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ABSTRACT We study the relation between topological entropy and the dis-
persion of preimages. Symbolic dynamics plays a crucial role in our investigation.
For forward expansive maps, we showv that the two pointwise preimage erntropy
invariants de ned by Hurley agreewith ead other and with topological entropy,
and are re ected in the growth rate of the number of preimagesof a single point,
called a preimage growth point for the map. We extend this notion to that of an
ertropy point for a system, in which the dipersion of preimagesof an " - stable
set measurestopological entropy. We show that for maps satisfying a weak form of
the speci cation property, every point is an entropy point, and that every asymp-
totically h-expansive homeomorphism(in particular, every smooth di eomorphism
of a compact manifold) has entropy points. Examples are given of maps in which
Hurley's invariants di er, and of homeomorphismswith no entropy points.

1 Basic Notation and Statemen t of Results

The formulation by Bowen and Dinaburg [Bow71, Din70] of topological entropy
hip (f) for a continuous map f of a compact metric space X to itself can
be summarized (following [Bow78, p.17]) in an intuitiv ely appealing way. Imagine
studying X with measuremets of high, but not absolute, resolution - points of
X can be distinguished i they are at least some xed " > 0 apart. Count the
number of distinct points we can detect. Now let the map f acton X, and repeat
our measuremets. Somepreviously indistinguishable points may be pushedapart
by f, sothe number of points we can detect grows over time. The rate at which
this number grows is an indication of the dynamic complexity of f.

The apparert time-asymmetry of this formulation is illusory for an invertible
system, sincefor any homeomorphism hiop (f 1) = hiep (f ). It is lessclear how to
\rev ersetime"in a generalsystem,and a number of di erent entropy-lik e invariants
based on the preimage structure of a map have been formulated and studied in
recernt years[LW91, LP92, NP99, Hur95].

In this paper, we considera pair of suc invariants formulated by Hurley [Hur95].
We nd that for forward expansive maps, both invariants agreewith hp (f) andin
fact are captured by the preimagestructure of a single point, which we call a preim-
agegrowth point. This obsenation suggestso usthe possibility of \lo calizing" the
ertropy of a more general class of maps - including some homeomorphisms- by
reinterpreting and extending Hurley's invariants in terms of the preimagestructure
of stable sets. We are able to establishthat when X has nite covering dimension,
this invariant agreeswith hyp (f), and when f is asymptotically h-expansive there
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exists an ertropy point whose " - stable setsyield our invariant. In particular,
this appliesto C! di eomorphisms of a compact manifold.

We would like to thank Manfred Denker for useful corversations concerning
some of this material, and the third author thanks the Institut fur Mathematis-
che Stochastik, Georg-August Universitat Gettingen for its hospitality, and, along
with the Deutsche Akademistie Austauschdienst, for its support of two visits to
Gettingen during which much of this project was carried out.

Throughout this paper, f is a continuous map of a compact metric space X
to itself. We denote the basemetric on X by d, but we will consideralso the
Bowen-Dinaburg metrics generatedby f,

df (% y) = maxg i<« d(f'x; fly):

For ">0and n2 N=1f0;1,2;::gn 1 asubsetS X is (n,") - separated
(with respectto f) if distinct points are spacedat least " apart when using the
metric df, :

x;y2Sx6y) dy(xy)>"

Compactnessputs an upper bound on the cardinality of any (n,") - separatedset
in X; for any subset K X, let

maxsep(n;"; K) = maxf#SjS K and S is (n;") - separatedy.

It is reasonableto expect the numbers maxsep(n,",K) to grow roughly expo-
nertially with n; we can take the exponential growth rate of any sequence
fcongn 1 ofreals ¢y O

GRfc,g:= limsupnin %Iogcn

(with log0 := 1 ). Topological entropy (originally formulated in terms of open
covers[AKMG65]) is characterized by Bowen [Bow72] and Dinaburg [Din70] as

hiop (f) := lim+; (GRfmaxsep(n;"; X)g:

It is well known that hyp (f) is aninvariant of topological conjugacy- in particular,
replacing d with any equivalent metric leads to the same value for hp (f).
Furthermore, if f is invertible, then S is (n,") - separatedwith respect to
f i f" 1S is (n,") - separatedwith respectto f !, yielding the equality
hiop (f) = hiop (f 1) for homeomorphisms.

When f is not invertible, the \in verse"is set-valued, yielding the preimageset
for n O,

f "x:=1fz2 Xjf"z= xq:

Hurley's invariants [Hur95] try to measurethe maximum rate of dispersal of the
preimagesetsof individual points; they are called pointwise preimage entropies
in [NP99]. The di erence betweenthesetwo invariants is when the maximization
takesplace:

hm (f) := lim+; oGRfmaxy,x maxsep(n;"; f "

ho(f) :

x)g
supx2x lim- oGRfmaxsep(n;"; f "x)g



The inequalities
ho(f)  hm(f)  hip(f)

are clear; Hurley alsofound a generalupper bound for hyp (f) in terms of hy (f)
and a secondinvariant [Hur95]. For f ahomeomorphism,the pointwise preimage
ertropies are automatically both zero (and soin general, di erent from hyp (f)).
It was not known whether these preimage ertropies ever di er from ead other; in
Section 7 we construct an example for which they do:

Example 7.1 There exists f : X | X continuous, X a zero-dimensional
compact metric space,for which hy(f) = 0 and hp,(f) > 0.

However, we nd that these pointwise preimage entropies agreefor a signi cant
family of maps. A map f : X | X is forward expansive with expansiveness
constat c¢> O if

x;y2 X with d(f"x;f"y) ¢ forall n2 N implies x = y:

This condition is independent of the basemetric d.

Our rst main result is that for forward expansive maps, both preimageertropies
agreewith topological entropy, and there is a point whose preimage sets grow at
precisely this rate. The statemert can be made clearer if we note that if f s
forward expansive with constart c¢ then for every x 2 X and n 1 the set
f "x is (n,") - separatedfor any 0< " < ¢, sothat maxsep(n,",f "x) isjust
the cardinality #f "x:

Prop osition 4.5. Let f : X ! X be forward exmnsive with hy, (f) = log .
Then thereis x 2 X with #f "x " for all n andin particular

hp(f) = hm (F) = higp (F):

Wewill callapoint x 2 X with GRf#f "xg= hyp(f) apreimage growth
point for f.

The proof of hn,(f) = hyp (f) is basedon the combinatorial Lemma 2.1, while
the proof of hp(f) = hyp (f) follows from the more general Theorem 4.1. For
that note that preimage setsunder a homeomorphismare singletons, so preimage
ertropy is automatically zeroin this case.However, a modi cation of the de nitions
of preimageentropy yields a nontrivial extensionto a classof mapsthat alsoincludes
somehomeomorphisms. Recall that, given " > 0,the " - stable setof x under
f is the set of points whoseforward orbit " - shadowsthat of x :

S(f;x;") = fy2 Xjd(f "x;f"y) " forall n=0;1;2;:::0:

The preimagesof these setscan be nontrivial and hencecan disperseat a nonzero
exponertial rate. Given x 2 X and " > 0, considerthe dispersal rate

hs(f;x;") := lim | oGRfmaxsep(n; ;f "S(f;x;"))g:

We show that forward expansive maps exist only on nite-dimensional spaces
(adapting an argumert of Mare). Then we show that in any nite-dimensional

space,the topological entropy of a map can be calculated in terms of dispersion of
preimagesof " - stable sets.
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Theorem 4.1. If f :X ! X s continuous and X is a compact metric space
of nite covering dimension, then

supxz2x hs(f; % ") = hip (f) for all " > 0:

(We don't know whether the nite-dimensionalit y hypothesisis necessary) This
result leadsto two extensionsof our earlier notion of preimage entropy point. For
">0 wecal x2X an " -entropy point for f if hs(f,x,") = hp(f); it is
simply an entrop y point if lim« ohs(f ,x,") = hyp(f) (Note in particular that
this impliesthat f "x 6 ; for all n). Since hs(f ,x,") is decreasingin ", an
ertropy point isan " - entropy point for eadh " > 0. Note that while the notion of
" - entropy point dependson the choice of metric, that of entropy point doesnot.
For forward expansive mapsany preimagegrowth point isan " - entropy point for
all suciently small " > 0. Therefore by Proposition 4.5 forward expansive maps
do have entropy points. Examplesin Section 7 shaw that in generalthe existence
of " - entropy points for eadh " > 0 is not automatic, nor does sud existence
for all " > 0 guarantee the existenceof an erntropy point. However, we are able
to establish the existence of entropy points for maps which satisfy a very weak
speci cation property (De nition 3.1), aswell asfor a large classof maps, de ned
by Misiurewicz [Mis76] (extending ideas of Bowen [Bow72]), as follows.

One can apply the calculations involved in de ning topological entropy to any
subset K X. Let

hiop (f; K) := lim 1 (GRfmaxsep(n; ;K)g:

Bowen [Bow72] calls a map h-expansiv e if supyzx hwp (f,S(f ,x,")) = 0 for some
" > 0, while Misiurewicz [Mis76] calls f asymptotically h-expansiv e if

lim= osupx2x hiop (f; S(F;x;")) = O

A map is asymptotically h-expansiwe preciselyif its topological conditional entropy
vanishes[Mis76]. Every C! dieomorphism of a compact mainfold to itself
has this property [Buz97]. Then applying to the natural extension a result from
[BFFO02], that any asymptoatically h-expansive homeomorphismis a factor of some
two-sided subshift, together with Proposition 2.2, we establish that any asymptot-
ically h-expansive map has entropy points.

Theorem 6.4. If f is anasymptotically h-expansive map then there exist entropy
points for f (evenfor the map restricted to its eventualimage).

Proofs of these results involve the interplay between symbolic and topological
dynamics.

Recall the de nition of the two-sided full shift on N symbols: let A be an
\alphab et" with N \letters" (that is A = f1,2,,::,Ng) and form the space A?
of bisequencesx = (Xj)i2z, Xj 2 A with the product of the discrete topology on
A. This is a compact metric space. The shift map g: A% ! AZ dened by (gx); =
Xi+1 forall i 2 Z is a homeomorphism.A two-sidedsubshift is the restriction of
g to someclosedsubset X  AZ with gX = X. If we denote the subwords of
x 2 A% by x[n,m]:= XpXp+1 :::Xm for n m, atwo-sided subshift can always
be specied by alist V of \forbidden words":

X2X () x[n;m]zV forall n m;



Any subshift is expansive: for some ¢> 0 we have
x;y 2 X with d(g"x;g"y) c forall n2Z implies x=vy:

Truncation of negative-index ertries givesthe one-sidedfull shift on N symbols
f : AN AN which is a factor of g but is N -to-one instead of a homeomorphism.
A one-sidedsubshift is the restriction of f to aclosedset Y AN with fY Y (
a one-sidedsubshift neednot be onto). It is always forward expansive. A one-sided
subshift is a factor of sometwo-sidedsubshifti fY =Y.

The various entropy invariants reduceto counting words in the caseof subshifts.
It is well known that the topological entropy of a subshift f : X | X, one-sidedor
two-sided, equals GRf# W, g, where W, is the set of admissible words of length
n, i.e. the set of words of length n which occur as subwords in somepoint of X.
Similarly, if f is a one-sidedsubshiftthen f "x = fwxjw 2 W, and wx 2 Xg.
This is captured in the n™ predecessor set of x 2 X, de ned as

Pn(x) == fw2 Whjwx 2 X g:
Expansivenessimpliesthat f "x is (n,") - separatedfor all small " > 0 and so
hm (f) = GRfmaxyax # Pn(X)g and hp(f) = supxox GRf# P, (x)g:

We begin with a tree lemma and useit to prove the existenceof preimage growth
points for one-sidedsubshifts:

Prop osition 2.2. Let f : X I X be a one-sidel subshift (not necessarily onto)
with  hp (f) = log . Then thereis x 2 X with

# Pn(x) " foral n 1L

In particular x is a preimagegrowth point for f and hy(f) = hn (f) = hyp ().

This implies that two-sided subshifts do have entropy points. The refereehas
pointed out to us, that using a conditional Breiman theorem and disintegration of
measuresone can show that for subshifts the set of entropy points has measurel
with respect to eadh measureof maximal entropy. So from a measuretheoretical
point of view, the set of entropy points is always large.

There are, however, syndhronized subshifts which are not shifts of nite type,
having a set of entropy points being a shift of nite type. In this casethe set of
ertropy points is the support of the uniqgue measure of maximal entropy. Thus
the set of entropy points is topologically small, namely rst category, and not even
revealsthe non-shift of type nature of the syndironized shift. This examplewill be
givenin a forthcoming paper.

We shall prove Proposition 2.2 by a simple combinatorial argumert. In Section
4 we extend this result to forward expansive maps.

2 Preimage Growth Points
In this sectionwe establishthe equality hy(f) = hn (f) for any forward expan-

sive map, and shaw that in the particular caseof onesidedsubshiftstheseinvariants
agreewith hyp (f). This is done by nding a point for which the preimage sets
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grow at the required rate. Both results are applications of a result on the growth
of branchesin a tree.

A tree rooted at vy is a directed graph T = T(vp) with a distinguished
vertex Vo (the root) such that for every vertex v2 V(T) of T thereis a unique
path from vy to v; the number jvj of edgesin this path straties T into levels:

Vi (vo) = fv2 V(T)jjvj = kg;k 2 N:

For any vertex v 2 V(T), we cantake v asthe root of the subtree T(v) whose
vertices can be reached from v; the levels V(v) of this subtree are numbered
relativeto v, so

Vie(v) = V02 V(T (W)jivd = jvj + kg:
Note that # Vi (v) is the outdegreeof v in T. Our result says that a lower bound
on #Vy (Vo) vyields avertex v 2 V(T) for which the sizes # Vi (v) of all (low)
levelsin the assaiated subtree can be a priori estimated from below:

Lemma 2.1 (Tree Lemma). Supmse T = T(vp) is a tree all of whosevertices
have outdegree at most M, with # Vy (Vo) > N for some N 2 N and 1
Then for every 1 k N satisfying

My s ZWOO)

there existsa vertex v 2 V(T) suchthat
#Vi(v) " for 1 i k
Proof. Deleting all verticesin levels n < N which do not lead to a vertex in
level N, we obtain a tree (again called T) with no deadendsat any level n < N,
but still with # Vy (Vo) > N. Supposethe statemert of the lemma is not true -

that is, for some 1 k N satisfying (*) and every vertex v 2 V(T) thereis
an integer k(v) k sud that

# Vi (v) < KW ()

Let
W :=fv2V(T)JN k<jvy Ng
Set Yo = fvog and de ne subsets Y; V(T) inductively by

Yier = (\ W) [ Vi(uy (U):
u2Yj nWw
We claim the numbers X
|] = iyi
y2Yy;
are nonincreasingin j : to seethis, note that
X . X X .
ljs1 = jowi g i vj
w2Yj\ W U2Yj JuZW v2 V() (u)
X . X .
= iowjg # Vi (uy (U) (k(u)+ juj)
w2Y;\ W u2Yj;uzw
X X .
iowi g juj

w2Yj\ W u2Yjuzw

|j2
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The inequality in the third line is strict, if Y;.+1 6 Yj, by (**). Since k N we
have I; 11 <lg=1 forall j 1. Now since k(u) k N the sets Y; are
cortained in the nite setfv2 V(T)jjvj Ng,andif minfiuju2 Yjg=n N K
then minfjujju 2 Yj+1 9> n; thusfor some J wehave Y; W and hence
Y;+1 = Yj. By construction, for any j and v 2 Vy(vo) the path from vy to
v hits a unique vertex in Y;. Since k(u) k wecan nd for every v 2 Vy (Vo)
some u2Y; sothat v2 Vyj(u) and N juj< k. Therefore

X X X M
# W (Vo) = #Wnj uj(u) MNT W= (NT D ()N Tl
uz2y, uz2yYy; uz2y,
N A/
(N uj) w:#vﬁ,(v@) I3 < #Vn (Vo):
UZYJ

where the inequality comesfrom (*) and the strict inequality from 1; < 1; but
this cortradiction provesthe lemma.

We apply the Tree Lemmato establishthe existenceof preimage growth points
(and thus alsoentropy points) for any one-sidedsubshift. We usethe notation from
Section 1.

Prop osition 2.2. Let f : X I X be a one-sidel subshift (not necessarily onto)
with hyp (f) = log . Then there exists x 2 X suchthat for all n 1

#f "x= #Pn(x) n:
In particular, x is a preimagegrowth point for f, and
hp(f) = hm (f) = hiop (f):

Proof. We will denote # W, by h,, #Pn(X) by ' ,(x) andfor w2 Wy let
"n(w) denote #fu 2 Wjjuw 2 Wy g. By compactnessthere is x 2 X with
"n(x) 1 forall n, sowecanassume > 1. Since hyp(f) = GRf#W,g and
the sequencef b, g is submultiplicativ e, its growth rate is anin m um; in particular
b, " forall n 1. Pick asequencef g strictly increasingto  with 1> 1.
For each k thereis N (k) k sudc that

Ryer (v (),
k k

P
Fix M 1. Foreah n 1, since "*M bhem = " n(w) there existsa
W2WM

word wp, 2 Wy with " (wy) n+M=h, "=hy . Note that this last fraction
grows fasterthan p,, for any xed k, and sosince W, is nite, there exists
w2 Wy and n(k) N(k) satisfying

o) 1 forall ki ()

Form atree T := T(w) with V,(T) = P,(w) and an edgefrom 2 P,(w) to
2 Ppeg(w) i = a forsome a2 W; andfor eah a2 Pi(w) thereis an
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edgefrom w to aw. All verticeshave outdegreeat most by and Vi(T) =" i(w),
so(*) and (**) give
by 1 # Ve (T),
_k) n(k) -
k

(

Thus the Tree Lemma appliesto give for eadh k avertex vx 2 V(T) with
#Vi(w) L for 1 i k

Note that wxw 2 W,,,j+m . Passingto a subsequencek;, we can assumethat all

Vk; W beginwith the sameword v2 Wy . Fix i 2 N. Thenfor all j with k; i

wehave 'i(v) "i(viqw) = #Vi(v) | andthus 'i(v) '. Sofar, wehave
found foreach M 1 aword vy 2 Wy with " i(vm) " for all i. Passingto

a subsequencewe can assumethat theseare initial words of a convergern sequence
of points in X with limit x 2 X. Since ' ,(X) = limpy ' L(x[O,M)) and
" n(X[0,m)) "n(vm) if x[O,m) is an initial word of vy, the limit point X

satis es the condition required by the proposition.

The equality hp(f) = hy (f ), which holds for onesidedsubshiftsby the preceding
result, can fail for a surjective map on a zero dimensional space (Example 7.1).
However, we can formulate general conditions which guarantee that it holds.

Amap f : X ! X hasuniform separation of preimages if for some " > 0,
d(x,y) " and fx = fy implies x = y. This hastwo consequencesforany n 1,
the preimageset f "x is (n, ") - separated,and its cardinality ' (x) := #f "X,
asafunction of x 2 X, isuppersemicortinuous: ' (x) limsup;' n(X;) whenewer
Xxi ' X. To seethe latter, suppose ' ,(xi) = k for all i. Let fz.q, :::,
zixkg="f "x; for i=1,2,:::; passingto a subsequenceve can assumethat for
ead j the sequencez;; corvergesto z 2 f "x. But for j 6 j° d(zij ,zijo) > "
forall i) d(z.,zo) ".Thus 'n(x) k.

Note in particular that every forward expansive map has these properties. We
establish hy(f) = hm (f) whenewer f hasuniform separation of preimages. The
core of the argument is that upper semicorinuity of ' ,(x) for every n 1
implies the existenceof a point with GRf' ,(x)g = hy, (f). Recall that an upper
semicornin uousfunction achievesits maximum on any compactset, and if ' 1(x)

M forall x2 X then ',(x) M".

Prop osition 2.3. Supmse f : X | X is continuous and each of the functions
"n(x) = #f "x is upper semiontinuous. If hn(f) = log , then there exists
X 2 X with

"n(x) " for all n:

Proof. The proposition is trivial if = 1, sinceany point in the everntual image
\ f"X works;soassume > 1. Set a, := maxx2x ' n(X); the sequencefa,g is
submultiplicativ e, so log = inf ,(loga,)=n and hence a, " for each n. Fix
a sequencef g strictly increasingto with 3 > 1, and note that for eac
k wecan nd N(k) k sud that (a;= )k * an (k)= {:‘(k). Pick xx 2 X
with ' () (Xk) = an k), and form atree Ty rooted at xx with Vi(Ty) = f Xk
and an edgefrom f(z) to z. The Tree Lemma gives zx with ' i(zk) I for
1 i k,sotheset X¢ :=fx2 Xj i(x) L for 1 i kg is nonempty, and
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closed (by upper senﬂiconinuity of the '). Since k+«1 > «, xk*’F Xk and
so by compactness |, ; Xk 6 ;. Since ! ,any point x2 |, ;X has
"n(X) N for all n.

Using the fact that f "x is (n,") - separatedif f hasuniform separation of
preimages,we obtain as an immediate corollary

Corollary 2.4. If f : X I X is continuous with uniform sepration of preimages
(in particular, if f is forward exmnsive)and hy,(f) = log , then there is a point
X 2 X with

#f "x " for all n

and in particular
hp(f) = hm (f)

In Section 4 we will seein fact that hp(f) = hyn(f) = hyp(f) for forward
expansive maps.

3 Entrop y points

In this sectionwe study the set E(f) of entropy points foramap f : X ! X.
Proposition 2.2 shaws that this set is nonempty for any one sided subshift. A
natural questionis, how large can E(f) bein general?

A non-mixing version of weak speci cation [DGS76, Dfn 21.1]is that for every
> 0 thereis N(") 2 N sudc that, given any pair of points x,y 2 X and n,
m 1 there existsapoint z2 X andintegers 0 Kk, | < N(") suc that

d (y;z) " and d (x;f""*z) " and fPz=z where p=n+k+ m+ |

A weakening of that de nition implies E(f) = X.

Denition 3.1. Themap f : X ! X hasthe very weak speci c ation property if
for every " > 0 thereis N(") 2 N suchthat, given any pair of points x, y 2 X
and n, m 1 thereexistsa point z2 X andaninteger 0 k< N(") such
that

d (y;z) " and df (x;f"*kz) ™

Prop osition 3.2. For any continuous map f : X ! X with the very weak
speci ¢ ation property, hs(f ,x,") = hyp(f) for every x 2 X andevery " > 0. In
particular f is surjective and E(f) = X.

Proof. By compactnessfor every pair of points x,y2 X andn 1 and "> 0
there exists 0 k< N(") andapoint z2f ("KS((f x,") with df(y,z) .

Now x x2 X," > 0,andgiven 0< < " let E, beamaximal (n, 3)
- separatedsubsetof X. Then for some k = k(n) with 0 k < N( ) there
isasubset F, E, with #F, #E,=N(); forewery y2 F, wecan nd
z=12z,2f (RS x,") with df(y,z) < . Then the set G, := fzyjy 2 Fhg is
(n, ) -separated,soalso (n+ k, ) -separated,and # G,, = # F,. Thus for each
n 1
maxsep(n; 3 ;X))

maxsep(n + k(n); ;f " X(Msgf:x;") &L
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Since k(n) N() for all n, this proves GRfmaxsep(n, ,f "S(f ,x,"))g
GRfmaxsep(n,3 , X)g. Taking ! 0 shaws hg(f ,x,") hip(f).

The induced action on the basic sets of Axiom A di eomorphisms is forward
transitiv e and has the pseudo orbit tracing property, which immediately implies
the very weak speci cation property. It is easily seenthat transitiv e shifts of nite
type (SFT) havethe non mixing versionof the very weak speci cation property and
that this property is presened under taking factors. Thus so ¢ shifts belong also
to the uncourtable classof subshifts with the non-mixing very weak speci cation
property. It is known that for subshifts the very weak speci cation property is
equivalert to the notion of speci cation. The sameargumert shows this is true also
for the non mixing versions. any subshift satisfying the non-mixing version of the
very weak speci cation property is synchronized. This is not true in general, since
any irrational rotation of the circle hasthe very weak speci cation property, too.

We know that E(f) 6 ; for (one sided) subshifts; we show that it can be a
proper subsetof X . In Section7 we give two examplesthat are even more extreme:
in general E(f) can be empty.

Example 3.3 A transitiv e subshift with ; 6 E(f ) 6 X.

Let A=f1, , g andlet C:=f1 " "jn 0Og. Let X A? bethe closure
of the set of points x 2 AZ which can be written as a biin nite concatenation of
wordsfrom C andlet f : X ! X bethe left shift map. Since f is expansiw,
for all small " > 0, hs(f x,")  GRf# P, (x[0,1 )g, so hs(f, 11 ,") = hyp(f) > 0
and hs(f ,x,") = 0 wheneer there is some n2 Z with Xx; = forall i n.If
X; 6 for innitely many i O then, given " > 0, thereis y 2 S(f ,x,") and
k < 0 with yx = 1. Since P,(y[k,1)) = P,(1') forany sudh y and n 1,
hs(f ,x,") = hs(f,11 ") = hiop (F).

In this examplethe set E(f) is aresidual set. However there are also transitiv e
subshifts, with  E(f) a nonempty setof rst category Furthermore, interesting is
how the sizeof the set E(f) is related to the existenceof a maximal measure.We
know exampleswith a nonempty set E(f ) which do not have a measureof maximal
ertropy, and there are examplesof in nite entropy, and so having a measure of
maximal entropy, with no entropy points. However, so far we do not know if in
the nite entropy casethe existenceof a measureof maximal entropy implies the
existenceof entropy points. Theseissueswill be treated in a forthcoming paper.

Lemma 3.4. Supmwse f : X ! X is continuousand A X is a subsetwith
f "A6; forall n2N. Thenforall "> 0

GRfmaxsep(n 1;";f "A)g= GRfmaxsep(n;";f "A)g:

Proof. The inequality is clear. To prove , cover X with openballs B,
::., By ofradius "=2,andfor E f "A set Exk=E\f "Bx,1 k r.If
E is (n,") - separatedthen eath Ex is (n 1,") - separated,and at least one
k satises #Ex #E=r; the desiredinequality follows.

Forany x 2 E(f), f T”x 6 ; forall n 0,so E(f) isalways contained in the
eventual range X1 =  ,f"X. However, we can say more.
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Prop osition 3.5. For any continuous map f : X ! X (not necessarily surjec-
tive) f(E(f)) = E(f).

Proof. The inclusion f(E(f)) E(f) holds because S(f x,") f 1S(f,fx,")
forall x 2 X and " > 0. To establish the opposite inclusion, (which is easyif
f is bijective) suppose x 2 E(f); by de nition the set f x is nonempty (and
of course compact). Now supposethat x is an entropy point. We construct a
preimage y which is an entropy point, too.

Claim Forall k> 0,f %x containsa 1=k - entropy point of f.

Proof of claim. Choosea nite subset E of K := f 1x sud that the open
balls B (z) ;= fy 2 Xjd(y,z) < 1=kg, z 2 E cover K, and let U denote
their union. Pick 0< < 1=k sothat f B (x) U, andgiven > O, for
n 1 pick F, amaximal (n, ) - separatedsubsetof f ("*1 S(f x, ); then
f"F, U and we can partition F, into sets F,, sothat f"Fp; B1-x(2)
foready z2 E. Since fz=x, < 1=k and F,, f (" S(f x, ), we obtain
Fn. f "S(f,z,1=k), and sofor eah z2 E

#Fnz maxsep(n; ;f ”S(f;z;%)) ()

Now, E is nite sowecanpick z2 E sudthat #F,, #F,=#E forin nitely
many n, hence GRf# F,.,g= GRfF,g. But since x 2 E(f), this together with
(*) and Lemma 3.4 givesfor eadr > 0 someelemen z 2 E (dependingon )
such that

GRfmaxsep(n; ;f ”S(f;Z::—kL))g hiop ()

and the niteness of E lets us pick z independert of | insuring that z isa
1=k - entropy point for f proving the claim.

But now, taking z« 2 f 'x a 1=k - entropy point, we can assumethat
z«! z2f Ix; given "> 0 thereis some k suc that S(f,z,1=k) S(f.z,")
which shovsthat z isan " - entropy point of f, hence z2 f x\ E(f).

When f is not surjective, one can compare the action of f on X with
its restriction g := fjx, to the eventual range: clearly g is surjective, and
hiop (f) = hiop(9), so E(g) E(f). Thesesetscan be dierent aswe will show in
a forthcoming paper.

4 Finite-dimensional  systems.

In this section we show that if X has nite covering dimension, then for any
cortinuousmap f : X ! X, supxzx hs(f ,x,") isindependert of " and equals
hiop (f ). (The supremum might not be attained, asshown in Examples7.2and 7.3.)
As a consequencewe establishthe equality hpy (f) = hip (f) for forward expansive
maps. We note in passingthat the analogousquartit y obtained by replacing the "
- stable set of x with the " ball about x can be shown to achieve a maximum
equalto hyp (f) by standard argumerts.
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If U isa nite cover of X, we de ne its mesh, mesh(U), with respect to
any metric asthe maximum diameter of its elemens. For any subset S X, the
multiplicit y of U on S is the number of elemeris of U intersecting S; the order
of U isits maximal multiplicit y on singleton sets S = fxg, x 2 X, and the star
order of U isits maximal multiplicit y on its own elemenis S 2 U. The space X
has covering dimensionat most n if there exist open coversof X with arbitrarily
small meshand order boundedby n+ 1. This notion is independen of the metric
used [Eng78, Thm 1.6.12]and replacing \op en"with \closed" givesan equivalent
condition [Eng78, Prop 3.1.3]. Finite covering dimension can be characterized by
the condition that X has open (equiv. closed)covers of arbitrarily small mesh
whoseorders (equiv. star orders) are bounded.

Theorem 4.1. If f :X ! X s continuous and X is a compact metric space
of nite covering dimension, then

supxzx hs(f; % ") = hp (f) for all " > O

Proof. Suppose X has covers of arbitrary small mesh whose star orders are
boundedby K.

Claim Let "> 0. Then supxox hs(f ,X,") hep(f) logK.
Proof. Pick 0< < "=2 andlet GRfmaxsep(n, ,X)g = log . Suppose

A = fA1,:::, Ang is a closedcover of X with mesh < and star order
K. A g|ven X 2 X has least oneﬁtmerary with respect to A. For any
y= ()i 02f1:::,Ng" dene (y):= [, f 'Ay; the set

Y =fy=(yi)ian2fL::5;NgY (y) 630

de nes aonesidedsubshift g:Y ! Y on N symbols. Since A hasmesh <
if x2 (y) and x°2 (y9 then d(f'x,f'x% > implies y; 6 y°. Thus the
number of allowed words for g satises #W, maxsep(n, ,X) and so

hiop(9) log:

Proposition 2.2 gives y 2 Y with #g "y " forall n 1; pick x2 (y)
and x n 1. Form E, X by picking apoint z2 (u) foreathh u2g "y.
For any such z2 E,,f"z2 (y), so,since A hasmesh < < "=2, we have

En f "S(f;x;"):

Since A hasstar order K, given u2 g "y the number of points v2 g "y
with Ay, \ A,, 6 ; forall O i< n isboundedby K". Pick > 0 sothat
Ai\ Aj =; implies d(A;,A;) > ; then

#g9 "y

maxsep(n; ;En) K

__\n.
()"
Thus,since E, f "S(f x,") and log = GRfmaxsep(n, ,X)g, we obtain

GRfmaxsep(n; ;f "S(f;x;"))g GRfmaxsep(n; ;En)g
GRfmaxsep(n; ;X)g logK
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and taking ! 0 givesthe claim.

Now, for "> 0 and m 1, uniform cortinuity gives ", > 0 sud that
S(f™;x;"m)  S(f;x;") forevery x2 X:

Gvenm 1and >0,forn 1let E, (f™) "S(f™,x,"m) bea maximal
(n, ) - separatedsetfor f™. Note that also E, f ™ S(f x,") isalso (mn, )
- separatedfor f. Thus

. . 1
hs(f;x;") lim | glimsupnin %Iog# En
1. 1 1
= Ehmsupn!l Hlog# E, = Ehs(fm;x; "m):

The claim (with f replacedby f™ and " by ") then gives

. 1
supxax hs(f;x;")  limmig oy SUPx2x hs(f™;%; "m)

. 1
limmu - —(hop (F™)  10gK) = hiep (F):

proving the theorem.

We adapt to forward expansive maps an argumernt of Mare [Mar79], to show
that if f : X I X is a forward expansive map on a compact metric space X
then X has nite covering dimension. The argumert yields a condition on orders,
but our application will usethe corresponding condition on star orders. For Mare's
argumert, it is useful to invoke an alternate formulation of forward expansiveness,
which follows from the usual one by uniform continuity arguments.

Remark 4.2 A continuousmap f : X I X on acompact metric spaceis
forward expansive with expansivenessconstart c®> 0 if and only if for every
0<c< c® andforevery "> 0 thereis N = N(") sudc that for all x,y 2 X

di (x;y)<c) dx;y)<™

The nite-dimensionalit y of a compactmetric spacecarrying a forward expansive
map follows from the following variation of Mare's argumert:

Lemma 4.3. Given f : X ! X satisfying the condition of Remark 4.2, suppmpse
X can be covered by n opensets U, :::, U, of di(czz) - diameter < c=2.
Then for all " > 0 thereis a cover of X by opensetsof d - mesh <" and
order at most n2.

Proof. Fix an integer M maxfN ("), N(c=2)g. For eadh pair of indices i,
j 2f1,:::,ng, dene
Ui;j = Ui\ f (M N(3) UjZ

We show that eadh Uj; is a disjoint union of open setsof d - diameter < ",
giving the required cover.
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On U; dene x y:() dIv, (x,y) < c. This relation is symmetric and
re exiv e; for transitivit y, note that d‘;\A (x,y) < ¢ implies

d(frx;f'y)<§ for r=0;:::;M  N(2)
but since fM N(=2x and fM N(=2y hoth belongto Uj, also
dif "x;f"y) < g for r=M N(§)+ :::;M 1

and hence d';vl (x,y) < c=2. The equivalenceclasseswith respect to are

Uy (x) = fy 2 Uy jdi, (x;y) < cg:

which are open setsof d - diameter <

This immediately yields

Corollary 4.4. If f :X ! X is a forward exmnsive map of a compact metric
spae X, then X has nite covering dimension.

The de nition of forward expansiveness(with expansivenessconstart c¢) is
clearly equivalent to the statemert that S(f ,x,") = fxg for every x 2 X and
0< " ¢ in particular hg(f x,") = GRf#f "xg and preimagegrowth points
are ertropy points. By Corollary 2.4, Corollary 4.4 and Theorem 4.1 we have

Prop osition 4.5. Supmse f : X ! X is a forward exmnsive continuous map
with hyp(f) = log . Then the set E(f) of entropy points is the same as the
(nonempty) set of preimagegrowth points for f, and thereis a point x 2 X with

#f "x " for all n

In particular
hp(f) = hm (f) = hiop (F):
5 Natural Extensions and Factor Maps
Recall that the natural extension of a surjectvemap f : X ! X s the
homeomorphism f*: X 1 X where X XZ is the spaceof \branches"of f !
X = fR= (R)i2z 2 X%jf & = Ris1 forall i2 Zg
endoved with the metric
N, X i
d@R;y) = 2 'd® ;% i)
i=0
and f" is the left shift map (f®); = ®i+1. The projecton :X ! X givenby

R := R is afactor map, that is a contin uous surjection satisfying f'=f
Note that for ®,92 X and n 1 we have

X 1 x
6((&1 1k;f"n 19)= 2 id(k‘n 1% 1)t 2 id(k‘n 1 3% 1)
i=0 i=n

2 d( % 9+2 ™ DdiamX:

Using uniform continuity of f* this yields
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Lemma 5.1. Given " > 0, there exists > 0 and m 2 N suchthat, for all

n md(R $< imples dFrg, fry) <"
We will show that entropy points for f lift to the natural extension.

Lemma 5.2. Supmse f : X | X is a continuous surjection of a compact metric
space. Then E(f)  (E(f)).

Proof. Suppose x 2 E(f). Using Proposition 3.5 we can nd an elemen
22 Ix sudthat ® , isan entropy point for every n 2 N. Given " > 0, we
wil nd i2N and > 0 sothat

hs(f32")  hs(fiR i ):
Using the fact that ® ; is an entropy point for f and taking limits as " and
goto O, wethen seethat R is an entropy point for "
Let > 0and m2 N asinLemma5.1.Now x i m. Then S(f % i,)
f* iS(f'\,fé,") sothat setting K, := fin 1S(f,2 i, ) wehave
Ko SR ()
and since s surjective
Kn=fl"S(fig ) ()

Given > 0 pick > 0 sothat d(¢, y9 < guarantees d( 9, y9 < . If
E isan (n, ) - separatedsubsetof K, then its preimagein K, is (n, ) -
separatedand has cardinality at least # E. It follows that for eadh n

maxsep(n; ;Kp) maxsep(n; ; Kp)
and taking limits as ! 0 and ! O yields
lim , oGRfmaxsep(n; ;Kn)g Ilim , ¢GRfmaxsep(n; ; Kp)g: ( )

Thus

hs(f’\;k;"): lim | (GRf maxsep(n; i nS(f'\;k;"))g
lim , oGRfmaxsep(n; ;Kn)g by (*)
lim , oGRfmaxsep(n; ; Kn)g by (***)
lim | oGRfmaxsep(n; ;f' "S(f;% i; ))g by (*
= lim , oGRfmaxsep(n; ;f"S(f;® i; ))g by Lemma3. 4:

The last quartity is hs(f R i, ).

Corollary 5.3. If f :X ! X is aforward exmnsive surjection and x 2 X is
a preimagegrowth point for f, then there is an entropy point ® 2 X for f* with
R = X.

Proof. Since f is forward expansiwe, preimagegrowth points for f areentropy
points.

A one-sidedsubshift is forward expansive, and so preimage growth points are
ertropy points. Therefore by Proposition 2.2, every one-sidedsubshift has entropy
points.
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Corollary 5.4. Every two-sided subshift has entropy points.

Proof. A two-sided subshift is the natural extension of its one-sidedprojection,
which is a one-sided subshift and thus has entropy points. Sinceit is onto, by
Lemma 5.2 this givesan entropy point in the two-sided subshift.

Toprovethat (E(f) = E(f) wewill introducea property which ensuresthat a
factor map takesentropy points to entropy points, and that the natural projection
hasthis property. Example 7.3 showsthat in generala factor map doesnot presene
erntropy points.

Denition 5.5. Supmse g:Y ! Y,f :X ! X arecontinuous (not necessarily
surjective) mapsof compact metric spaces Y and X, resgectively, and Y ! X

is a factor map. For n=1,2,:::, >0 and x2 X, set
Vo, ()= fy2 Yjd( (%) @
We say that is uniformly entropy preserving (u.e.p.) if for every " > 0 and

> 1 thereexists > 0 and N 2 N suchthat
maxsep(n;"; V. (x)) < " forall x2 X andall n N:

Standard argumernts show that this de nition is independert of the choice of the
metricson X and Y. We will show that the u.e.p. condition guaranteesthat
takeserntropy points to entropy points. First we establisha useful technical lemma.

Lemma 5.6. Suppse :Y ! X isau.e.p. factor mapfrom g:Y ! Y to
f:X ! X. For any sqguene K, of subsetsof Y,

lim-, oGRfmaxsep(n;"; Kn)g= lim-, (GRfmaxsep(n;"; Ki)g:

Proof. Forany " > 0 and > 1, pick > 0 and N asin the u.e.p.
condition. If E isamaximals(n,) - separatedsubsetof K, then E is also
(n, ) spanningand so K «2€ Vn; (X) which implies

X
maxsep(n; *; Kn) maxsep(n; "; Vo (X)) < "maxsep(n; ; Kp)
X"E

and taking the growth rate on both sides,then letting ' 1T and ", ! 0,we
obtain the inequality

lim+, oGRfmaxsep(n;"; Ky)g lim , (GRfmaxsep(n; ; Kn)g

The opposite inequality follows as (***) in the proof of Lemma5.2.

Remark 5.7 There are two ways that this lemma can be used. First, taking
Kn = K independert of n we canconcludethat for any set K Y, hyp(9.K) =
hwp (f, K), and in particular hp (9) = hyp (f). Second,picking K Y closed
and assuming K, := g "K is nonempty for all n, the lemma givesthe inequality

lim-, oGRfmaxsep(n;"; g "K)g lim+ oGRfmaxsep(n;";f " K)g:

Note that if K happensto be the full preimageof its projection then the inclusion,
and hencethe inequality above, becomesequality.
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Prop osition 5.8. If :Y! X isau.e.p. factor mapbetween g:Y ! Y and
f: X1 X, then
(1) for any "1 > O there exists ", > 0 suchthat takesany ", - entropy
point for g to an "; - entropy point for f, and
2 (E(9) Ef).

Proof. Given
any y2Y

1 > 0, by uniform cortinuity there exists ", > 0 such that for

S(gy:"2)  S(f5 (¥)i"a
2 - entropy point for g, taking K = S(g,y,"2) in Remark 5.7

sothat if y isan
gives
hop (9)  heop(f)  hs(f5 (¥):"1)  hs(gY:"2) = hiop (9)

andso (y) isan "1 - entropy point for f. In particular, it follows that entropy
points for g map to entropy points for f.

Lemma 5.9. For any surjective continuous map f : X ! X of a compact metric
space, the natural projection  : X ! X is u.e.p.

Proof.. Given "> 0 pick 2 >0 and m2 N asin Lemma5.1. Then for all
n m

maxsep(n; "; Vi, (X))  maxsep(m;"; Vo, (x)) maxsep(m;"; X)
which givesthe lemma.

Other examplesof u.e.p. maps are bounded-to-onefactor maps and maps with
conditional erntropy zero betweeninvertible systems. We will usethis later.

Corollary 5.10. Supmse f : X ! X is a continuous surjection of a compact
metric space. Then (E(()) = E(f). In particular, f has entropy points if and
only if f* hasentropy points.

Proof. Since isu.e.p. by Lemma5.9,it mapsentropy points for f* to entropy
points for f, by Proposition 5.8. The other inclusion follows from Lemma 5.2.

6 Asymptotically  h-expansiv e maps

In passingwe remark that by a result of Kulesza [Ku] any expansive homeo-
morphism has a bounded-to-one subshift extension (see [BFF, Remark B.9]) and
bounded-to-onemaps are u.e.p. by an elemenrary proof. This implies E(f) 6 ;
for expansiwe systems. Here we show that every asymptotically h-expansive map
on a compact metric spacehas entropy points. We rst use a result from [BFF]
to obtain the invertible case.To state this result, we recall the de nition of condi-
tional entropy of a factor map [BFF]: Suppose f : X ! X and g:Y! Y are
homeomorphismsof compact metric spacesand :Y ! X isafactor map. If U
isanopencoverof Y and V Y, let N(UjV) denotethe minimum cardinality
of a collection U covering V (this is nite by compactnessof Y). For two nite
opencovers U and V of Y, set

N (UjV) := maxfN (UjV)jV 2 Vg:
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For n=1,2,:::, set U" the commonre nement of the preimagecovers g U,
i, g "U, and
h(g; U; V) := GRfN (U"jV™)g;
h(gjV) := supfh(g; U;V)ju a nite open cover of Yg:

Finally, we de ne the conditional entrop y of as
e():=inf fh(gj 'A)jA a nite opencoverof Xg:
We shall use

Theorem 6.1. [BFF, Thm 7.4] Supmwse f : X ! X is an asymptotically h-
exmnsive homeomorphism of a compact metric space. Then there exists a two
sided subshift g: Y ! Y andafactormap :Y ! X suchthat e ()= 0.

To apply this to our situation, we recall the de nition by Downarowicz and
Sera n [DS] of the topological conditional entropy of (Y, g) giventhe factor (X,

f):
h(YjX) = supyinf ah(g;Uj 1A):

Obviously h(YjX) e () by denition. Furthermore, we show
Lemma 6.2. If :Y ! X isafactor mapfrom (Y,g) to (X,f) then
h(YjX)=10 () is u. e:p:

Proof. \) " Pick "> 0 and > 1. Let U bea nite opencoverof Y with
mesh(U) < ". Since h(YjX) = 0,wecan nd a nite opencover A of X with
h(g, Uj 'A)<log.Wecan nd N sothat forall n N,

N A< ()

Let > 0 be alebesguenumber for A. Given x 2 X and n N, thereis
an elemern A 2 A" containing the ball B = fx°2 Xjd (x%x) < g, and pick
E Vi (X) amaximal (n,") - separatedsetfor g, noting that

Voo X)= B A
Since mesh(U) < ", distinct points of E belongto dierent elemers of U", so
N(U"j 1AM  #E = maxsep(n;"; Vn. (x)):

Then (*) shows that is u.e.p.

\( "Given U and > 1,let 3" bealebesguenumberfor U. Let N and
be asin De nition 5.5. Let A bea nite opencoverof Y with mesh(A) < . Fix
n N. Givenanelemern A 2 A" pick a point x 2 A. Then A Vn ().
Let E  Vn (X) be (n,) - separatedwith cardinality maxsep(n,",Vn. (X)).
Then E is (n,") spanning- i.e. the sets

Fy = fw2Yjdd(wy) "gy2E

cover V, (x) and thus 1A, Each set Fy, is contained in a single elemen
of U", so 1A can be covered by at most #E = maxsep(n,",Vn. (X)) sets.
Therefore N(U"j 'A) " forall n 1,and h(YjX) log . The result
follows by letting ! 1.

We now can easily prove
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Prop osition 6.3. Any asymptotically h-expmnsive homemorphism of a compact
metric space has entropy points.

Proof. Let g: Y ! Y bethe subshift givenby Theorem6.1. By Corollary 5.4,
E(g) 6 ;, and by Lemma 6.2 the projection is uniformly entropy preserving,
henceby Proposition 5.8,; 6 (E(g)) E(f).

Theorem 6.4. For f : X ! X anyasymptotically h-exmnsive map on a compact
metric space, E(f) 6 ;.

Proof. By restricting to the evertual image we may assumethat f isonto. Let
f': X 1 X bethe natural extensionof f. Given " > 0, pick > 0 sudch that for
any 22 X

S(fiR ) S(fy (R)")

sothat forall 22 X andall ©

hop (73 S5 8 9 higp (5 S(F5 %5 )
hop (F5 S(T5%; ) hip (F;S(F; (R);")):

Taking the supremum over % 2 X and the limit as " ! 0, it follows that f*
is asymptotically h-expansiwe, and so E(f’) 6 ; by Proposition 6.3. But then
Proposition 5.8 gives ; 6 (E(t’\)) E(f).

7 Examples

In this sectionwe present examplesin which the variouskinds of \entropy points"
de ned earlier fail to exist, and we give an example where hy(f) & hy (f).

Example 7.1 A surjectivemap f : X ! X on a zerodimensional space X
with hp(f) = 0< hy (F).

Weshalldene f : X ! X asazerodimensionalfactor of a two-sidedsubshift
g:Y! Y. Let A:=101,234 andendov A? and AN N with the product
topology of the discretetopology on A. Denoteby g:A?! A? the left shift map
andby f : AN N1 AN N the left shift map on rows, that is (f X)mi = Xmi +1
for m,i 2 N. Nowdene amap :A%! AN N py y=x,wherey= (y)iz
and X = (Xm:i )mi o, and

Xmi = VYi if yi213;49 while Xmi =y m if yi 213;4g:
The map is cortinuous and g=f , since ( Y)mi Is determined by

Yim and y;. Nowfor n 1 and w2 f1,2g" let y™W 2 AZ be the point
w! 0"(34M)?1 with y™ =0 and yy" = 3. Let Y be the closureof the set

fg<y"™ijk2 Z;n Lw2fl;29"g

and X = (Y). From now on we mean by themap jy:Y! X.
We now shawv that f : X ! X has hy(f) (1=2)log2. Let > 0 be so
small that x, x°2 X with xg;0 6 x§,, implies d(x,x9 . For n 1 let

y = limgg g0 ymw the point (34")! 2 Y with yo= 3. For w2 f1,29"
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let xW:= g 2"y"W. Then f2"x% = y™W = y. Note further that for w 6 w°
thereissome 0 i< n sothat (x")o; 6 (X" )o; andthus x = y satises
maxsep(2n,",f 2"x) 2" for each " < . This shows h,(f) (1=2)log2.

Next we show that hp(f) = 0. Since maxsep(n,”,f "x) #f "x it suces
to show that c(x) := GRf#f "xg=0 forall x2 X. Wehave v2f "x and
u2 v) x=f"v=f" u= g¢g'u andso g"u2 Ix. Thus

(1) #f "x=#f uju2g " xg # Ix.

If Xo; 23,49 forsomei O thenforany y2 !x wehave yx = xox for all

k i and yx=X; ki for k i.Thus # Ix= 1, andfrom (1) we have
(2) Xxoi 2f3,4g forsomei O implies #f "x = 1 forall n; thus c(x) = 0.
Now consider x with xqi 2 f3,4g forall i 0. Let y2Y with y=x. We

distinguish three casesaccordingto the number of 3%. If #fi Ojxo; = 3g 1
then #fi 2 Zjy; = 3g 1 also, since otherwise y[k,1) = (34")! for some
k2N and n 1. Thus y isin the orbit of one of the points 4%, 0* 34!
or 4134 . If yy =3 forsome k< n then y= x=4' andthusby (1)
#f "x  #fu2g " Ixju=3) k ng and therefore

(3) #fi 0jxpi=3g 1) #f "x 2n+ 1 forall n andthus c(x) = 0.
Finally if #fi Ojxoi = 3g 2 then pick i 0 and n 1 sud that
X0 = Xoji+n+1 = 3 and Xgj = 4 for i+1 j i+n. Then y[i,i+n+1]= 34"3
and thus either y is in the orbit of the point (34")! or y = gky™ for some
k 0 andsome w2 f1,2g". Thus Xg.o = 4 implies #f x = 1. If X0 = 3
and v2f Ix with voo 6 4 theneah u2 v equals g y™ for some
w2 f1,29", and if voo = 4 then (voi)i o= 4(34")! . Thus #f Ix=2"+1
and by (2) wehave #f ™x m (2" + 1), hence c¢(x) = 0.

Example 7.2 A homeomorphism which has no
su cien tly small.

For n=1,2,::: let S, f0,1g° be the subshift with forbidden words
V, := f1"*1 g. Then it is straightforward to establishthe inequality

- entropy points for

n 1
n+ 1|O92 iop (Sn) n+1

log(2"*t 1)

sothat hyp(Sn) < log2 and limnin  hip (Sn) = log2. Let U, f0,1g° bethe
nite orbit of the point u" = (10")! which has uf = 1. Rinally let Up = fu 2
f0,1g%#fi 2 Zjui = 1g 1g and put Sp:= Up. Let U:= " '_ U,. Then U is
closed. We denotethe n" row of a point X = (Xpn;i )ni2n z 2 £0,4gN 2 by x",
that is

X" = (Xni )iz 2 £0;1g%:

Then for n2 N let
Xn = fx2f01gN 4jx°2 Up;x"2S, and x' = 0% forall i2 N fO;ngg

The set X := SLO Xn isclosed. Let f : X I X be the left shift, that is
(fFX)ni = Xnisr for X = (Xni)mizan z 2 X. Note that fjx, : Xo ! Xg is
conjugate to the subshift Uy and for n 1 themap fjx, : Xn ! X, is
conjugate to the subshift U, S,. Since maxsep(n. ,X) #W,(Un Sn) for
all > 0 small enough,hip (f) = limyhiep(Un  Sm) = log2.
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Let d be a metric on X generating the product topology of the discrete
topology on f0,1g. Fix "o > 0 sothat for any x,y 2 X

X0:0 6 Yo:0) d(X;y) > "o:

Nowlet 0< " <"y and x2 X. Then x2 X, forsomen O.If y2 X with
d(f 'x,flyy " forall i 0 then Xo; = yo; forall i 0 andthus y2 X,
aswell. Thus S(f x,") X, and therefore, since f(X,) = Xn, hs(f x,") =
hs(f jx, x",") hiop (fjx,) and thus hs(f x,") hiop (Sn) < 1092 = hiop (F)
which showvsthat x isnhotan " - entropy point.

Example 7.3 Afactormap :Y! X from g:Y! Y to f:X ! X with
E(g) 6 ; but E(f)=;.

We adopt the notation of Example 7.2. First wede ne foreach n=1,2,::: a
factor map from the full 2-shift to the subshift S, via the n+ 1 block map that
assignsto eac word of length n+ 1 its rst letter, provided someletter in the
word is 0, and assignsto the word 1"*! the letter 0. This map is a retraction -
it equalsthe identity on Sj,.

Now form a set Y of arrays like the set X in Example 7.2, but using the
full 2-shift in place of the subshift S, for n 1. The factor maps de ned above
induce a factor map from the shift g: Y ! Y to theshift f : X I X and
hiop (9) = hwp (f). For n 1, every point of Y, is an ertropy point for g, sowe
have the required example.

Example 7.4 A homeomorphismwhich has " - entropy points for eadh " > 0,
but no erntropy points.

Again X will be a closedsubsetof f0,1gN 4 and f will bethe left shift map
on rows. We usethe notation, the subshifts S, and U(n) := U, and the set X
from Example 7.2. Let P:=fn2 Njn 2 primeg. For p,k2 P let

Xpx = Fx 2 £0;1g" Zjx° 2 Up;xP 2 U(p*);x”" 2 S, and
x' =0t forall i2N fO;p;p“gg:

Then the set [
X = Xok [ Xo
p;k2P

is closedand the left shift map onrows f : X ! X is a homeomorphismwith
hiop (f) = limihwp (Sk) = log2 with an argumert asin Example 7.2. Let " > 0.
Fix p2 P solargethat for any x,y2 X

Xni =Y¥ni for 0 n<pand p i p implies d(x;y) <™

Let x 2 Xpp with Xg0 = 1. We showv that x isan " - entropy point for f.
Fix k2 P. Consider y 2 Xpk With yp0= 1. Then y°=x° and x' = y' = 0!
for 1 i< p. Thus d(f'x,f'y) " forall i, andin particular y 2 S(f x,").
It followsthat fz 2 Xpkjzon = 1g f "S(f x,") is a setof entropy hiop (Sk).
Therefore we have hs(f x,")  limghyp(Sk) = log2 = hyp(f) and x isan " -
ertropy point.
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To shawv that f hasno entropy points x x2 X. If x2 Xo then pick "g> 0
sothat for all u,v2 X

Uo:o & Voo ) d(u;v) > "o:

Then for 0< " < "o,y 2 S(f ,x,") implies y 2 Xy andthus hg(f x,") = 0<
hop(f). If x 2 Xk for some p, k 2 P then choose "o > 0 sothat for all
uv?2 X

Uo:0 8 Vo0 OF Upo 6 Vpo) d(u;v) > "g:

Thenfor 0< " < "g,y2 S(f ,x,") implies y?P = xP andso y 2 Xpx since p is
prime and xP 6 0! . Thus hs(f X,")  hiop(Sk) < hiop (f).
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