Solutions for Homework 2

1. 3.1.1 The graph of
f(X) = 1+ rx+x

is a parabola, opening upwards. The minimum occurs whére = 0, that is, at

XOZ—E-
At this point, the value of is
2 2 r2
f =1-—+—-—=1——.
(Xo) >+ 2

If |r| <2, thenf(xg) > O, thereforef (x) > 0 for all x, and there are no fixed points.|H > 2,
thenf(xg) < 0, and therefore there are two fixed points. They are easympuote:

—r++r2—-4
f(x)=0 & x— =Vt
2
We will write
—r£vr2—4

Xy = > (1)

Since the graph of is a parabola opening upwards, it must be true that¢_) < 0 andf’(x; ) >
0, thereforex_ is stable andk; is unstable. Let us plot the bifurcation diagram. This reegii
plotting x_ andx; as functions of. We could do that, but life becomes easier if we solve the
equation

14+rxe+x2 =0

forr:
1

r=—xy ——.
+ s
The function

r(x):—x—)—(

is really easy to plot:



Now the graph ok as a function of is obtained simply by reversingandr in the above
plot. Here is what you get when you do that, remembering timatsmaller of the two fixed

points is stable, and the larger is unstable:

This is the bifurcation diagram. There are two saddle-nofigdations, one at = —2 and the

other atr

2. I'll leave it to you to plot the qualitatively different eéor fields.

3.1.3 Let’s first think about the fixed point:

=r+x—In(1+x).
This function is defined fox > —1. Asx — —1, f(X) — c. It may not be immediately clear to
you what happens as— oo: x goes to infinity, but-In(1+ x) to —c. Which term wins? The

F(x)



answer is that wins. For largex, In(1+x) is much smaller thar. You can see this for instance
by proving, using I'Hopital’s rule:

im In(1+x)

X—00 X

=0.

So f(x) tends to infinity ax — —1 orx — . What happens in between? Compute the deriva-
tive: L
f'X)=1———.
X 14X
Set it equal to zero: You find that there is only one place whé(g) = 0, namelyx = 0.

Therefore the absolute minimum »Mmust occur ak = 0. The minimum value is
f(0)=r.

Whenr > 0, thenf(x) > O for all x, so there is no fixed point. When< 0, thenf(x) < 0, so
there are two fixed points. A saddle-node bifurcation ocasrspasses through O.

Let us now think about the case wher: 0, and denote the two fixed points ky andx,,
with the convention that_ < x,.. Itis clear then thax_ is stable, anc, is unstable. To plot
the bifurcation diagram, we should expressandx, as functions of, and it is unclear how
to do that. However, the same trick that we used for problelrii3vorks here as well: Don't
solve forx, solve forr:

r4+x—IN(1+x)=0<r=In(1+x) —Xx.

The function
r(x) =In(1+x)—x

is easy to plot: Ax — —1, it tends to—. For largex, r(x) ~ —x tends to— as well. The
maximum occurs & = 0, and the maximum value ofisr = 0. So here is what it looks like:




To plot the fixed points as a functiongfflip the coordinate axes, and remember that the smaller
of the two fixed points is stable:

-
e

2. 3.1.5 a) For any # 0, there are two fixed points, one-afr| and the other dt|. The function
f(X)=r2—x?

is a parabola that opens downwards, and therefore the fixed |ppis stable, the fixed point
—|r| is unstable. Whem = 0, there is a single semi-stable fixed point at 0. The bifimoat
diagram looks like this:
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b) There are no fixed points, except foe 0, when there is a semi-stable fixed poinkat 0.
Forr = 0, the flow is always from left to right. The “bifurcation diegn”, if one should call it
that, looks like this:

fixed point

4. 3.3.1 The differential equation is

. P
n= GnGn+f kn. (2)

Pause to think about how this differs from the laser modeleaafti®n 3.3, which we discussed
in class. In Section 3.3, we assumed that the nuribafrexcited atoms is

N = Np—an, (3)

This can only be true ifh is not too large — otherwishl, the number of excited atoms, gets

negative! Here we write instead 0

N = : 4
Gn+ f @)
Now N cannot get negative, and tends to (has o, as it should. We can relate (4) to (3) by
defining

p
No = T
With this notation, (4) becomes
~ Nof No
- Gn+F  (G/f)n+1°

We will now use the fact that for smai|,
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(this is the linear approximation of/11+ €) ate = 0). This implies that for smallG/ f)n,
No

N=—_~Npy(1l— f .
If we write G Gp Gp
a=FNo=%7=T2
this becomes
N =~ Ng —an.

So in summary, (4) has the advantage over (3) that it doedioot aegativeN, but as long as

n«

6 9
(4) is approximately the same as (3), with
P Gp
Ng = T and a = 7

Back to Eq. (2). Clearlym = 0 is a fixed point. There is a second fixed point, obtained by

solving the equation
Gp

Gn+f k=0.
This equation always has a solution:
Gp
Gnif
Gn+ f 1
Gp k
Gn+f = G_kp & (5)
_p_ 1
"“k G
We write
n* = E _ i
kG’
We note, from (5):
Gn*+f = G—lf) (6)

This will be used shortly.
Now let’s think about stability of the fixed points. The rigiind side of Eq. (2) is

p
Gn+ f

F(n)=0Gn



(Iwrite F(n), not f (n), because the letterf* denotes a parameter in this problem.) The deriva-
tive of F is

ey PG pG*
P =Gner "Gnrre K
So G
F'(0)= P2 -

f )
and, using Eq. (6),

- - -8) (0

pTG—k<O, (7

then O is a stable fixed point, and is unstable. If on the other hand

B?—k>0, (8)

So if

then 0 is unstable, and is stable. Conditions (7) and (8) can be writterpas p; andp > pc,
respectively, with
kf

Pc = I
As p exceeds the critical pump strengi the fixed point O becomes unstable, aridbecomes
stable. Note that fop = pc, the two fixed points coinciden* = 0 whenp = p.. This is a
transcritical bifurcation — the two fixed points “collide@exchange their stability properties”,
as it were.



