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ABSTRA CT We study the relation between topological entropy and the dis-
persion of preimages. Symbolic dynamics plays a crucial role in our investigation.
For forward expansive maps, we show that the two pointwise preimage entropy
invariants de�ned by Hurley agreewith each other and with topological entropy,
and are re
ected in the growth rate of the number of preimagesof a single point,
called a preimage growth point for the map. We extend this notion to that of an
entropy point for a system, in which the dipersion of preimagesof an " - stable
set measurestopological entropy. We show that for maps satisfying a weak form of
the speci�cation property, every point is an entropy point, and that every asymp-
totically h-expansive homeomorphism(in particular, every smooth di�eomorphism
of a compact manifold) has entropy points. Examples are given of maps in which
Hurley's invariants di�er, and of homeomorphismswith no entropy points.

1 Basic Notation and Statemen t of Results

The formulation by Bowen and Dinaburg [Bow71, Din70] of topological entropy
htop (f ) for a continuous map f of a compact metric space X to itself can
be summarized(following [Bow78, p.17]) in an intuitiv ely appealing way. Imagine
studying X with measurements of high, but not absolute, resolution - points of
X can be distinguished i� they are at least some�xed " > 0 apart. Count the
number of distinct points we can detect. Now let the map f act on X , and repeat
our measurements. Somepreviously indistinguishable points may be pushedapart
by f , so the number of points we can detect grows over time. The rate at which
this number grows is an indication of the dynamic complexity of f .

The apparent time-asymmetry of this formulation is illusory for an invertible
system, sincefor any homeomorphism htop (f � 1) = htop (f ). It is lessclear how to
\rev ersetime"in a generalsystem,and a number of di�eren t entropy-lik e invariants
based on the preimage structure of a map have been formulated and studied in
recent years [LW91, LP92, NP99, Hur95].

In this paper, weconsidera pair of such invariants formulated by Hurley [Hur95].
We �nd that for forward expansivemaps,both invariants agreewith htop (f ) and in
fact are captured by the preimagestructure of a singlepoint, which we call a preim-
agegrowth point . This observation suggeststo us the possibility of \lo calizing" the
entropy of a more general class of maps - including some homeomorphisms- by
reinterpreting and extending Hurley's invariants in terms of the preimagestructure
of stable sets. We are able to establish that when X has�nite covering dimension,
this invariant agreeswith htop (f ), and when f is asymptotically h-expansive there
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exists an entropy point whose " - stable sets yield our invariant. In particular,
this applies to C1 di�eomorphisms of a compact manifold.

We would like to thank Manfred Denker for useful conversations concerning
some of this material, and the third author thanks the Institut f•ur Mathematis-
che Stochastik, Georg-August Universit•at G•ottingen for its hospitalit y, and, along
with the Deutsche Akademische Austauschdienst, for its support of two visits to
G•ottingen during which much of this project was carried out.

Throughout this paper, f is a continuous map of a compact metric space X
to itself. We denote the basemetric on X by d, but we will consider also the
Bowen-Dinaburg metrics generatedby f ,

df
n (x; y) := max0� i<n d(f i x; f i y):

For " > 0 and n 2 N = f 0; 1; 2; :::g, n � 1 a subset S � X is (n," ) - separated
(with respect to f ) if distinct points are spacedat least " apart when using the
metric df

n :
x; y 2 S;x 6= y ) df

n (x; y) > ":

Compactnessputs an upper bound on the cardinalit y of any (n," ) - separatedset
in X ; for any subset K � X , let

maxsep(n; "; K ) := maxf # SjS � K and S is (n; " ) - separatedg.

It is reasonableto expect the numbers maxsep(n," ,K ) to grow roughly expo-
nentially with n; we can take the exp onential gro wth rate of any sequence
f cn gn � 1 of reals cn � 0

GRf cn g := l imsup n !1
1
n

logcn

(with log0 := �1 ). Topological entropy (originally formulated in terms of open
covers [AKM65]) is characterized by Bowen [Bow72] and Dinaburg [Din70] as

htop (f ) := l im " ! 0GRf maxsep(n; "; X )g:

It is well known that htop (f ) is an invariant of topological conjugacy- in particular,
replacing d with any equivalent metric leads to the same value for htop (f ).
Furthermore, if f is invertible, then S is (n," ) - separated with respect to
f i� f n � 1S is (n," ) - separated with respect to f � 1, yielding the equality
htop (f ) = htop (f � 1) for homeomorphisms.

When f is not invertible, the \in verse" is set-valued, yielding the preimageset
for n � 0,

f � n x := f z 2 X jf n z = xg:

Hurley's invariants [Hur95] try to measurethe maximum rate of dispersal of the
preimagesetsof individual points; they are called poin twise preimage entropies
in [NP99]. The di�erence between these two invariants is when the maximization
takesplace:

hm (f ) := l im " ! 0GRf maxx 2 X maxsep(n; "; f � n x)g

hp(f ) := supx 2 X l im " ! 0GRf maxsep(n; "; f � n x)g
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The inequalities
hp(f ) � hm (f ) � htop (f )

are clear; Hurley also found a generalupper bound for htop (f ) in terms of hm (f )
and a secondinvariant [Hur95]. For f a homeomorphism,the pointwise preimage
entropies are automatically both zero (and so in general, di�eren t from htop (f )).
It was not known whether thesepreimageentropies ever di�er from each other; in
Section 7 we construct an example for which they do:

Example 7.1 There exists f : X ! X continuous, X a zero-dimensional
compact metric space,for which hp(f ) = 0 and hm (f ) > 0.

However, we �nd that thesepointwise preimageentropies agreefor a signi�can t
family of maps. A map f : X ! X is forward expansive with expansiveness
constant c > 0 if

x; y 2 X with d(f n x; f n y) � c for all n 2 N implies x = y:

This condition is independent of the basemetric d.
Our �rst main result is that for forward expansivemaps,both preimageentropies

agreewith topological entropy, and there is a point whosepreimage sets grow at
precisely this rate. The statement can be made clearer if we note that if f is
forward expansive with constant c then for every x 2 X and n � 1 the set
f � n x is (n," ) - separatedfor any 0 < " < c, so that maxsep(n," ,f � n x) is just
the cardinalit y # f � n x :

Prop osition 4.5. Let f : X ! X be forward expansive with htop (f ) = log� .
Then there is x 2 X with # f � n x � � n for all n and in particular

hp(f ) = hm (f ) = htop (f ):

We will call a point x 2 X with GRf # f � n xg = htop (f ) a preimage gro wth
poin t for f .

The proof of hm (f ) = htop (f ) is basedon the combinatorial Lemma 2.1, while
the proof of hp(f ) = htop (f ) follows from the more general Theorem 4.1. For
that note that preimagesets under a homeomorphismare singletons, so preimage
entropy is automatically zeroin this case.However, a modi�cation of the de�nitions
of preimageentropy yields a nontrivial extensionto a classof mapsthat alsoincludes
somehomeomorphisms.Recall that, given " > 0, the " - stable set of x under
f is the set of points whoseforward orbit " - shadows that of x :

S(f ; x; " ) := f y 2 X jd(f n x; f n y) � " for all n = 0; 1; 2; : : : g:

The preimagesof thesesetscan be nontrivial and hencecan disperseat a nonzero
exponential rate. Given x 2 X and " > 0, consider the dispersal rate

hs(f ; x; " ) := l im � ! 0GRf maxsep(n; � ; f � n S(f ; x; " ))g:

We show that forward expansive maps exist only on �nite-dimensional spaces
(adapting an argument of Ma~n�e). Then we show that in any �nite-dimensional
space,the topological entropy of a map can be calculated in terms of dispersion of
preimagesof " - stable sets.
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Theorem 4.1. If f : X ! X is continuous and X is a compact metric space
of �nite covering dimension, then

supx 2 X hs(f ; x; " ) = htop (f ) for all " > 0:

(We don't know whether the �nite-dimensionalit y hypothesisis necessary.) This
result leads to two extensionsof our earlier notion of preimageentropy point. For
" > 0 we call x 2 X an " - entrop y poin t for f if hs(f ,x," ) = htop (f ); it is
simply an entrop y poin t if l im " ! 0hs(f ,x," ) = htop (f ) (Note in particular that
this implies that f � n x 6= ; for all n). Since hs(f ,x," ) is decreasingin " , an
entropy point is an " - entropy point for each " > 0. Note that while the notion of
" - entropy point dependson the choice of metric, that of entropy point doesnot.
For forward expansive mapsany preimagegrowth point is an " - entropy point for
all su�cien tly small " > 0. Therefore by Proposition 4.5 forward expansive maps
do have entropy points. Examples in Section 7 show that in general the existence
of " - entropy points for each " > 0 is not automatic, nor does such existence
for all " > 0 guarantee the existenceof an entropy point. However, we are able
to establish the existence of entropy points for maps which satisfy a very weak
speci�cation property (De�nition 3.1), as well as for a large classof maps, de�ned
by Misiurewicz [Mis76] (extending ideasof Bowen [Bow72]), as follows.

One can apply the calculations involved in de�ning topological entropy to any
subset K � X . Let

htop (f ; K ) := l im � ! 0GRf maxsep(n; � ; K )g:

Bowen [Bow72] calls a map h-expansiv e if supx 2 X htop (f ,S(f ,x," )) = 0 for some
" > 0, while Misiurewicz [Mis76] calls f asymptotically h-expansiv e if

l im " ! 0supx 2 X htop (f ; S(f ; x; " )) = 0:

A map is asymptotically h-expansive precisely if its topological conditional entropy
vanishes [Mis76]. Every C1 di�eomorphism of a compact mainfold to itself
has this property [Buz97]. Then applying to the natural extension a result from
[BFF02], that any asymptotically h-expansive homeomorphismis a factor of some
two-sidedsubshift, together with Proposition 2.2, we establish that any asymptot-
ically h-expansive map has entropy points.

Theorem 6.4. If f is an asymptotically h-expansivemap then there exist entropy
points for f (even for the map restricted to its eventual image).

Proofs of these results involve the interplay between symbolic and topological
dynamics.

Recall the de�nition of the two-sided full shift on N symbols: let A be an
\alphab et" with N \letters" (that is A = f 1,2,: : : ,N g) and form the space A Z

of bisequencesx = (x i ) i 2 Z , x i 2 A with the product of the discrete topology on
A. This is a compact metric space.The shift map g : A Z ! A Z de�ned by (gx) i =
x i +1 for all i 2 Z is a homeomorphism. A two-sidedsubshift is the restriction of
g to someclosedsubset X � A Z with gX = X . If we denote the subwords of
x 2 A Z by x[n,m] := xn xn +1 : : : xm for n � m, a two-sidedsubshift can always
be speci�ed by a list V of \forbidden words":

x 2 X ( ) x[n; m] =2 V for all n � m:
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Any subshift is expansive: for some c > 0 we have

x; y 2 X with d(gn x; gn y) � c for all n 2 Z implies x = y:

Truncation of negative-index entries gives the one-sidedfull shift on N symbols
f : A N ! A N, which is a factor of g but is N -to-one instead of a homeomorphism.
A one-sidedsubshift is the restriction of f to a closedset Y � A N with f Y � Y (
a one-sidedsubshift neednot be onto). It is always forward expansive. A one-sided
subshift is a factor of sometwo-sidedsubshift i� f Y = Y.

The various entropy invariants reduceto counting words in the caseof subshifts.
It is well known that the topological entropy of a subshift f : X ! X , one-sidedor
two-sided,equals GRf # Wn g, where Wn is the set of admissiblewords of length
n, i.e. the set of words of length n which occur as subwords in somepoint of X .
Similarly, if f is a one-sidedsubshift then f � n x = f wxjw 2 Wn and wx 2 X g.
This is captured in the nth predecessor set of x 2 X , de�ned as

Pn (x) := f w 2 Wn jwx 2 X g:

Expansivenessimplies that f � n x is (n," ) - separatedfor all small " > 0 and so

hm (f ) = GRf maxx 2 X # Pn (x)g and hp(f ) = supx 2 X GRf # Pn (x)g:

We begin with a tree lemma and use it to prove the existenceof preimagegrowth
points for one-sidedsubshifts:

Prop osition 2.2. Let f : X ! X be a one-sided subshift (not necessarily onto)
with htop (f ) = log� . Then there is x 2 X with

# Pn (x) � � n for all n � 1:

In particular x is a preimagegrowth point for f and hp(f ) = hm (f ) = htop (f ).

This implies that two-sided subshifts do have entropy points. The refereehas
pointed out to us, that using a conditional Breiman theorem and disintegration of
measuresone can show that for subshifts the set of entropy points has measure1
with respect to each measureof maximal entropy. So from a measuretheoretical
point of view, the set of entropy points is always large.

There are, however, synchronized subshifts which are not shifts of �nite type,
having a set of entropy points being a shift of �nite type. In this casethe set of
entropy points is the support of the unique measureof maximal entropy. Thus
the set of entropy points is topologically small, namely �rst category, and not even
revealsthe non-shift of type nature of the synchronized shift. This examplewill be
given in a forthcoming paper.

We shall prove Proposition 2.2 by a simple combinatorial argument. In Section
4 we extend this result to forward expansive maps.

2 Preimage Gro wth Poin ts

In this section we establish the equality hp(f ) = hm (f ) for any forward expan-
sivemap, and show that in the particular caseof onesidedsubshifts theseinvariants
agreewith htop (f ). This is done by �nding a point for which the preimage sets
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grow at the required rate. Both results are applications of a result on the growth
of branchesin a tree.

A tree ro oted at v0 is a directed graph T = T(v0) with a distinguished
vertex v0 (the ro ot ) such that for every vertex v 2 V (T) of T there is a unique
path from v0 to v; the number jvj of edgesin this path strati�es T into lev els:

Vk (v0) := f v 2 V (T)jjvj = kg; k 2 N:

For any vertex v 2 V (T), we can take v as the root of the subtree T(v) whose
vertices can be reached from v; the levels Vk (v) of this subtree are numbered
relative to v, so

Vk (v) := f v0 2 V (T(v)) jjv0j = jvj + kg:

Note that # V1(v) is the outdegreeof v in T . Our result says that a lower bound
on # VN (v0) yields a vertex v 2 V (T) for which the sizes # Vk (v) of all (low)
levels in the associated subtree can be a priori estimated from below:

Lemma 2.1 (T ree Lemma). Suppose T = T(v0) is a tree all of whosevertices
have outdegree at most M , with # VN (v0) > � N for some N 2 N and � � 1.
Then for every 1 � k � N satisfying

(
M
�

)k � 1 �
# VN (v0)

� N (� )

there exists a vertex v 2 V (T) such that

# Vi (v) � � i for 1 � i � k:

Proof. Deleting all vertices in levels n < N which do not lead to a vertex in
level N , we obtain a tree (again called T) with no deadendsat any level n < N ,
but still with # VN (v0) > � N . Supposethe statement of the lemma is not true -
that is, for some 1 � k � N satisfying (*) and every vertex v 2 V (T) there is
an integer k(v) � k such that

# Vk(v) (v) < � k(v) (�� ):

Let
W := f v 2 V (T)jN � k < jvj � N g:

Set Y0 = f v0g and de�ne subsets Yj � V (T) inductiv ely by

Yj +1 := (Yj \ W ) [
[

u2 Yj nW

Vk(u) (u):

We claim the numbers
l j :=

X

y2 Yj

� �j y j

are nonincreasingin j : to seethis, note that

l j +1 =
X

w2 Yj \ W

� �j w j +
X

u2 Yj ;u =2 W

X

v2 Vk ( u ) (u)

� �j v j

=
X

w2 Yj \ W

� �j w j +
X

u2 Yj ;u =2 W

# Vk(u) (u) � � � (k (u)+ ju j )

�
X

w2 Yj \ W

� �j w j +
X

u2 Yj ;u =2 W

� �j u j

= l j :
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The inequality in the third line is strict, if Yj +1 6= Yj , by (**). Since k � N we
have l j � l1 < l0 = 1 for all j � 1. Now since k(u) � k � N the sets Yj are
contained in the �nite set f v 2 V (T)jjvj � N g, and if min fj ujju 2 Yj g = n � N � k
then min fj ujju 2 Yj +1 g > n; thus for some J we have YJ � W and hence
YJ +1 = YJ . By construction, for any j and v 2 VN (v0) the path from v0 to
v hits a unique vertex in Yj . Since k(u) � k we can �nd for every v 2 VN (v0)
some u 2 YJ so that v 2 VN �j u j (u) and N � juj < k. Therefore

# VN (v0) =
X

u2 YJ

# VN �j u j (u) �
X

u2 YJ

M N �j u j =
X

u2 YJ

� (N �j u j ) � (
M
�

)N �j u j

�
X

u2 YJ

� (N �j u j ) �
# VN (v0)

� N = # VN (v0) � lJ < # VN (v0):

where the inequality comesfrom (*) and the strict inequality from lJ < 1; but
this contradiction provesthe lemma. �

We apply the Tree Lemma to establish the existenceof preimagegrowth points
(and thus alsoentropy points) for any one-sidedsubshift. We usethe notation from
Section 1.

Prop osition 2.2. Let f : X ! X be a one-sided subshift (not necessarily onto)
with htop (f ) = log� . Then there exists x 2 X such that for all n � 1

# f � n x = # Pn (x) � � n :

In particular, x is a preimagegrowth point for f , and

hp(f ) = hm (f ) = htop (f ):

Proof. We will denote # Wn by bn , # Pn (x) by ' n (x) and for w 2 Wm let
' n (w) denote # f u 2 Wn juw 2 Wn + m g. By compactnessthere is x 2 X with
' n (x) � 1 for all n, so we can assume � > 1. Since htop (f ) = GRf # Wn g and
the sequencef bn g is submultiplicativ e, its growth rate is an in�m um; in particular
bn � � n for all n � 1. Pick a sequencef � k g strictly increasingto � with � 1 > 1.
For each k there is N (k) � k such that

(
b1

� k
)k � 1 � (

� k+1

� k
)N (k) (� ):

Fix M � 1. For each n � 1, since � n + M � bn + M =
P

w2 W M

' n (w) there exists a

word wn 2 WM with ' n (wn ) � � n + M =bM � � n =bM . Note that this last fraction
grows faster than � n

k+1 for any �xed k, and so since Wm is �nite, there exists
w 2 WM and n(k) � N (k) satisfying

' n (k) (w) � � n (k)
k+1 for all k: (�� )

Form a tree T := T(w) with Vn (T ) = Pn (w) and an edgefrom � 2 Pn (w) to
� 2 Pn +1 (w) i� � = a� for some a 2 W1 and for each a 2 P1(w) there is an
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edgefrom w to aw. All vertices have outdegreeat most b1 and Vi (T ) = ' i (w),
so (*) and (**) give

(
b1

� k
)k � 1 �

# Vn (k) (T )

� n (k)
k

:

Thus the Tree Lemma applies to give for each k a vertex vk 2 V (T) with

# Vi (vk ) � � i
k for 1 � i � k:

Note that vk w 2 Wj vk j + M . Passingto a subsequencekj , we can assumethat all
vk j w begin with the sameword v 2 WM . Fix i 2 N. Then for all j with kj � i
we have ' i (v) � ' i (vk j w) = # Vi (vk j ) � � i

k j
and thus ' i (v) � � i . Sofar, we have

found for each M � 1 a word vM 2 WM with ' i (vM ) � � i for all i . Passingto
a subsequence,we can assumethat theseare initial words of a convergent sequence
of points in X with limit x 2 X . Since ' n (x) = l im m !1 ' n (x[0,m)) and
' n (x[0,m)) � ' n (vM ) if x[0,m) is an initial word of vM , the limit point x
satis�es the condition required by the proposition. �

The equality hp(f ) = hm (f ), which holdsfor onesidedsubshiftsby the preceding
result, can fail for a surjective map on a zero dimensional space(Example 7.1).
However, we can formulate generalconditions which guarantee that it holds.

A map f : X ! X hasuniform separation of preimages if for some " > 0,
d(x,y) � " and f x = f y implies x = y. This hastwo consequences:for any n � 1,
the preimageset f � n x is (n, " ) - separated,and its cardinalit y ' n (x) := # f � n x,
asa function of x 2 X , is upper semicontinuous: ' n (x) � l imsup i ' n (x i ) whenever
x i ! x. To see the latter, suppose ' n (x i ) = k for all i . Let f zi; 1, : : : ,
zi;k g = f � n x i for i = 1, 2, : : : ; passingto a subsequencewe can assumethat for
each j the sequencezi;j convergesto zj 2 f � n x. But for j 6= j 0, d(zi;j ,zi;j 0) > "
for all i ) d(zj ,zj 0) � " . Thus ' n (x) � k.

Note in particular that every forward expansive map has these properties. We
establish hp(f ) = hm (f ) whenever f has uniform separation of preimages.The
core of the argument is that upper semicontinuit y of ' n (x) for every n � 1
implies the existenceof a point with GRf ' n (x)g = hm (f ). Recall that an upper
semicontinuousfunction achievesits maximum on any compact set, and if ' 1(x) �
M for all x 2 X then ' n (x) � M n .

Prop osition 2.3. Suppose f : X ! X is continuous and each of the functions
' n (x) = # f � n x is upper semicontinuous. If hm (f ) = log� , then there exists
x 2 X with

' n (x) � � n for all n:

Proof. The proposition is trivial if � = 1, sinceany point in the eventual image
\ f n X works; so assume � > 1. Set an := maxx 2 X ' n (x); the sequencef an g is
submultiplicativ e, so log� = inf n (logan )=n and hence an � � n for each n. Fix
a sequence f � k g strictly increasing to � with � 1 > 1, and note that for each
k we can �nd N (k) � k such that (a1=� k )k � 1 � aN (k) =� N (k)

k . Pick xk 2 X
with ' N (k) (xk ) = aN (k) , and form a tree Tk rooted at xk with Vi (Tk ) = f � i xk

and an edgefrom f (z) to z. The Tree Lemma gives zk with ' i (zk ) � � i
k for

1 � i � k, so the set X k := f x 2 X j' i (x) � � i
k for 1 � i � kg is nonempty, and
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closed(by upper semicontinuit y of the ' i ). Since � k+1 > � k , X k+1 � X k and
so by compactness

T
k � 1 X k 6= ; . Since � k ! � , any point x 2

T
k � 1 X k has

' n (x) � � n for all n. �

Using the fact that f � n x is (n," ) - separatedif f has uniform separation of
preimages,we obtain as an immediate corollary

Corollary 2.4. If f : X ! X is continuous with uniform separation of preimages
(in particular, if f is forward expansive) and hm (f ) = log� , then there is a point
x 2 X with

# f � n x � � n for all n

and in particular
hp(f ) = hm (f )

In Section 4 we will seein fact that hp(f ) = hm (f ) = htop (f ) for forward
expansive maps.

3 En trop y poin ts

In this section we study the set E(f ) of entropy points for a map f : X ! X .
Proposition 2.2 shows that this set is nonempty for any one sided subshift. A
natural question is, how large can E(f ) be in general?

A non-mixing version of weak speci�cation [DGS76, Dfn 21.1] is that for every
" > 0 there is N (" ) 2 N such that, given any pair of points x, y 2 X and n,
m � 1 there exists a point z 2 X and integers 0 � k, l < N (" ) such that

df
n (y; z) � " and df

m (x; f n + k z) � " and f pz = z where p = n + k + m + l:

A weakening of that de�nition implies E(f ) = X .

De�nition 3.1. The map f : X ! X has the very weak speci�c ation property if
for every " > 0 there is N (" ) 2 N such that, given any pair of points x, y 2 X
and n, m � 1 there exists a point z 2 X and an integer 0 � k < N (" ) such
that

df
n (y; z) � " and df

m (x; f n + k z) � ":

Prop osition 3.2. For any continuous map f : X ! X with the very weak
speci�c ation property, hs(f ,x," ) = htop (f ) for every x 2 X and every " > 0. In
particular f is surjective and E(f ) = X .

Proof. By compactness,for every pair of points x, y 2 X and n � 1 and " > 0
there exists 0 � k < N (" ) and a point z 2 f � (n + k) S(f ,x," ) with df

n (y,z) � " .
Now �x x 2 X , " > 0, and given 0 < � < " let En be a maximal (n, 3� )

- separatedsubset of X . Then for some k = k(n) with 0 � k < N (� ) there
is a subset Fn � En with # Fn � # En =N (� ); for every y 2 Fn we can �nd
z = zy 2 f � (n + k) S(f ,x," ) with df

n (y,z) < � . Then the set Gn := f zy jy 2 Fn g is
(n,� ) - separated,so also (n + k,� ) - separated,and # Gn = # Fn . Thus for each
n � 1,

maxsep(n + k(n); � ; f � n � k (n ) S(f ; x; " )) �
maxsep(n; 3� ; X )

N (� )
:
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Since k(n) � N (� ) for all n, this proves GRf maxsep(n,� ,f � n S(f ,x," ))g �
GRf maxsep(n,3� , X )g. Taking � ! 0 shows hs(f ,x," ) � htop (f ). �

The induced action on the basic sets of Axiom A di�eomorphisms is forward
transitiv e and has the pseudo orbit tracing property, which immediately implies
the very weak speci�cation property. It is easily seenthat transitiv e shifts of �nite
type (SFT) have the non mixing versionof the very weakspeci�cation property and
that this property is preserved under taking factors. Thus so�c shifts belong also
to the uncountable classof subshifts with the non-mixing very weak speci�cation
property. It is known that for subshifts the very weak speci�cation property is
equivalent to the notion of speci�cation. The sameargument shows this is true also
for the non mixing versions. any subshift satisfying the non-mixing version of the
very weak speci�cation property is synchronized. This is not true in general,since
any irrational rotation of the circle has the very weak speci�cation property, too.

We know that E(f ) 6= ; for (one sided) subshifts; we show that it can be a
proper subsetof X . In Section7 we give two examplesthat are even more extreme:
in general E(f ) can be empty.

Example 3.3 A transitiv e subshift with ; 6= E(f ) 6= X .
Let A = f 1, � , � g and let C := f 1� n � n jn � 0g. Let X � AZ be the closure

of the set of points x 2 AZ which can be written as a biin�nite concatenation of
words from C and let f : X ! X be the left shift map. Since f is expansive,
for all small " > 0, hs(f ,x," ) � GRf # Pn (x[0,1 )g, so hs(f ,11 ," ) = htop (f ) > 0
and hs(f ,x," ) = 0 whenever there is some n 2 Z with x i = � for all i � n. If
x i 6= � for in�nitely many i � 0 then, given " > 0, there is y 2 S(f ,x," ) and
k < 0 with yk = 1. Since Pn (y[k,1 )) = Pn (11 ) for any such y and n � 1,
hs(f ,x," ) = hs(f ,11 ," ) = htop (f ). �

In this examplethe set E(f ) is a residual set. However there are also transitiv e
subshifts, with E(f ) a nonempty set of �rst category. Furthermore, interesting is
how the sizeof the set E(f ) is related to the existenceof a maximal measure.We
know exampleswith a nonempty set E(f ) which do not havea measureof maximal
entropy, and there are examplesof in�nite entropy, and so having a measureof
maximal entropy, with no entropy points. However, so far we do not know if in
the �nite entropy casethe existenceof a measureof maximal entropy implies the
existenceof entropy points. Theseissueswill be treated in a forthcoming paper.

Lemma 3.4. Suppose f : X ! X is continuous and A � X is a subsetwith
f � n A 6= ; for all n 2 N. Then for all " > 0

GRf maxsep(n � 1; "; f � n A)g = GRf maxsep(n; "; f � n A)g:

Proof. The inequality � is clear. To prove � , cover X with open balls B 1,
: : : , B r of radius "=2, and for E � f � n A set Ek = E \ f � n Bk , 1 � k � r . If
E is (n," ) - separatedthen each Ek is (n � 1," ) - separated,and at least one
k satis�es # Ek � # E=r; the desired inequality follows. �

For any x 2 E(f ), f � n x 6= ; for all n � 0, so E(f ) is always contained in the
eventual range X 1 :=

T
n � 1 f n X . However, we can say more.
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Prop osition 3.5. For any continuous map f : X ! X (not necessarily surjec-
tive) f (E(f )) = E(f ).

Proof. The inclusion f (E(f )) � E(f ) holds because S(f ,x," ) � f � 1S(f ,f x," )
for all x 2 X and " > 0. To establish the opposite inclusion, (which is easy if
f is bijective) suppose x 2 E(f ); by de�nition the set f � 1x is nonempty (and
of course compact). Now suppose that x is an entropy point. We construct a
preimage y which is an entropy point, too.

Claim For all k > 0, f � 1x contains a 1=k - entropy point of f .

Proof of claim. Choosea �nite subset E of K := f � 1x such that the open
balls B1=k (z) := f y 2 X jd(y,z) < 1=kg, z 2 E cover K , and let U denote
their union. Pick 0 < � < 1=k so that f � 1B � (x) � U, and given � > 0, for
n � 1 pick Fn a maximal (n, � ) - separatedsubsetof f � (n +1) S(f ,x,� ); then
f n Fn � U and we can partition Fn into sets Fn;z so that f n Fn;z � B1=k (z)
for each z 2 E. Since f z = x, � < 1=k and Fn;z � f � (n +1) S(f ,x,� ), we obtain
Fn;z � f � n S(f ,z,1=k), and so for each z 2 E

# Fn;z � maxsep(n; � ; f � n S(f ; z;
1
k

)) (� )

Now, E is �nite sowe can pick z 2 E such that # Fn;z � # Fn =# E for in�nitely
many n, hence GRf # Fn;z g = GRf Fn g. But since x 2 E(f ), this together with
(*) and Lemma 3.4 givesfor each � > 0 someelement z 2 E (depending on � )
such that

GRf maxsep(n; � ; f � n S(f ; z;
1
k

))g � htop (f )

and the �niteness of E lets us pick z independent of � , insuring that z is a
1=k - entropy point for f proving the claim.

But now, taking zk 2 f � 1x a 1=k - entropy point, we can assumethat
zk ! z 2 f � 1x; given " > 0 there is some k such that S(f ,zk ,1=k) � S(f ,z," )
which shows that z is an " - entropy point of f , hence z 2 f � 1x \ E(f ). �

When f is not surjective, one can compare the action of f on X with
its restriction g := f jX 1 to the eventual range: clearly g is surjective, and
htop (f ) = htop (g), so E(g) � E(f ). Thesesets can be di�eren t as we will show in
a forthcoming paper.

4 Finite-dimensional systems.

In this section we show that if X has �nite covering dimension, then for any
continuous map f : X ! X , supx 2 X hs(f ,x," ) is independent of " and equals
htop (f ). (The supremum might not be attained, asshown in Examples7.2 and 7.3.)
As a consequence,weestablishthe equality hm (f ) = htop (f ) for forward expansive
maps. We note in passingthat the analogousquantit y obtained by replacing the "
- stable set of x with the " ball about x can be shown to achieve a maximum
equal to htop (f ) by standard arguments.
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If U is a �nite cover of X , we de�ne its mesh , mesh(U), with respect to
any metric as the maximum diameter of its elements. For any subset S � X , the
multiplicit y of U on S is the number of elements of U intersecting S; the order
of U is its maximal multiplicit y on singleton sets S = f xg, x 2 X , and the star
order of U is its maximal multiplicit y on its own elements S 2 U. The space X
hascovering dimensionat most n if there exist open coversof X with arbitrarily
small meshand order bounded by n + 1. This notion is independent of the metric
used [Eng78, Thm 1.6.12] and replacing \op en"with \closed" gives an equivalent
condition [Eng78, Prop 3.1.3]. Finite covering dimension can be characterized by
the condition that X has open (equiv. closed) covers of arbitrarily small mesh
whoseorders (equiv. star orders) are bounded.

Theorem 4.1. If f : X ! X is continuous and X is a compact metric space
of �nite covering dimension, then

supx 2 X hs(f ; x; " ) = htop (f ) for all " > 0:

Proof. Suppose X has covers of arbitrary small mesh whosestar orders are
bounded by K .

Claim Let " > 0. Then supx 2 X hs(f ,x," ) � htop (f ) � logK .
Proof. Pick 0 < � < "=2 and let GRf maxsep(n,� ,X )g = log� . Suppose

A = f A1,: : : , AN g is a closed cover of X with mesh < � and star order
� K . A given x 2 X has least one itinerary with respect to A . For any
y = (yi ) i � 0 2 f 1,: : : ,N gN de�ne � (y) :=

T 1
i =0 f � i Ay i ; the set

Y := f y = (yi ) i 2 N 2 f 1; : : : ; N gNj� (y) :6= ;g

de�nes a one sided subshift g : Y ! Y on N symbols. Since A has mesh < � ,
if x 2 � (y) and x0 2 � (y0) then d(f i x,f i x0) > � implies yi 6= y0

i . Thus the
number of allowed words for g satis�es # Wn � maxsep(n,� ,X ) and so

htop (g) � log�:

Proposition 2.2 gives y 2 Y with # g� n y � � n for all n � 1; pick x 2 � (y)
and �x n � 1. Form En � X by picking a point z 2 � (u) for each u 2 g� n y.
For any such z 2 En , f n z 2 � (y), so, since A has mesh < � < "=2, we have

En � f � n S(f ; x; " ):

Since A has star order � K , given u 2 g� n y the number of points v 2 g� n y
with Av i \ Au i 6= ; for all 0 � i < n is bounded by K n . Pick � > 0 so that
A i \ A j = ; implies d(A i ,A j ) > � ; then

maxsep(n; � ; En ) �
# g� n y

K n � (
�
K

)n :

Thus, since En � f � n S(f ,x," ) and log� = GRf maxsep(n,� ,X )g, we obtain

GRf maxsep(n; � ; f � n S(f ; x; " ))g � GRf maxsep(n; � ; En )g

� GRf maxsep(n; � ; X )g � logK
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and taking � ! 0 givesthe claim.

Now, for " > 0 and m � 1, uniform continuit y gives " m > 0 such that

S(f m ; x; "m ) � S(f ; x; " ) for every x 2 X :

Given m � 1 and � > 0, for n � 1 let En � (f m )� n S(f m ,x,"m ) be a maximal
(n,� ) - separatedset for f m . Note that also En � f � mn S(f ,x," ) is also (mn,� )
- separatedfor f . Thus

hs(f ; x; " ) � l im � ! 0l imsupn !1
1

nm
log# En

=
1
m

l imsupn !1
1
n

log# En =
1
m

hs(f m ; x; "m ):

The claim (with f replacedby f m and " by "m ) then gives

supx 2 X hs(f ; x; " ) � l im m !1
1
m

supx 2 X hs(f m ; x; "m )

� l im m !1
1
m

(htop (f m ) � logK ) = htop (f ):

proving the theorem. �

We adapt to forward expansive maps an argument of Ma~n�e [Ma~n79], to show
that if f : X ! X is a forward expansive map on a compact metric space X
then X has �nite covering dimension. The argument yields a condition on orders,
but our application will usethe corresponding condition on star orders. For Ma~n�e's
argument, it is useful to invoke an alternate formulation of forward expansiveness,
which follows from the usual one by uniform continuit y arguments.

Remark 4.2 A continuous map f : X ! X on a compact metric spaceis
forward expansive with expansivenessconstant c0 > 0 if and only if for every
0 < c < c0 and for every " > 0 there is N = N (" ) such that for all x, y 2 X

df
N (x; y) < c ) d(x; y) < ":

The �nite-dimensionalit y of a compactmetric spacecarrying a forward expansive
map follows from the following variation of Ma~n�e's argument:

Lemma 4.3. Given f : X ! X satisfying the condition of Remark 4.2, suppose
X can be covered by n open sets U1, : : : , Un of df

N (c=2) - diameter < c=2.
Then for all " > 0 there is a cover of X by open sets of d - mesh < " and
order at most n2.

Proof. Fix an integer M � maxf N (" ), N (c=2)g. For each pair of indices i ,
j 2 f 1, : : : , ng, de�ne

Ui;j := Ui \ f � (M � N ( c
2 )) Uj :

We show that each Ui;j is a disjoint union of open sets of d - diameter < " ,
giving the required cover.
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On Ui;j de�ne x � y : ( ) df
M (x,y) < c. This relation is symmetric and

re
exiv e; for transitivit y, note that df
M (x,y) < c implies

d(f r x; f r y) <
c
2

for r = 0; : : : ; M � N (
c
2

)

but since f M � N (c=2) x and f M � N (c=2) y both belong to Uj , also

d(f r x; f r y) <
c
2

for r = M � N (
c
2

) + 1; : : : ; M � 1

and hence df
M (x,y) < c=2. The equivalenceclasseswith respect to � are

Ui;j (x) := f y 2 Ui;j jdf
M (x; y) < cg:

which are open setsof d - diameter < " . �

This immediately yields

Corollary 4.4. If f : X ! X is a forward expansive map of a compact metric
space X , then X has �nite covering dimension.

The de�nition of forward expansiveness(with expansivenessconstant c) is
clearly equivalent to the statement that S(f ,x," ) = f xg for every x 2 X and
0 < " � c; in particular hs(f ,x," ) = GRf # f � n xg and preimage growth points
are entropy points. By Corollary 2.4, Corollary 4.4 and Theorem 4.1 we have

Prop osition 4.5. Suppose f : X ! X is a forward expansive continuous map
with htop (f ) = log� . Then the set E(f ) of entropy points is the same as the
(nonempty) set of preimagegrowth points for f , and there is a point x 2 X with

# f � n x � � n for all n

In particular
hp(f ) = hm (f ) = htop (f ):

5 Natural Extensions and Factor Maps

Recall that the natural extension of a surjective map f : X ! X is the
homeomorphism f̂ : X̂ ! X̂ where X̂ � X Z is the spaceof \branc hes"of f � 1

X̂ := f x̂ = (x̂ i ) i 2 Z 2 X Z jf x̂ i = x̂ i +1 for all i 2 Zg

endowed with the metric

d̂(x̂; ŷ) :=
1X

i =0

2� i d(x̂ � i ; ŷ� i )

and f̂ is the left shift map (f̂ x̂) i = x̂ i +1 . The projection � : X̂ ! X given by
� x̂ := x̂0 is a factor map, that is a continuous surjection satisfying � � f̂ = f � � .
Note that for x̂, ŷ 2 X̂ and n � 1 we have

d̂(f̂ n � 1x̂; f̂ n � 1ŷ) =
n � 1X

i =0

2� i d(x̂n � 1� i ; ŷn � 1� i ) +
1X

i = n

2� i d(x̂n � 1� i ; ŷn � 1� i )

� 2 � df
n (� x̂; � ŷ) + 2� (n � 1) diamX :

Using uniform continuit y of f̂ this yields
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Lemma 5.1. Given " > 0, there exists � > 0 and m 2 N such that, for all
n � m, df

n (� x̂, � ŷ) < � implies d̂(f̂ n x̂, f̂ n ŷ) < " .

We will show that entropy points for f lift to the natural extension.

Lemma 5.2. Suppose f : X ! X is a continuous surjection of a compact metric
space. Then E(f ) � � (E(f̂ )) .

Proof. Suppose x 2 E(f ). Using Proposition 3.5 we can �nd an element
x̂ 2 � � 1x such that x̂ � n is an entropy point for every n 2 N. Given " > 0, we
will �nd i 2 N and � > 0 so that

hs(f̂ ; x̂; " ) � hs(f ; x̂ � i ; � ):

Using the fact that x̂ � i is an entropy point for f and taking limits as " and �
go to 0, we then seethat x̂ is an entropy point for f̂ .

Let � > 0 and m 2 N asin Lemma5.1. Now �x i � m. Then � � 1S(f ,x̂ � i ,� ) �
f̂ � i S(f̂ ,x̂," ) so that setting K n := f̂ i � n � � 1S(f ,x̂ � i ,� ) we have

K n � f̂ � n S(f̂ ; x̂; " ) (� )

and since � is surjective

� K n = f i � n S(f ; x̂ � i ; � ) (�� )

Given 
 > 0 pick � > 0 so that d(ŷ, ŷ0) < � guarantees d(� ŷ, � ŷ0) < 
 . If
E is an (n,
 ) - separatedsubsetof � K n , then its preimage in K n is (n,� ) -
separatedand has cardinalit y at least # E . It follows that for each n

maxsep(n; � ; K n ) � maxsep(n; 
 ; � K n )

and taking limits as 
 ! 0 and � ! 0 yields

l im � ! 0GRf maxsep(n; � ; K n )g � l im � ! 0GRf maxsep(n; � ; � K n )g: (� � � )

Thus

hs(f̂ ; x̂; " ) = l im � ! 0GRf maxsep(n; � ; f̂ � n S(f̂ ; x̂; " ))g

� l im � ! 0GRf maxsep(n; � ; K n )g by (*)

� l im � ! 0GRf maxsep(n; � ; � K n )g by (***)

= l im � ! 0GRf maxsep(n; � ; f i � n S(f ; x̂ � i ; � ))g by (**)

= l im � ! 0GRf maxsep(n; � ; f n S(f ; x̂ � i ; � ))g by Lemma 3. 4:

The last quantit y is hs(f ,x̂ � i ,� ). �

Corollary 5.3. If f : X ! X is a forward expansive surjection and x 2 X is
a preimagegrowth point for f , then there is an entropy point x̂ 2 X̂ for f̂ with
� x̂ = x.

Proof. Since f is forward expansive, preimagegrowth points for f are entropy
points. �

A one-sidedsubshift is forward expansive, and so preimage growth points are
entropy points. Therefore by Proposition 2.2, every one-sidedsubshift has entropy
points.
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Corollary 5.4. Every two-sided subshift has entropy points.

Proof. A two-sidedsubshift is the natural extension of its one-sidedprojection,
which is a one-sidedsubshift and thus has entropy points. Since it is onto, by
Lemma 5.2 this givesan entropy point in the two-sidedsubshift. �

To prove that � (E(f̂ )) = E(f ) we will intro ducea property which ensuresthat a
factor map takesentropy points to entropy points, and that the natural projection
hasthis property. Example 7.3 showsthat in generala factor map doesnot preserve
entropy points.

De�nition 5.5. Suppose g : Y ! Y , f : X ! X are continuous (not necessarily
surjective) mapsof compact metric spaces Y and X , respectively, and � : Y ! X
is a factor map. For n = 1, 2, : : : , � > 0 and x 2 X , set

Vn;� (x) := f y 2 Y jdf
n (� (y); x) � � g:

We say that � is uniformly entropy preserving (u.e.p.) if for every " > 0 and
� > 1 there exists � > 0 and N 2 N such that

maxsep(n; "; Vn;� (x)) < � n for all x 2 X and all n � N :

Standard arguments show that this de�nition is independent of the choiceof the
metrics on X and Y. We will show that the u.e.p. condition guaranteesthat �
takesentropy points to entropy points. First we establisha useful technical lemma.

Lemma 5.6. Suppose � : Y ! X is a u.e.p. factor map from g : Y ! Y to
f : X ! X . For any sequence K n of subsetsof Y ,

l im " ! 0GRf maxsep(n; "; K n )g = l im " ! 0GRf maxsep(n; "; � K n )g:

Proof. For any " > 0 and � > 1, pick � > 0 and N as in the u.e.p.
condition. If E is a maximal (n,� ) - separatedsubsetof � K n , then E is also
(n,� ) spanning and so K n �

S
x 2 E Vn;� (x) which implies

maxsep(n; "; K n ) �
X

x"E

maxsep(n; "; Vn;� (x)) < � n maxsep(n; � ; � K n )

and taking the growth rate on both sides,then letting � ! 1 and " , � ! 0, we
obtain the inequality

l im " ! 0GRf maxsep(n; "; K n )g � l im � ! 0GRf maxsep(n; � ; � K n )g

The opposite inequality follows as (***) in the proof of Lemma 5.2. �

Remark 5.7 There are two ways that this lemma can be used. First, taking
K n = K independent of n we can concludethat for any set K � Y , htop (g,K ) =
htop (f ,� K ), and in particular htop (g) = htop (f ). Second,picking K � Y closed
and assuming K n := g� n K is nonempty for all n, the lemma givesthe inequality

l im " ! 0GRf maxsep(n; "; g� n K )g � l im " ! 0GRf maxsep(n; "; f � n � K )g:

Note that if K happensto be the full preimageof its projection then the inclusion,
and hencethe inequality above, becomesequality.
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Prop osition 5.8. If � : Y ! X is a u.e.p. factor map between g : Y ! Y and
f : X ! X , then

(1) for any " 1 > 0 there exists " 2 > 0 such that � takesany " 2 - entropy
point for g to an " 1 - entropy point for f , and

(2) � (E(g)) � E(f ).

Proof. Given " 1 > 0, by uniform continuit y there exists " 2 > 0 such that for
any y 2 Y

� S(g; y; " 2) � S(f ; � (y); " 1)

so that if y is an " 2 - entropy point for g, taking K = S(g,y," 2) in Remark 5.7
gives

htop (g) � htop (f ) � hs(f ; � (y); " 1) � hs(g; y; " 2) = htop (g)

and so � (y) is an " 1 - entropy point for f . In particular, it follows that entropy
points for g map to entropy points for f . �

Lemma 5.9. For any surjective continuous map f : X ! X of a compact metric
space, the natural projection � : X̂ ! X is u.e.p.

Proof.. Given " > 0 pick 2� > 0 and m 2 N as in Lemma 5.1. Then for all
n � m

maxsep(n; "; Vn;� (x)) � maxsep(m; "; Vn;� (x)) � maxsep(m; "; X̂ )

which givesthe lemma. �

Other examplesof u.e.p. maps are bounded-to-onefactor maps and maps with
conditional entropy zero betweeninvertible systems. We will use this later.

Corollary 5.10. Suppose f : X ! X is a continuous surjection of a compact
metric space. Then � (E(f̂ )) = E(f ). In particular, f has entropy points if and
only if f̂ has entropy points.

Proof. Since � is u.e.p. by Lemma 5.9, it mapsentropy points for f̂ to entropy
points for f , by Proposition 5.8. The other inclusion follows from Lemma 5.2. �

6 Asymptotically h-expansiv e maps

In passing we remark that by a result of Kulesza [Ku] any expansive homeo-
morphism has a bounded-to-onesubshift extension (see [BFF, Remark B.9]) and
bounded-to-onemaps are u.e.p. by an elementary proof. This implies E(f ) 6= ;
for expansive systems. Here we show that every asymptotically h-expansive map
on a compact metric spacehas entropy points. We �rst use a result from [BFF]
to obtain the invertible case.To state this result, we recall the de�nition of condi-
tional entropy of a factor map [BFF]: Suppose f : X ! X and g : Y ! Y are
homeomorphismsof compact metric spacesand � : Y ! X is a factor map. If U
is an open cover of Y and V � Y , let N (UjV ) denote the minimum cardinalit y
of a collection U covering V (this is �nite by compactnessof Y ). For two �nite
open covers U and V of Y , set

N (UjV) := maxf N (UjV )jV 2 Vg:
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For n = 1, 2, : : : , set Un the common re�nement of the preimagecovers g� 1U,
: : : , g� n U, and

h(g; U; V) := GRf N (Un jVn )g;

h(gjV) := supf h(g; U; V)jU a �nite open cover of Y g:

Finally, we de�ne the conditional entrop y of � as

e� (� ) := inf f h(gj� � 1A)jA a �nite open cover of X g:

We shall use

Theorem 6.1. [BFF, Thm 7.4] Suppose f : X ! X is an asymptotically h-
expansive homeomorphism of a compact metric space. Then there exists a two
sided subshift g : Y ! Y and a factor map � : Y ! X such that e� (� ) = 0.

To apply this to our situation, we recall the de�nition by Downarowicz and
Sera�n [DS] of the topological conditional entropy of (Y , g) given the factor (X ,
f ) :

h(Y jX ) = supU inf A h(g; Uj� � 1A):

Obviously h(Y jX ) � e� (� ) by de�nition. Furthermore, we show

Lemma 6.2. If � : Y ! X is a factor map from (Y ,g) to (X ,f ) then

h(Y jX ) = 0 ( ) � is u. e:p:

Proof. \ ) " Pick " > 0 and � > 1. Let U be a �nite open cover of Y with
mesh(U) < " . Since h(Y jX ) = 0, we can �nd a �nite open cover A of X with
h(g, Uj� � 1A) < log� . We can �nd N so that for all n � N ,

N (Un j(� � 1A)n ) < � n : (� )

Let � > 0 be a Lebesguenumber for A . Given x 2 X and n � N , there is
an element A 2 A n containing the ball B = f x0 2 X jdf

n (x0,x) < � g, and pick
E � Vn;� (x) a maximal (n," ) - separatedset for g, noting that

Vn;� (x) = � � 1B � � � 1A:

Since mesh(U) < " , distinct points of E belong to di�eren t elements of Un , so

N (Un j� � 1A n ) � # E = maxsep(n; "; Vn;� (x)) :

Then (*) shows that � is u.e.p.
\ ( " Given U and � > 1, let 3" be a Lebesguenumber for U. Let N and �

be asin De�nition 5.5. Let A be a �nite open cover of Y with mesh(A) < � . Fix
n � N . Given an element A 2 A n pick a point x 2 A. Then � � 1A � Vn;� (x).
Let E � Vn;� (x) be (n," ) - separated with cardinalit y maxsep(n," ,Vn;� (x)).
Then E is (n," ) spanning - i.e. the sets

Fy := f w 2 Y jdg
n (w; y) � "g; y 2 E

cover Vn;� (x) and thus � � 1A. Each set Fy is contained in a single element
of Un , so � � 1A can be covered by at most # E = maxsep(n," ,Vn;� (x)) sets.
Therefore N (Un j� � 1A) � � n for all n � 1, and h(Y jX ) � log� . The result
follows by letting � ! 1. �

We now can easily prove
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Prop osition 6.3. Any asymptotically h-expansive homeomorphism of a compact
metric space has entropy points.

Proof. Let g : Y ! Y be the subshift given by Theorem 6.1. By Corollary 5.4,
E(g) 6= ; , and by Lemma 6.2 the projection � is uniformly entropy preserving,
henceby Proposition 5.8, ; 6= � (E(g)) � E(f ). �

Theorem 6.4. For f : X ! X any asymptotically h-expansivemap on a compact
metric space, E(f ) 6= ; .

Proof. By restricting to the eventual imagewe may assumethat f is onto. Let
f̂ : X̂ ! X̂ be the natural extensionof f . Given " > 0, pick � > 0 such that for
any x̂ 2 X̂

� S(f̂ ; x̂; � ) � S(f ; � (x̂); " )

so that for all x̂ 2 X̂ and all � 0 � �

htop (f̂ ; S(f̂ ; x̂; � 0)) � htop (f̂ ; S(f̂ ; x̂; � ))

� htop (f ; � S(f̂ ; x̂; � )) � htop (f ; S(f ; � (x̂); " )) :

Taking the supremum over x̂ 2 X̂ and the limit as " ! 0, it follows that f̂
is asymptotically h-expansive, and so E(f̂ ) 6= ; by Proposition 6.3. But then
Proposition 5.8 gives ; 6= � (E(f̂ )) � E(f ). �

7 Examples

In this sectionwepresent examplesin which the variouskinds of \entropy points"
de�ned earlier fail to exist, and we give an example where hp(f ) 6= hm (f ).

Example 7.1 A surjective map f : X ! X on a zero dimensional space X
with hp(f ) = 0 < hm (f ).

We shall de�ne f : X ! X as a zerodimensional factor of a two-sidedsubshift
g : Y ! Y . Let A := f 0,1,2,3,4g and endow AZ and AN� N with the product
topology of the discrete topology on A. Denote by g : AZ ! AZ the left shift map
and by f : AN� N ! AN� N the left shift map on rows, that is (f x)m;i = xm;i +1

for m, i 2 N. Now de�ne a map � : AZ ! AN� N by � y = x, where y = (yi ) i 2 Z

and x = (xm;i )m;i � 0, and

xm;i = yi if yi 2 f 3; 4g while xm;i = yi � m if yi =2 f 3; 4g:

The map � is continuous and � � g = f � � , since (� y)m;i is determined by
yi � m and yi . Now for n � 1 and w 2 f 1,2gn let yn;w 2 AZ be the point
w1 0n (34n )1 with yn;w

� 1 = 0 and yn;w
0 = 3. Let Y be the closureof the set

f gk yn;w jk 2 Z; n � 1; w 2 f 1; 2gn g

and X = � (Y ). From now on we mean by � the map � jY : Y ! X .
We now show that f : X ! X has hm (f ) � (1=2)log2. Let � > 0 be so

small that x, x0 2 X with x0;0 6= x0
0;0 implies d(x,x0) � � . For n � 1 let

y = l im k !1 gk(n +1) yn;w , the point (34n )1 2 Y with y0 = 3. For w 2 f 1,2gn
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let xw := � g� 2n yn;w . Then f 2n xw = � yn;w = � y. Note further that for w 6= w0

there is some 0 � i < n so that (xw )0;i 6= (xw 0
)0;i and thus x = � y satis�es

maxsep(2n," ,f � 2n x) � 2n for each " < � . This shows hm (f ) � (1=2)log2.
Next we show that hp(f ) = 0. Since maxsep(n," ,f � n x) � # f � n x it su�ces

to show that c(x) := GRf # f � n xg = 0 for all x 2 X . We have v 2 f � n x and
u 2 � � 1v ) x = f n v = f n � u = � gn u and so gn u 2 � � 1x. Thus

(1) # f � n x = # f � uju 2 g� n � � 1xg � # � � 1x.

If x0;i =2 f 3,4g for some i � 0 then for any y 2 � � 1x we have yk = x0;k for all
k � i and yk = x i � k ;i for k � i . Thus # � � 1x = 1, and from (1) we have

(2) x0;i =2 f 3,4g for some i � 0 implies # f � n x = 1 for all n; thus c(x) = 0.

Now consider x with x0;i 2 f 3,4g for all i � 0. Let y 2 Y with � y = x. We
distinguish three casesaccording to the number of 30s. If # f i � 0jx0;i = 3g � 1
then # f i 2 Zjyi = 3g � 1 also, since otherwise y[k,1 ) = (34n )1 for some
k 2 N and n � 1. Thus y is in the orbit of one of the points 41 , 01 341

or 41 341 . If yk = 3 for some k < � n then � y = x = 41 and thus by (1)
# f � n x � # f u 2 g� n � � 1xjuk = 3 ) k � � ng and therefore

(3) # f i � 0 j x0;i = 3g � 1 ) # f � n x � 2n + 1 for all n and thus c(x) = 0.

Finally if # f i � 0jx0;i = 3g � 2 then pick i � 0 and n � 1 such that
x0;i = x0;i + n +1 = 3 and x0;j = 4 for i + 1 � j � i + n. Then y[i ,i + n + 1] = 34n 3
and thus either y is in the orbit of the point (34n )1 or y = gk yn;w for some
k � 0 and some w 2 f 1,2gn . Thus x0;0 = 4 implies # f � 1x = 1. If x0;0 = 3
and v 2 f � 1x with v0;0 6= 4 then each u 2 � � 1v equals g� 1yn;w for some
w 2 f 1,2gn , and if v0;0 = 4 then (v0;i ) i � 0 = 4(34n )1 . Thus # f � 1x = 2n + 1
and by (2) we have # f � m x � m � (2n + 1), hence c(x) = 0. �

Example 7.2 A homeomorphism which has no " - entropy points for "
su�cien tly small.

For n = 1, 2, : : : let Sn � f 0,1gZ be the subshift with forbidden words
Vn := f 1n +1 g. Then it is straightforward to establish the inequality

n
n + 1

log2 � htop (Sn ) �
1

n + 1
log(2n +1 � 1)

so that htop (Sn ) < log2 and l im n !1 htop (Sn ) = log2. Let Un � f 0,1gZ be the
�nite orbit of the point un = (10n )1 which has un

0 = 1. Finally let U0 = f u 2
f 0,1gZj# f i 2 Zjui = 1g � 1g and put S0 := U0. Let U :=

S 1
n =0 Un . Then U is

closed. We denote the nth row of a point x = (xn;i )n;i 2 N� Z 2 f 0,1gN� Z by xn ,
that is

xn = (xn;i ) i 2 Z 2 f 0; 1gZ:

Then for n 2 N let

X n := f x 2 f 0; 1gN� Zjx0 2 Un ; xn 2 Sn and x i = 01 for all i 2 N � f 0; ngg

The set X :=
S 1

n =0 X n is closed. Let f : X ! X be the left shift, that is
(f x)n;i = xn;i +1 for x = (xn;i )n;i 2 N� Z 2 X . Note that f jX 0 : X 0 ! X 0 is
conjugate to the subshift U0 and for n � 1 the map f jX n : X n ! X n is
conjugate to the subshift Un � Sn . Since maxsep(n; � ,X ) � # Wn (Um � Sm ) for
all � > 0 small enough,htop (f ) = l im m htop (Um � Sm ) = log2.
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Let d be a metric on X generating the product topology of the discrete
topology on f 0,1g. Fix " 0 > 0 so that for any x, y 2 X

x0;0 6= y0;0 ) d(x; y) > " 0:

Now let 0 < " < " 0 and x 2 X . Then x 2 X n for some n � 0. If y 2 X with
d(f i x,f i y) � " for all i � 0 then x0;i = y0;i for all i � 0 and thus y 2 X n

as well. Thus S(f ,x," ) � X n and therefore, since f (X n ) = X n , hs(f ,x," ) =
hs(f jX n ,xn ," ) � htop (f jX n ) and thus hs(f ,x," ) � htop (Sn ) < log2 = htop (f )
which shows that x is not an " - entropy point. �

Example 7.3 A factor map � : Y ! X from g : Y ! Y to f : X ! X with
E(g) 6= ; but E(f ) = ; .

We adopt the notation of Example 7.2. First we de�ne for each n = 1, 2, : : : a
factor map from the full 2-shift to the subshift Sn via the n + 1 block map that
assignsto each word of length n + 1 its �rst letter, provided someletter in the
word is 0, and assignsto the word 1n +1 the letter 0. This map is a retraction -
it equalsthe identit y on Sn .

Now form a set Y of arrays like the set X in Example 7.2, but using the
full 2-shift in place of the subshift Sn for n � 1. The factor maps de�ned above
induce a factor map from the shift g : Y ! Y to the shift f : X ! X and
htop (g) = htop (f ). For n � 1, every point of Yn is an entropy point for g, so we
have the required example. �

Example 7.4 A homeomorphismwhich has " - entropy points for each " > 0,
but no entropy points.

Again X will be a closedsubsetof f 0,1gN � Z and f will be the left shift map
on rows. We usethe notation, the subshifts Sn and U(n) := Un and the set X 0

from Example 7.2. Let P := f n 2 Njn � 2 prime g. For p, k 2 P let

X p;k := f x 2 f 0; 1gN� Z jx0 2 Up; xp 2 U(pk ); xpk

2 Sk and

x i = 01 for all i 2 N � f 0; p;pk gg:

Then the set
X :=

[

p;k 2 P

X p;k [ X 0

is closedand the left shift map on rows f : X ! X is a homeomorphismwith
htop (f ) = l im k htop (Sk ) = log2 with an argument as in Example 7.2. Let " > 0.
Fix p 2 P so large that for any x, y 2 X

xn;i = yn;i for 0 � n < p and � p � i � p implies d(x; y) < ":

Let x 2 X p;p with x0;0 = 1. We show that x is an " - entropy point for f .
Fix k 2 P. Consider y 2 X p;k with yp;0 = 1. Then y0 = x0 and x i = yi = 01

for 1 � i < p. Thus d(f i x,f i y) � " for all i , and in particular y 2 S(f ,x," ).
It follows that f z 2 X p;k jz0;n = 1g � f � n S(f ,x," ) is a set of entropy htop (Sk ).
Therefore we have hs(f ,x," ) � l im k htop (Sk ) = log2 = htop (f ) and x is an " -
entropy point.
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To show that f has no entropy points �x x 2 X . If x 2 X 0 then pick " 0 > 0
so that for all u,v 2 X

u0;0 6= v0;0 ) d(u; v) > " 0:

Then for 0 < " < " 0, y 2 S(f ,x," ) implies y 2 X 0 and thus hs(f ,x," ) = 0 <
htop (f ). If x 2 X p;k for some p, k 2 P then choose " 0 > 0 so that for all
u,v 2 X

u0;0 6= v0;0 or up;0 6= vp;0 ) d(u; v) > " 0:

Then for 0 < " < " 0, y 2 S(f ,x," ) implies yp = xp and so y 2 X p;k since p is
prime and xp 6= 01 . Thus hs(f ,x," ) � htop (Sk ) < htop (f ). �
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