Solutions for Homework 3

1. 3.4.16 a) The potential is

V(X) :—rx+§.

You could add a constafit, but that would not make any essential difference; see bdtmre
is the graph oV forr = —-2,r =0, andr = 2:

r=—2 r=0 r=2
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The fixed points of the differential equation are the stargrpoints ofV, that is, the values
x for whichVV/(x) = 0. Local minima are stable fixed points, since in a local mimmV’(x)
changes from negative to positive, and therefei® (x) changes from positive to negative.
Local maxima are unstable fixed points. Stationary poinds #ne neither local maxima, nor
local minima are semi-stable points.

The potentiaV is defined to be theegative of an anti-derivative of the right-hand side of
the differential equation. Why the minus sign? The answdriss If we were to leave out the
minus sign, simply writing the equation in the fosm="'dV /dx, then stable fixed points would
be local maxima oV, and unstable ones would be local minima. This is unintejti¥ you
think of a little ball rolling on the graph of!

Back to our example. There are no stationary pointg &br r < 0, exactly one for =0
(namely, 0), and two for > 0 (namely,++/r). If we had added a consta@tto V, the graph
of V would have shifted upwards or downwards, but the statiopamyts would have remained
the same.

b) The potential is

X2 x3
V(X) :—ri—f‘?.

Here is the graph of forr = —-2,r =0, andr = 2:



-4 -2 0 2 4 -4-2 0 2 4 -4-2 0 2 4

For anyr #£ 0, there are two stationary points éf and therefore two fixed points of the dif-
ferential equation, namely= 0 andx=r. Forr = 0, there is only one, namelk= 0. For

r <0,x=ris alocal maximum oV, and therefore an unstable fixed point of the differential
equation, and = 0 is a local minimum o¥, and therefore a stable fixed point. Fot 0,x=0

is a stationary point, but neither a local maximum nor a log@imum ofV, an thereforex= 0

is a semi-stable fixed point. For> 0, x=r is a local minimum ofV and therefore a stable
fixed point, whilex = 0 is a local maximum oY/, and therefore an unstable fixed point of the
equation.

¢) The potential is

Let us first try to understand which are the qualitativelyed#nt ranges of the parameter
To find the stationary points &f (that is, the fixed points of the equation), you must solve
the equation

rx+x —x° = 0. (1)
One solution is always = 0. Forx #£ 0, EqQ. (1) becomes
r+x>—x*=0. 2)
Settingy = x?, this equation is equivalent to
y' —y-r=0, (3)
which has the solutions
:1i£F1f (@)

Only real and positive solutionsof Eq. (3) give rise to real solutions of Eq. (2). Fox —1/4,
the two solutions (4) of Eq. (3) are not real. Fet/4 < r < 0, both solutions (4) of Eq. (3) are
real and positive. We therefore get four solutieref Eq. (2) in this parameter range:

1++/1+4r

X==+
2

()

Forr >0,
1+1+4r
fﬂ)’



but
1+v1-4
% < 0,
S0 we obtain two solutionsof Eq. (2) forr > 0:

1+Vit+4r
— (6)

X==+
The three qualitatively different parameter ranges, floeegarer < —1/4, -1/4<r <0,
andr > 0. Here are the plots of for values ofr in each of these three ranges, as well as
r = —1/4 andr = 0 (the values at which there are bifurcations):

r=-3/8 r=—1/4 r=—1/8
0.05 0.05 0.05
0 \/ 0 \\// 0
~0.05 ~0.05 ~0.05
=2 0 2 T2 0 2 T2 0 2
r=0 r=1/8
0.05
0 0
-0.05 -0.1
-0.1 -0.2

-2 0 2 -2 0 2

There are two saddle-node bifuractions at —1/4, and a subcritical pitchfork bifurcation at
r=_0.

2 Newton'’s force law is

o B > 2 X e
X — —mg k(x/x +h L)\/m b, (7)

as derived in class. We defifie= b/k now, and

y(t) =X(1T).
Primes denote derivatives with respectto

Y (1) =TX(IT), Y'(1) =TT).



Using these equations in Eq. (7), we find:
m b
Foy=m—k(ViF L) L2

We insertT = b/k:
2

Ay=—my—k(ViZrre—L) -2 iy

Now leth — o;

0=-mg—k(VyZ+he-L) —L— —k/

Solve fory':

Now setz=y/h:

VRZ 12
Divide both sides by:
L z
- M (/2 _Et
kh (Z+ h) Z+1
Simplify:
z’:—s—(l— ' )z
2+1
with mg L
SZW’ I’—E

This is precisely the equation that we got in class, excegt ttie right-hand side has been
multiplied bys.

3 This is a silly question in a way, but | asked it so that you krabout the catastrophe surfaces
one more time:
X=X+
is an equation in which there is a saddle-node bifurcatioerwhpasses through = 0: For
r < 0 there are two fixed points, for> 0 there is none. Add a second paramster

X=X +T1+S.

(The reason why this is silly is that it is unnatural to thirfkK o+ s’ as the sum of two indepen-
dent parameters. There is only one parameter here, namesy There are two fixed points if
r+s< 0, none ifr +s> 0. The catastrophe surface is a surfacgjg x*)-space. Abovér,s),
you plot the fixed point(s), if any. So you plot

+v—-r—s

above(r,s) if r +s< 0, and nothing if +s> 0. Furthermore, the negative fixed point is stable,
and the positive is unstable. The surface looks like a bexttepof paper:

4



(Unstable fixed points are indicated in red, and stable anbkie.)

4 The functionf (8) = sin(aB) must be periodic with periodr2 Thereforea must be an integer.

54.1.2. The fixed points are solutions of
1+2coL =0,

that is:
0 =arcco$—1/2) + 21k, kinteger

and
6 = —arcco$—1/2) + 21k, kinteger

Since arccos-1/2) = 2m/3, the solutions are:
2 :
0= i§ T+ 21K, Kkinteger

The function 14- cog20) looks like this on the intervgl-Tt, 11:

1+ 2 cos(6)




Thus the fixed point /3 is stable, and-211/3 is unstable. The phase portrait looks like this:

not quite so fast fast

The motion is fastest nefir= 0, whered = 3. It is not quite so fast ne®= —, theref = —1.
4.1.3. The fixed points are solutions of

sin(20) = 0,
that is:

0= kg, k integer

The function siii28) looks like this on the intervgl-Tt, 11:

sin(2 6)

So there are two stable fixed points-at/2 andrt/2 (plus an integer multiple ofrg, and two
unstable ones, at 0 amd(plus an integer multiple ofi®. The phase portrait looks like this:

4.1.5. Things simplify a lot if you first observe that
. . T
sin@ + cosh = \/Qsm<e+ Z)
Therefore the fixed points are solutions of
sin(@+1/4) =0,
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that is: -

0= 2 +k2m, kinteger
and 3

0= 211T+ k2, kinteger
The functionf (8) = sinB+ cosB looks like this:

sin B+cos 6

So the fixed poiné = 3mr/4 + k2mtis stable, and the fixed poifit= —11/4 + k21tis unstable.



