Math 50, Fall 2009, review for first midterm exam, solutions

1. (@) 9(1.95) =~ g(2) — dg'(2) x 0.05= —3—-4x 0.05= —3.2 (b) g(x) is an increasing
function, so the graph af is concave-up, so the linear approximation is too small.

2.9"(x) =1/x,s0g9(1) =0,dg (1) =In1=0, andg”’(1) = 1/1 = 1. Thereforeg(1.1) =
g(1)+d'(1) x0.1+9g"(1)/2x 0.12 = 0.005.

3. (a) You need to know here that t@ = 0, tarf(x) = 1/ cos’(x) and therefore td0) = 1,

and taff(x) = 2cos 3(x) sinx and therefore tdf{0) = 0. So the linear and quadratic ap-
proximations are the same: Both are(tgrw x. (b) You need to know here that tath =0,
tanH(x) = 1/ costt(x) and therefore taritD) = 1, and tanfi(x) = —2 cosh3(x) sinh(x)

and therefore tarfli0) = 0. So the linear and quadratic approximations are the same:
Both are tantx) ~ x. (c) Let f(x) = \/x=x¥2. Thenf’(x) = (1/2)x /2, and f”(x) =
—(1/4)x%/2. Thereforef (1) = 1, f'(1) = 1/2, andf”(1) = —1/4. The quadratic approx-
imation ata= 1 is 1+ (1/2)(x— 1) — (1/8)(x—1)?> = —x?/8+ 3x/4+ 3/8. (You need

not do the last step. The answe#-11/2)(x— 1) — 1/8(x— 1)? is sufficient, and in fact
preferable, since it shows precisely h@ix differs from 1 wherx~ 1.)

4. (a) tankix) = sinh(x) /cosh(x) = (e —e™) /(e 4+ e7¥) (b) Figure 3 on page 255. (c)
Figure 10 on page 257. In this context, | like to call the homial axis the §-axis”, and
the vertical axis thexX-axis”. The book does it the conventional way — that is, tHeeot
way around. Either is fine. (d)

= cosl(x),

d
a/arctant@y) =

1
tanH(x)

where tankx) =y. We now want to write costix) in terms ofy, and we don’t know
immediately how to do that. However, taixh =y means

sinh(x)

cosh(x)

Y

SO
sinh(x) = ycoshx),
and squaring both sides we get

sint?(x) = y?cosH(x).
Now using cosh—sint? = 1, we find

costf(x) — 1 = y?cosH(x),



or

1
H(x) = :
coslt(x) 172
5. (@)
20_5
[
2
is the right Riemann sum for
20
x° dx

0

with Ax = 1. Sincex® is increasing, the right Riemann sum is greater than thgjiateSo
we find:

20 20 6
Zi5> xk‘olxzﬁzz—xlo6
& 0 6 6
= 6—64 x 10° = %2 x 10° = 10.666... x 10° = 1.0666.. x 10'.
(b)
20 "
[
2,
is the left Riemann sum for o1
X2 dx

1

with Ax = 1. Sincex® is increasing, the left Riemann sum is smaller than the iatego

we find:
20 1

21 215
i< [ Xdx=" -2~ 1429%x 10"
= 1 6 6
(The last step is of course not one you are expected to do withoalculator.) So this all
implies that

20
1.0666x 10" < > i< 1.429% 10",
i=1

In fact, the sum equals4333.. x 10’. (To compute the sum was not part of your problem,
and | certainly would recommend using a programmable cafloubr computer to do it.)
Notice that this is very close to the average of the two es8m&0666x 107 and 1429x
107. This has to do with the fact that the trapezoid approxinmaidbetter than the left or
right Riemann sum. (If you want to understand why, ask me.)

6.

1 1 1 Tt
=ar =ar 1) =-.
/o 1+X2dx arctar{x) |5 = arctar{1) 2



7. 1f g=g(x) is a continuous function, then for any choiceapf
d X q
o | atydt=g.

8. (a) Use integration by parts:
Tt Tt
/ xsinx dx= —xcosx\g+/ cosxdx=Tt
0 0

(The integralfg' cosx dxis zero by symmetry. Or of course you can calculate it usieg th
Fundamental Theorem, and you get zero.)

(b) Use substitutionu = —4x?, du= —8xdx

—4x2
e
+C

SR Y TR P
/xe dx= 3 e du= 8+C_ 8

(c) This is one of the two hardest ones (the other hard ong)is (f

/xlnxdx:%/xlnxzdx

Now use substitutiors = x2, sods= 2xdx

1 1
é/xlnxzdx:zr/ Insds

To compute/Insds you use integration by parts, but there is a trick: Set Ins, do
du=(1/s)ds anddv=ds v=s:

/Insds:/udv:—/vdu+uv:—/s(l/s)ds+slns:—/1ds+slns:slns—s+c

So altogether:

~ 2@Inx—x?

C.
R

1 1
/xlnxdx: 7 (sins—s)+C =7 (XInx* —x?) +C

(d) Use substitutiom = Inx, du= (1/x)dx

¢ dx 21
= —du=1In(2)—In(1) =In(2).
L wme= ) §du=mn@-in@®=n@
(Notice that when you do substitution, you have to changéittiiés of integration: When
X = e, thenu=Inx= 1, and wherx = €, thenu = Inx = 2.)
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(e) Use substitutionu = 1+ cosx, sodu= —sinx:

sinx du
—dx=—- | — =-2/u+C=—-2v1+cosx+C.
v 1+ cosx Vu Vu

(f) Let's begin by computing thendefiniteintegral. There is a trick here, and if you don't
see that trick, you may be stuck for a long time:

/de—/xiz ﬂxdx_/;
Ve+1 o ) Vxe+1 VX241 VX241

1
/2 _
/ X4+ 1xdx / x2+1XdX

Now both integrals are done by the substitutipa x*+ 1, du= 2xdx

%/ul/zdu—%/u‘l/zdu:%u3/2—u1/2+0=%(x2+1)3/2—(x2+1)1/2+0.

xdx= xdx=

Now let's compute the definite integral:

13 1 S| 1
dx=|Z0C+1)%2 - P+ 1D)V?| =282 _V2-Z+41=
[} Tt |00+ 07208+ 3 :

2 2 1 2
é\/é—\/é‘f—é:—é\/é—i—é.

9. The area is half a circle of radius 1. So the integrai/i2.

10. (a)C(x) is increasing ifC'(x) is positive.
2
C'(x) = cos(%)

0<K2<1—T or 3—H<K2<5—n or 7_n<32<9_n or
2 2 2 2 2 2 2 2

is positive if and only if

So this means
Xl <1 or V3<|x<v5 or V7<|x<V9 or ..

(b) The functiorC is concave-up if and only if

C"(x) = —Txsin (%2) > 0. (1)
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If you got just to this point, you are okay. To see when (1) es¢hse, distinguish the cases
x> 0andx < 0. Forx > 0,C"(x) > 0 if and only if

2
ki< T% < (k+1)m
for an odd integer. This means
2k < x* < 2(k+1)

for an odd integer, or (remembering that we are assumin@ right now)

V2k < x < \/2(k+1)

for an odd integer. So
V2<x<V4 or VB<x<v8 on/10<x< V12 or ..

Forx < 0,C"(x) > 0 if and only if
2

km < T% <(k+1)m

for an even integer, so
2k < x* < 2(k+1)

for an even integer, or (remembering that we are assurin@ now)

—V2(k+1) <x<—v2k

for an even integer, or

—V2<x<0 or —V6<x<—V4 or—V10<x< —V8 or ..

11. The total amount of water that leaks between Monday mgrai midnight and Friday
evening at midnight is about

(0.14+0.14+0.240.34+0.4) x24=1.1x24=24+2.4=26.4

gallons.



12. (a) Here are the two curves:

20F 1

15¢ 1

10t 1

(b) The areais

TU
/ (e —sinx)dx= [+ cosXf =€"-1-1-1=€"-3.
0

13. Look at a slice of thicknesix that is a distance from the ground:

This is a cylindrical slice, approximately, with thicknes$s and cross section equal to a
circle with radiusr(1—x/h). (Why is this the radius? As increases, the radius must
decrease linearly from whenx = 0, to 0, wherx = h.) So the slice has volume

r? (1—)—;>Zd>g
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approximately. The total volume is therefore
h 2 1 x\31" mhr?
2(1 X _ 2| = (1% _ mr-
/om<1 ) dx= e [3(1 h)}o 3

14. (a) Some of you saw that this is obvious by symmetry. Bratjood argument, better
than the one | am about to give in fact. But | want you to un@derdthis argument as well:

TT
/ siexdx
0

can be reduced to an integral that involves cosine by notiag t
sin(X+T1/2) = cosx.
So let us writex = u+T11/2, dx=du. Then
s /2 /2
/ siPxdx= / sir(u+T1y/2) du= / cog(u) du.
0 —T11/2 —T1/2

Now make the observation that égs) is a periodic function with periott cos’(u+ 1) =
cog’(u) for all u. Integrating over the interval from11/2 to 11/2 will therefore give the
same as integrating over any other integral of lergtfor example over the interval from
Otott So

/n/z cog(u)du= /ncosz(u) du.

—17/2 0
(b) The sum of the two integrals is

/n(sin2x+ co€x)dx = /nldx: 0
0 0

Since the two integrals are equal, by (a), eachy/i3.



