+η 1 0

∗ 0 ∗


 .
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Using η̄(0) = 0 this gives

KAMp,T+S =
d

d s
(η̄β+η)

∣∣
s=0 =α(0)

(
d

d s
η̄(0)

)
β(0)+

d

d s
η(0)

=α(0)KAMϕT (p),Sβ(0)+KAMT,p .

LEMMA 6.4. The cohomology class of the longitudinal KAM-cocycle is unaffected

by coordinate changes.

Proof. Consider coordinate changes to coordinates that also have our desired
list of properties. To see how the longitudinal KAM-cocycle changes we exam-
ine the change in the differential of ϕT entailed by the coordinate change. We
need only study points on the stable leaf. To do the coordinate calculations we
agree that the coordinate change transforms variables (ũ, t̃ , s̃) to (u, t , s). Vari-
ables in coordinates at ϕT (p) are marked by a subscript T . At a point (0,0, s̃) an
allowed coordinate change has differential




a 0 0
b 1 0
∗ 0 c




and the inverse in coordinates at ϕT (p) is




a−1
T 0 0

−bT a−1
T 1 0

∗ 0 c−1
T


 ,

with entries evaluated at s̃T . Note that c = d s̃/d s. In these new coordinates the
differential of ϕT at (0,0, s̃) becomes




a−1
T 0 0

−bT a−1
T 1 0

∗ 0 c−1
T






β 0 0
η 1 0
ξ 0 α







a 0 0
b 1 0
∗ 0 c


=




∗ 0 0
−bT a−1

T βa +ηa +b 1 0
∗ ∗ c−1

T αc


 .

Note that therefore
d s̃T

d s̃
= c−1

T αc. This gives

�KAMp,T :=
d

d s̃
η̃
∣∣

s̃=0

=−
d

d s̃
bT (0)a−1

T βa +
d

d s̃
η(0)a +

d

d s̃
b(0)

=
d

d s̃T
bT (0)

(
c−1

T αc, a−1
T βa

)
+

d

d s
η(0)c−1

T a +
d

d s̃
b(0)

= KAMp,T (c−1
T · , a · )−

d

d s̃T
bT (0)

(
c−1

T αc, a−1
T βa

)
+

d

d s̃
b(0) ,

(10)

which is cohomologous to KAM .
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6.2. Obstruction to “little Zygmund”.

PROPOSITION 6.5. If E u ⊕E s has modulus of continuity o(|x log |x||), in partic-

ular, if E u ⊕E s is “little Zygmund” (Definition 1.7), then the longitudinal KAM-

cocycle is null cohomologous.

Proof. Let p be a T -periodic point. Then,

e(sT )β= η(s)+e(s) = KAMp,T (s, ·)+e(s)+o(‖s‖).

Recursively, this gives

e(snT )
n−1∏

i=0
β(si T ) =

n−1∑

i=0
KAMϕi T p,T

(
si T ,

n−1∏

i=0
β(si T ) ·

)
+e(s)+

n−1∑

i=0
o(si T )

n−1∏

i=0
β(si T ).

If e has modulus of continuity o(|x log |x||), then

e(snT )

‖snT ‖ log‖snT ‖
→ 0 as n →∞,

and by rate symmetry, so does

e(snT )
∏n−1

i=0 β(si T )

‖s‖ log‖snT ‖
=

∑n−1
i=0 KAMϕi T p,T

(
si T ,

∏n−1
i=0 β(si T ) ·

)

‖s‖ log‖snT ‖
+

e(s)

‖s‖ log‖snT ‖
+o(n)

and hence also

1

n

n−1∑

i=0
KAMϕi T p,T

(
si T ,

n−1∏

i=0
β(si T ) ·

)
=

1

n

n−1∑

i=0
KAMp,T

(
si T ,

n−1∏

i=0
β(si T ) ·

)
.

Thus, KAMp,T = KAM = 0 by rate symmetry.

7. LIPSCHITZ CONTINUITY

We now study what happens when the longitudinal KAM-cocycle is trivial.
As a first step we show that this allows more perfectly adapted coordinate sys-
tems.

LEMMA 7.1. If the longitudinal KAM-cocycle is a coboundary then there are non-

stationary local coordinates in which it vanishes identically.

Proof. If the longitudinal KAM-cocycle is null-cohomologous then there is a bi-
linear form k such that KAMp,T = kϕT (p)(α · ,β · )−kp for all p ∈ M , T ∈ R. With
the notations from the proof of Lemma 6.4, define a coordinate change at p by




u

t

s


=




ũ

t̃ +kp (ũ, s̃)
s̃


 ,

whose differential at (0,0, s̃) is



I 0 0
kp s̃ 1 0

0 0 I


 .
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Then, (10) with a = c = a−1
T = c−1

T = I gives

�KAMp,T = KAMp,T −
d

d s̃T
bT (0)(α · ,β · )+

d

d s̃
b(0)

= KAMp,T −kϕT (p)(α · ,β · )+kp

= 0.

Proving that E u⊕E s is Lipschitz continuous when the KAM-cocycle vanishes
involves estimates similar to those in the proof of Proposition 4.2, but the rea-
soning follows the lines of Proposition 5.1.

PROPOSITION 7.2. If ϕ is a uniformly quasiconformal transversely symplectic

Anosov flow with KAM = 0 then E u ⊕E s is Lipschitz continuous.

Proof. We will use that in our new coordinates the cocycle is trivial, i.e., η′(0) =
0 in (4), so ‖ηT (s)‖ ≤ C‖s‖2 for some C that is uniform in s and T . One sees
this by recursively obtaining ‖ηn(s)‖ ≤ C ′[∑∞

i=0 ‖α(si )‖K 2i
]
‖s‖2 from ‖η1(s)‖ ≤

C ′‖s‖. (Compare with the beginning of the proof of Proposition 5.1.)
Analogously to Proposition 5.1 pick ǫ2 > ǫ1 > 0 and Z such that ‖e(s)‖ ≤

Z‖s‖ for ‖s‖ ∈ (ǫ1,ǫ2) in any coordinate system. Then the first calculation in
Proposition 4.2 becomes

‖e(sT )‖ = ‖ηT (s)+e(s)‖
∥∥β−1

T (s)
∥∥≤ (C‖s‖2 +Z‖s‖)

∥∥β−1
T (s)

∥∥

≤ (Z +C‖s‖)
∥∥β−1

∥∥‖s‖

≤ Z (1+C‖s‖/Z )K 2|sT |.
From here one concludes as in Proposition 5.1.

8. RIGIDITY

In this section we provide the proof of Theorem 1.2. By Theorem 1.12, the
flow ϕλ is up to finite covers C∞ orbit equivalent either to the suspension of a
hyperbolic automorphism of a torus, or to the geodesic flow of a closed hyper-
bolic manifold. Since the unit sphere bundle SN is not diffeomorphic to the
suspension manifold of a torus, we have

LEMMA 8.1. With the notations of Theorem 1.2, the flow ϕλ is C∞ orbit equiva-

lent to the geodesic flow ψ of a closed hyperbolic manifold.

Using the C∞ orbit equivalence, we can suppose that ψ is also defined on
SN . By construction, ψ and ϕλ have the same oriented orbits.

LEMMA 8.2. The magnetic 2-form λΩ is exact.

Proof. We first show that ωλ is ψ-invariant. Since ψ is a C∞ time change of
ϕλ, there exists a positive C∞ function f on SN such that ψ is generated by
X/f , where X denotes the vector field that generates ϕλ. Now, ωλ is closed and
iX ωλ = 0, so

LX/f ωλ = d iX/f ωλ+ iX/f dωλ = 0,

and ωλ is ψ-invariant.
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We now show that the 2-form λπ∗
Ω of SN is exact.

The canonical 1-form A for ψ is C∞ and ψ-invariant, hence so is the 2-form
d A.

If dim N ≥ 4, the space of smooth ψ-invariant 2-forms of SN is 1-dimensional
[16], so there exists a ∈R such that ωλ = a ·d A, i.e.,

dα−λπ∗
Ω= a ·d A,

where π : SN → N denotes the canonical projection. Thus, λπ∗
Ω is exact.

If dim N = 3, the space of smooth ψ-invariant 2-forms is 2-dimensional [16],
and A∧ωλ∧ωλ is a C∞ volume form of SN . So the transverse symplectic form
ωλ is stable in the terminology of [22], which implies that λπ∗

Ω is exact by [22,
Theorem A]. Therefore, λπ∗

Ω of SN is exact also in this case.
The Gysin sequence of π : SN → N shows that π∗ : H 2(N ,R) → H 2(SN ,R) is

an isomorphism for n ≥ 4 and injective for n = 3. Therefore, since λπ∗
Ω is

exact, so is λΩ.

LEMMA 8.3. λΩ= 0.

Proof. By the previous lemma, there is a C∞ 1-form θ on N such that λΩ =
λ ·dθ, and it suffices to show that λθ is closed.

For λ ∈R small, define the Finsler metric Fλ :=p
g −λθ. Let ϕλ

F be the Finsler
geodesic flow of Fλ defined on the Finsler unit sphere bundle SFλ

N = {v ∈ T N |
Fλ(v) = 1}. Then ϕλ and ϕλ

F are C∞ orbit equivalent [21].

Since ϕλ is uniformly quasiconformal, ϕλ
F is also uniformly quasiconformal,

which implies in particular that the weak-stable and weak-unstable subbundles
of ϕλ

F are both C∞ [4, 23]. Since in addition ϕλ
F is of contact type, the strong-

stable and strong-unstable subbundles of ϕλ
F

are also C∞. The claim is now a
consequence of the following result:

THEOREM 8.4 ([5, Corollary 6]). For λ ∈ R small, if the geodesic flow of the neg-

atively curved Finsler metric
p

g −λθ has C 2 strong-stable and strong-unstable

subbundles, then λθ is closed.

Since λΩ ≡ 0, ϕλ is the geodesic flow of the negatively curved Riemannian
metric g . Since in addition ϕλ is uniformly quasiconformal, the principal result
of [24] implies that g has constant negative curvature.

APPENDIX A. THE ZYGMUND CONDITION IN CHARTS

In Definition 1.7 we introduced the notion of Zygmund-regularity and said
that for maps between manifolds this definition is applied in smooth local co-
ordinates. Implicit in this assertion is that this notion is unaffected by precom-
posing with a smooth map. While this is widely used in dynamical systems,
no proof seems to be readily available in the literature, possibly because this
notion was introduced in connection with Fourier series, where this is not a
natural question to ask.

We here provide a proof of this fact that was kindly supplied to us by Rafael
de la Llave.
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THEOREM A.1. If X , Y , Z are normed linear spaces, U ⊂ X and V ⊂ Y are both

open, f : V → Z is Zygmund-regular, and g : U → V is C 1+α for some α ∈ (0,1)
then f ◦ g is also Zygmund-regular.

REMARK A.2. The more natural result would be that a composition of Zygmund-
regular maps is itself Zygmund-regular, but this is not true (e.g., for f (x) =
g (x) = x log |x|). It is not even clear whether f ◦ g is Zygmund-regular if g is
only C 1. Since the C 1+α hypothesis is pervasive in hyperbolic dynamical sys-
tems, the theorem we supply here is useful enough.

Proof of Theorem A.1. Suppose ‖ f (x+h)+ f (x−h)−2 f (x)‖ ≤ Z‖h‖ for all x ∈V

and sufficiently small ‖h‖ and write

( f ◦ g )(x +h)+ ( f ◦ g )(x −h)−2( f ◦ g )(x)

= f [g (x)+Dg (x)h +Rx (h)]+ f [g (x)−Dg (x)h +Rx (−h)]−2( f ◦ g )(x),

where ‖Rx (±h)‖ ≤O
(
‖h‖1+α)

because g ∈C 1+α.
Since Zygmund regularity implies modulus of continuity O(|x log |x||) [25,

Chapter II, Theorem (3·4)], we also have

‖ f [g (x)±Dg (x)h +Rx (±h)]− f [g (x)±Dg (x)h]‖ ≤O
(
‖h‖1+α∣∣log‖h‖1+α∣∣).

Consequently,

‖( f ◦ g )(x +h)+( f ◦ g )(x −h)−2( f ◦ g )(x)‖
≤ ‖ f [g (x)+Dg (x)h]+ f [g (x)−Dg (x)h]−2 f (g (x))‖

+O
(
‖h‖1+α∣∣log‖h‖1+α∣∣)

≤ Z‖Dg (x)h‖+O
(
‖h‖1+α∣∣log‖h‖1+α∣∣)

≤ Z ′‖h‖

for some Z ′ > 0 and sufficiently small ‖h‖.

REMARK A.3. The same argument shows also that the property of being “little
Zygmund” is preserved by smooth changes of variable.

Although this is not needed in the present work, we also provide a proof
(supplied by Rafael de la Llave as well) that the property of being C 1+Zygmund

(that is, of being differentiable with Zygmund derivative) is preserved under
smooth coordinate changes. This is interesting in part because one needs less
regularity in the coordinate change than C 2+α, which is what analogy with the
preceding result would suggest. Also, C 1+Zygmund is the critical regularity in [15].

THEOREM A.4. If X , Y , Z are normed linear spaces, U ⊂ X and V ⊂ Y are both

open, f : V → Z is C 1+Zygmund, and g : U → V is C 1+Lipschitz then f ◦ g is also

C 1+Zygmund.

Proof. Given that D f is Zygmund and Dg is Lipschitz we need to establish that
D( f ◦ g ) = ((D f )◦ g )Dg is Zygmund, which follows from the next lemma.

LEMMA A.5. If f is Zygmund and g is Lipschitz, then f · g is Zygmund.

JOURNAL OF MODERN DYNAMICS VOLUME 4, NO. 3 (2010), 549–569



568 YONG FANG, PATRICK FOULON AND BORIS HASSELBLATT

Proof. Write

‖ f (x +h)g (x +h)+ f (x −h)g (x −h)−2 f (x)g (x)‖
≤‖ f (x +h)+ f (x −h)−2 f (x)‖‖g (x)‖
+‖ f (x +h)‖‖g (x +h)− g (x)‖
+‖ f (x −h)‖‖g (x −h)− g (x)‖

and note that each summand is O(h).

REMARK A.6 (de la Llave). It seems that for k ≥ 2 the composition of C k+Zygmund

maps is again C k+Zygmund. For instance, if k = 2 we find that

D2( f ◦ g ) = (D2 f )◦ g Dg Dg + (D f ◦ g )D2g

is Zygmund because (D2 f ) ◦ g and D2g are Zygmund, and Dg and D f ◦ g are
C 1+Zygmund, hence Lipschitz.

For Zygmund-regularity of fractional order these issues are treated compre-
hensively in [19].
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