| ntroduction to Fair Division

Problems that concern the fair division of resources arguitmus in
society: Countries must share resources such as land,, waterusers of
the internet share bandwidth; patients at a hospital sha&himery and
staff time; users of computers share servers; and so oneTharbranch of
mathematics devoted to studying such problems. | will tell & few things
about it here.

Two comments first:

1) You won't learn anything here from which you will deriveyan
serious practical benefit in the future. That is not my inteint
want to tell you about a field of mathematics that is interggti
and useful to the world. | simply want you to have some idea
of how mathematics might come into this kind of problems. (Of
course you might benefit someday from a hospital having a good
method for allocating resources.)

2) 1 will talk about sharing cakes. That makes the subjechdou
frivolous. Remember that the above examples are the ones tha
we really mean; the subject isn’t truly about cutting cakkat’s

just an amusing way of saying it.

Let’s think about the simplest case: Two children, Abigaitldenjamin
(A andB), want to share a cake. If the cake is one big homogeneougclum
(imagine a clump of cheese cake), there is no interestingpis§o cut the
clump into two halves of equal size is a matter of a steady haaoimn or
dad will be able to handle this just fine without any matheosati

The problem becomes more interesting when the cake is cadpafs
a strawberry half, and a cheese cake halfikes strawberries better than
cheese cakeB, by contrast, is not fussy at all, all that matters to him is
volume. Now what should be done? In general, the centraltdaloeep in
mind in fair division problems is this:

Different people value different components or aspects of the re-
source to be shared differently.



You learned in kindergarten how to handle Abigail and Bemfesiprob-
lem: “I cut, you choose” is the answer. (Well, at least onengars It is not
the best answer by any means, as it turns out.) One of theehjltkt's say
A, cuts the cake into two pieces that are of equal value to hiee other
child, B, picks the piece that he likes better, ahdets the remaining piece.
Of course A will try hard to generate two pieces that are of equal value to
her, since she does not know in advance which of the two wadbbee hers.

“I cut, you choose” guarantees that each of the two childréireceive
a piece that they consider worth at least half the cake. ¢&dhatA does
not go by volume. A piece that is less than half the volume efdike may
still be considered worth more than half the cakefy We therefore say
that “I cut, you choose” generatesaar division.

DEFINITION 1: A division of a cake amonly people isfair if each person
thinks that his or her share is at leagiktth of the cake, in value.

For each of théN people N = 2 in our example, the two people beiAg
andB), afair shareis a share that he or she considers worth at leadtth
of the cake.

“I cut, you choose” is a way of producing fair shares for evenyy, and
therefore a fair division, wheN = 2. It was described in the Bible:

And Abram said unto Lot, let there be no strife, | pray thee, be-
tween me and thee, and between my herdmen and thy herdmen;
for we be brethren. Is not the whole land before thee? Separate
thyself, | pray thee, fromme: if thou wilt take the left hand, then |
will go to theright; or if thou depart to the right hand, then | will
go to the left. (Genesis 13:8-9, King James Version)

It took until 1943 before mathematicians realized thatehgan interest-
ing problem to think about here: WhatNf > 2? The first mathematicians
who became interested in this question were members of iaglistshed
group of mathematics professors at the University oblaw Hugo Stein-
haus, Stefan Banach, and Bronislaw Knaster. At the timeévi.was under
German occupation, the university had been closed, StegWwas in hid-
ing (he was Jewish), and Banach was employed as a lice faeddayphus
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research laboratoy. | don't know what was Knaster’s fatenguthat time.
(All three survived the Nazi occupation and the war.)

Here is Steinhaus’ solution to the problem of three childierB, andC)
sharing a cake. FirsA divides the cake into three pieces that are of equal
value in her eyes. TheB andC each declare which of those three pieces
they consider fair shares. If the total number of pieces mbhhbyeat least
one of them is greater than one, there is no problem: We assigach of
them a piece that they consider a fair share, then give tiee remaining
piece — which she considers a fair share, since she cut tleeigauch a
way that each of the three pieces is a fair share to her. But ivigaand
C each declare that there is only one piece among the threespoeit byA
that they consider a fair share? In this case, we gieme of the other two
pieces (less than one third of the cakeBimndC’s opinion), re-combine
the remaining too pieces (more than two thirds of the cakd andC'’s
opinion), and leB andC play “I cut, you choose” over them.

This is calledSteinhaus' lone divider method. (“Lone divider” because
one person cuts, the others choose.) You will be able to gheaway:

THEOREM 1: Steinhaus’ lone divider method guarantees that eacheof th
three participants will get a fair share.

How aboutN > 3? It turns out that Steinhaus’ idea has a generalization to
any numbeN of participants, but the generalization is not quite so $emip
was first described by Harold Kuhn, a game theorist at Pramceniversity,
in the 1960s, and is now known as tBeinhaus-Kuhn method. | cannot
describe it in the time | have here.

Some fair divisions are better than others. For instanceesmeatenvy
while others don't. IfA, B, andC share a cakeA might, in his opinion, get
one third of the cake, but sé&walk away with a piece that is worth, is
opinion, one half of the cake. S®would admit that he got his fair share,
yet he would env\B.

DEFINITION 2: A division of a cake amon{yl people isenvy-free if each
participant thinks that nobody else gets a share more Viglubbn his or
her own share.



WhenN = 2, envy-freeness and fairness are the same thing, but when
N > 2, envy-freeness is a more stringent condition than fagiiese Exer-
cise 1).

THEOREM 2: Steinhaus’ lone divider method does not guarantee an-envy
free division.

PrROOFE All we need to do is to produce a single example in whictvill
envy B, and that is easy. Suppose that the cake consists of stngywber
rhubarb, and chocolate components of equal volumés not fussy: She

Is only interested in volume. She cuts the cake into its digavy, rhubarb,
and chocolate components — each component has the sameeyaunnoh
therefore the same value to her. HowelggndC don't eat rhubarb (they
don’t know what it is), and are allergic to strawberries. fdiere, each of
them considers the chocolate component the only fair skiaréact, each of
them considers the chocolate component one hundred perceret cake!)
ThereforeAis assigned one of the two non-chocolate components atmando
— say the rhubarb componem.andC then re-combine the strawberry and
chocolate components, and play “I cut, you choose”.

Let’s say thaB cuts the re-combined strawberry and chocolate compo-
nents into two pieces, equal in value in his eyes. He doesametabout the
strawberry component at all, so he makes one piece equdfth@ahoco-
late component and the entire strawberry component, thex pitece equal
to the other half of the chocolate component. (This is carsig: of him,
by the way. He does this just in ca€ewants the strawberry component;
he doesn’t know that does not want that component eithe€)does not
care about the strawberry component, so he takes one h&iké ahocolate
component, and leaves the other half of the chocolate coemtpplus the
entire strawberry component, B

Now A will envy B! QED

There is a variation on Steinhaus’ lone divider method tleegtsdguar-
antee envy-freeness. It is called tBafridge-Conway method, proposed
independently by the mathematicians John Selfridge and Gamway. |
don’t have time to describe it here.



There are other requirements that one might want to imposeaka
divisions. For instance:

DEFINITION 3: A division of a cake amondl people isoptimal if there is
no alternative division that is better for at least one offthgeople, without
being worse for any of the others.

THEOREM 3: “I cut, you choose” does not guarantee an optimal division

PROOF. Suppose John and Jane share a cake that is half chocollte, ha
cherry. John likes any cake, he goes by volume. Jane doesar®tao
much for cherries. John does not know that about her. (They bialy been
married for eight years.) Therefore, when John cuts the,da&alivides
it into two equal halves, cutting both the chocolate and therry compo-
nents down the middle. Jane takes one of the two halves — #iegeare
identical, it does not matter to her which one — and John tdkesther.

This is a fair division (each of the two gets half the cake — biume,
by value, and by any other measure), but it is not optimal: Vsghn in
which John would get the cherry half, and Jane the choco&dtevould be
just as good for John, but better for Jane. QED

Steinhaus’ lone divider method does not guarantee optyreither (Ex-
ercise 4), and neither does the envy-free method of Sedfrasigl Conway.

DEFINITION 4: A division of a cake amoniy people isequitable if each of
the N people gives the same answer to the question “Which fractidhe
value of the cake does your share represent?”

You may agree that equitability would be nice when you diadmake.
THEOREM4: “I cut, you choose” does not guarantee an equitable dmisi

PROOF. The cutter is guaranteed half the cake (in his or her eyebp T
chooser may well get more than half the cake, by value. QED

So Abram was generous when he offered to cut and let Lot ch&bsmn-
haus’ lone divider method does not guarantee an equitabigiah either
(Exercise 5), and neither does the envy-free method ofi@g#rand Con-



way.

This has been a rather pessimistic lecture. All the methddkllyou
about have serious flaws: None is optimal, none is equitald, Stein-
haus’ method is not even envy-free. But of course, that'sppodunity for
mathematicians: They can try to figure out how to do fair donsbetter.
| will end by very briefly sketching some more recent, and nuositive
results in this area.

When the cake consists of finitely many homogeneous (obggtiivis-
ible) clumps, there is exactly one method that guarantegsfeeeness, op-
timality, and equitability folN = 2. It is called theadjusted winner method,
and was proposed by Stephen Brams (a political scientisYabnd Alan
Taylor (a mathematician at Union College) in the 1990s. NYdaldk a
patent on this method! (So be careful next time you cut a éayhcake,
you might owe royalties.)

Again assuming that the cake consists of finitely many homeges
(objectively divisible) clumps, there provably is no meth@ombining the
three properties of envy-freeness, optimality, and equita for N > 2.
However, any two of the three can be obtained simultane@y&y wherN
IS greater than two.

Exercises

1. Explain: a) WherN = 2, envy-freeness and fairness are the same thing. b) \Whea,
envy-freeness implies fairness, but fairness does notyieply-freeness.

2. Explain the following facts about Steinhaus’ lone dividesthod: a)A, the divider, may
envyB or C, but not both. bB andC will never envy anybody.

3. In the example in the proof of Theorem 2, if you asked, andC in the end “Which
percentage of the cake do you think you got?”, what would tissvars be?

4. Explain: The division in the proof of Theorem 2 is not opaim
5. Explain: The division in the proof of Theorem 2 is not eqbie.

6. Assume that the cake consists of finitely many homogenéahjsctively divisible)
clumps. Propose a simple division method that guaranteesniy N, an envy-free and



equitable divisiort. (By necessity, such a method cannot guarantee optimalityedis
whenN > 2.)

1As stated in the last paragraph of the text, any two of theetpreperties of envy-freeness, optimality,
and equitability can be guaranteed by a fair division mefloodnyN. The pair envy-freeness equitability
is the subject of this exercise, and it is simple. The otherpairs, envy-freeness optimality and optimality
+ equitability, are not so simple.



