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Seminar Plan
I

1. From Transformations to Automorphisms

2. The Main Theorem and Consequences
3. Sketch Proof
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From Transformations to
Automorphisms



Andrews—Curtis Transformations
G

Let X = {x1,x2,...,x,} for some n > 2. The
following transformations on the set

{(ur, ..., uy) | U1, ..., uy € F(X)}

are known as elementary Andrews—Curtis
transformations (of rank (n,m)):

AC1(i,j)  Replace u; by u;u;

AC2(i) Replace u; by u;

AC3(i, k,+) Replace u; by xk_luixk
(i, k

AC3(i, k,—) Replace u; by xkuixk_l. . 5/38



AC Transformations I|
G

If T is an elementary AC transformation and

(u].l Ua,..., um) IL (v].l 02,... /Um)/

then ((u1, o, ..., uy))F%) = ((v1,00,...,0,))FX),

Incasem =n,if dtq,..., T

(x1,x0,...,%,) BN (51,52, -+ ,5n)

then (x1,...,x,51,...,5,) defines the trivial group.
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The Andrews—Curtis Conj. (1965)

.- ]
Conjecture 1 Let sq,...,s, € F(X). The presentation

(X1, «vv, X | S1, -+, Sn)

defines the trivial group if and only if there exists a finite
sequence of elementary Andrews—Curtis

transformations carrying (x1,...,x,) to (S1,...,5).
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Why do Topologists Care?

Corollary 1 (Andrews—Curtis) Let K be a finite
contractible 2-dimensional subcomplex of a
combinatorial 5-manifold M, and let N be any reqular
neighborhood of K in M. If the conjecture is true, then
N is a 5-cell.
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The group 2AC(n,m)
(N

A transformation on the set

f(ur, ..., upy) | ur, ..., uy € E(X)}

which may be achieved by a finite sequence ot
elementary Andrews—Curtis transformations is
called an Andrews—Curtis transformation (of rank

(n,m)).

The set of Andrews—Curtis transformations of rank
(n,m) is a group AC(n, m) under the operation of
concatenation.
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Formal AC Transformations
G

Let R = {ri,7ry,...,7y} for some m > 1. The
following transformations on the set

{(v1,...,0p2m) | 01,- .., Upem € E(XUR)}

are known as elementary formal Andrews—Curtis
transformations (of rank (n,m)):

AC1¢(i,j)  Replace v,4; by vy4i0p4 ]
1
n—+i

k, +) Replace v,; by v, Lo ,1ivx
AC3¢(i, k,—) Replace v, ; by UkUn4i0f L . 10/38

AC2¢(i) Replace v,,4; by v
AC3¢(i,
(



The group AC¢(n, m)
(N

A transformation on the set

{(v1, ..., Opsm) | 01, .o, 0o € E(XUR)}

which may be achieved by a finite sequence of
elementary formal Andrews—Curtis
transformations is called a formal Andrews—Curtis
transformation (of rank (n, m)).

The set of formal Andrews—Curtis transformations
of rank (n,m) is a group AC¢(n, m) under the
operation of concatenation.
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Example
]

(ul,uz)
lACNLL+)

(x;lulxz,uz)
| AC1(1)

(2, tuy o, 1)
lAC2(2)

(x;lulxzuz,ugl).
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Example
7

(Ml, uz)
lAC3(1,2,+)

(x5 turxo, up)
| AC1(L2)

(x5 tuy oy, 1)
lACZ(Z)

(xz_lulxzuz, uz_l)

(Ull (%,

(Ull (%,

03, 7)4)
lAC?)f(l,Z,—i—)

1
U, U302, V4)
| AC1(12)

—1
Uy 030204, 714)

1 1
Uy U30204,0y ).

— p. 12/33



Example
7

(T/l3, 1/[4)
lAC3(1,Z,—|—)

(x5 uzxo, uy)
| AC1(L2)

(x2_1M3XQM4, Uy)
lACZ(Z)

(X2_1M3XQM4, u4_1)

(Ull (%,

(Ull (%,

03, 7)4)
lAC?)f(l,Z,—i—)

1
U, U302, V4)
| AC1(12)

—1
Uy 030204, 714)

1 1
Uy U30204,0y ).
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Example
]

X1, X2 | X1,X?2 X1, X2, 11,72
( | ) ( )
| AC3(12,+) | AC3(12,+)
(x1,x0 | 2, 'x1x0,x0) | (x1,x0, x, 'rixg, 7o)
| AC1(12) | AC1(12)
(x1,x0 | 2, 'x1x2,x0) | (x1,x2, X, 'rixar, 2)
lACZ(Z) lAC2f(2)
(x1,2x0 | x5, tx1x3, x50 | (1, x0, x5, trixor, vy t).
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Example Cont.

In case m = n,lete : F(X U R) — F(X) denote the
map defined by

(X1, e ey Xy 71, e ey ) = (X1, 0o, Xy X1, e e e, Xin).

Note that

1 1y 1, 2 1
€(x1, X2, X5 F1Xol2, ¥y ) = (X1, X2, X5 X1X5, X, ).
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Some relationships b/w groups

e —
AC(n, m) = AC¢(n, m).



Some relationships b/w groups

e —
AC(n, m) = AC¢(n, m).

Each formal Andrews—Curtis transformation of
rank (7,m) is a Nielsen transformation of rank

(n 4+ m).
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Some relationships b/w groups

e —
AC(n, m) = AC¢(n, m).

Each formal Andrews—Curtis transformation of
rank (7,m) is a Nielsen transformation of rank

(n 4+ m).

The group 9t(n + m) of Nielsen transformations of
rank (n 4+ m) is anti-isomorphic to Aut F(X U R).
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Some relationships b/w groups

e —
AC(n, m) = AC¢(n, m).

Each formal Andrews—Curtis transformation of
rank (7,m) is a Nielsen transformation of rank

(n 4+ m).

The group 9t(n + m) of Nielsen transformations of
rank (n 4+ m) is anti-isomorphic to Aut F(X U R).

Write AC(n, m) for the image of 2AC¢(n, m) in
AutF(XUR).
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Notation for automorphisms
—

We introduce notation for some elements of
AutF(X U R) as follows

(ACL(i,j) ) pij:riv= 11,
(AC2(i) ) oi:rir— 1}
(AC3(i,k,+) —) xi:ri— xk_lrixk
(AC3(i,k,—) =) xu' :ti— xerixg "

So AC(n, m) is generated by
{ij 00 Xix | 1 <k <n1<ij<mi#j}
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The anti-isomorphism
]

Ift, ..., 7, € 9(n 4+ m) and a denotes the
anti-isomorphism 9(n 4+ m) — Aut F(X U R), then

Tp...Tle(xl,...,xn,rl,...,rm) -

a(T)a(T) . a(T) (X1, ooy Xy 71, e ).

(On LHS we perform transformations on (#n + m)
tuples, on RHS we perform substitution inside
each entry.)
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Example Cont.
—

(x1,x2, 11,72)
lAC3f<1,2,—|‘)

(x1, %2, X, '7r1x0,72)
lAle(l,Z)

(x1, %2, X, 'r1xor2,72)

—1 —1
(1, %2, x5 T1X2t2, 75 )
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Example Cont.
]

(xll X2,

(xll X2,

(xll X2,

(xll X2,

ri, Vz)
\LAC?)f(l,Z,—F)

1
X, T1X2,12)

lAle(lﬂ)

1
X, “T1X212,12)

1 1
Xy T1X2T2, 15 )

(xll X2,

(xll X2,

(xll X2,

(xll X2,

7’1,7’2)
17

1,1 )

lﬂlz

r1¥o, ¥y 1
lez

1 1
X, T1X2T2, 15 ).
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cg/81 'd —

Transformations on
(U, .., Um)

u; € F(X)}

Transformations on

01/« On+m
v; € F(X U R)

Automorphisms of
F(XUR)

=
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Reformulation of the AC Con;.

Conjecture 2 Letsy,...,s, € F(X). Then
(X1,.+.,%Xn|51,...,5,) defines the trivial group if and
only if there exists ¢ € AC(n,n) such that

eop(ry,...,my) = (S1,...,51)
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Another Reformulation
G

Define
PT(n,m):={¢(r1,...,tm) | ¢ € AC(n,m)}.
Conjecture 3 Letsy,...,s, € F(X). Then

(X1, -, Xn |S1, ..., Sn)

defines the trivial group if and only if
e '(s1,...,8,) NPT (n,n) # .
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The Generalized Word Problem



The Main Theorem
G

Theorem 1 Let pry : F(X UR) — F(X) be the
homomorphism defined by
(X1, e ey Xy M1, e ey ) — (X1, %, 1,000, 1),

An m-tuple (w1, ..., wy) € F(XUR)™ is an element
of PT(n,m) if and only if the following properties both
hold:

(1) (x1,..., X5, W1,...,Wy) is a basis for F(X U R)
(2) pry(we, ..., wm) = (1,...,1).
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Some Consequences
S

Corollary 2 The set PT(n, m) is a recursive subset of
F(XUR)™

Corollary 3 (The generalized word problem) For
each ¢ € AutF(X U R), it is decidable whether or not
¢ € AC(n, m).

Corollary 4 In case m = n, the intersection
e Y(s1,...,8,) NPT (n,n)

is a recursive subset of F(X U R)™.
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Some Consequences ||

e
Corollary 5 The set

/

Q (S1,.ev,8n) | {(x1,...,xn|S1,...,8,) is an

\

\

AC trivializable presentation of the trivial group ;

/

1s the homomorphic image of a recursive set.
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Sketch Proof



More Notation
N

Write ¢y @ ri — x ..
Write
St(X) :={¢p € Aut F(XUR) |

G(x1,%0, ..., %) = (X1,X2,...,%) }.

Note that AC(n,m) < St(X) < Aut F(X UR).



Stabilizers
N

Using McCool . ..

Lemma 1 Each element of St(X) may be written as a
product in the alphabet

{Mijr Ois X X, & Wik (N n
1<k<n1<ij<mi#j}.
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The Easy Direction
7

The following is evident in Metzler ...

If (wy,...,wy) € PT(n,m), then the following both
hold:

(1) (x1,...,x,,w1,...,Wy) is a basis for F(X U R)
(2) pry(wr, ..., wy) =(1,...,1).

( Proof by Induction.)
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The Other Direction
G

Suppose the following both hold:
(1) (x1,...,x,,w1,...,Wy) is a basis for F(X U R)
(2) pry(we, ..., wm) =(1,...,1).
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The Other Direction
G

Suppose the following both hold:
(1) (x1,...,x,,w1,...,Wy) is a basis for F(X U R)
(2) pry(we, ..., wm) =(1,...,1).

Then there exists ¢ € St(X) such that

G(X1, ey Xy V1, e e e T) = (X1, 000, Xy, W1, « oo, Wiy ).
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The Other Direction Il
G

By Lemma 1 there exists a word W in the alphabet

{Mijr Ois X X, o Yij (5 n
1<k<nl1<ij<mi#j}

such that W spells ¢.

Our task is to rewrite W as a word W' in the
alphabet

{mijooi Xijp Xig | 1<k <n,1<ij<mi#j}
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The Other Direction Il
G

We have that there exist Nielsen transformations
T1, To, - - -, Tt In the alphabet

ot { Mijr Tis Xiks Xi) klf Piks Eb;kl
such that

Tt...Tle(xl,--o;xn/rll-°-/rm) —

(X1, vy Xy, W1, v e, W),
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The Other Direction IV
G

Replace each T7; by p; € AC¢(n, m) such that:
If

Ti...Tle(xl,...,xn,rl,...,rm) a
(X1, « vy Xy Uty e v, Upy)
then
Wioo oM (X1, oo, Xy, 71, oo e ¥m) =
(X1, vy X, A1UL, « oo, A Uy)

for some ay, . ..,a, € F(X).
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The Other Direction V
G
So

Wi YoM (X1, ooy Xy ¥1, e e T) =

(X1, ..., Xp, a101, . .

for some ay, . ..,a, € F(X).

AWy
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The Other Direction V
G
So

Wi YoM (X1, ooy Xy ¥1, e e T) =

(X1, v, Xy, A1, - ., Ay Wiy
for some ay, . ..,a, € F(X).
Since 1, ..., 1 € AC¢(n, m), pry(aw;) = 1.
But pry (w;) =1, so pry(a;) = 1.
And a; € F(X), so pry(a;) = a; = 1.
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