Math 50, fall 2009, review for second midterm exam, solutions

The exam will take place on Friday, November 13, in our uslzsssoom. You will not be
allowed to use notes, books, or calculators.

1. (a) Substitutel = sinx, du = cosxdx:

COSX 1 1 1
@ /—Sirﬁdx_/@du_—a+c_—m+c

You will be forgiven if you forget “4-C”, but you will not be forgiven if you don’t convert
back tox.

(b) Integration by parts with = x?> andv = —e X gives:
/xze‘X dx = —xPe X+ / 2xe ™ dx
Now integrate by parts again, with=2x andv= —e*:
—x2e X4 / 2xe ¥ dx = —x2e X — 2xe X + / 2e ¥dx=—x’e ¥ —2xe ¥ —2e X4+ C =

e X(—x>—2x—2)+C

You should always simplify as far as possible, and write yemswers as transparently as
they can be written. (If you don’t, you will often lose points

(c) Substitutes = arcsinx):

1/2 i /6 2
/ arcsinx) dx:/ udu— u
0  V1—x2 0 2

Note that here there is no need to convert back,tsince it's a definite integral. The
answer is a number, not a function. You should know thatrsié) = 1/2 (and therefore
arcsin(1/2) = /6, and in general the values of sin, cos, and tan/ét 11/4, 2r/6, that is,
at 3@, 45°, and 60.
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(d) Substitutes = t3/2;
/ \/fsin(1+t3/2> dt = g sin(1+u)du= —cog1+u)+C = —cog1+t¥?)+C

Again, if you don’t write “4+-C” that’s okay, | know that you know that. But if you don’t con-
vert back td, then I'll have to assume that you don’t understand thfay/f sin <1+ t3/2) dt”



stands for “the anti-derivatives gft sin (1 +13/ 2) " which of course are functions ¢fand
I'll have to deduct points of lack of understanding.

(e) The trick is to get rid of all sin-terms except one, using Pythagorean theorem:
/sinsxco§xdx = /(1 — co€X) cog x sinxdx.

Now you can substitute = cosx:

3 .5
/(1—co§x) cog x sinxdx = —/(1—u2)u2du: S —C0§X+ cosX

375 3 5 ¢

This trick does not work if you have an integrand of the formf'gsicos"x and bothn and
mare even. But then you can use double angle formulas instesele<{g) below.

(f) Use integration by parts with = Inx andv = x:

/Inxdx:xlnx—/dx:xlnx—x+C

(@)
/sinzu coszudu:/(1—coszu)coszudu:/coszudu—/coé‘udu (1)

Now you use the double-angle formula

cofu= &?H. (2

Are you expected to you know this? The short answer is yes. |digg answer is: You
don’t have to memorize it if you instead memorize these tfogaulas:

sifa+cosa = 1 (3)
sinla+P) = sinacosp =+ cosasinB 4)
coda+fB) = cosacosPFsinasinf 5)

These three you should memorioe sure. If you take3 = a, then (5) implies
cog20) = cod —sirfa,
and by (3) that means
cog20) =2coga—1

or
coq2a)+1

a =
cos a 5



If you trust your memory more than your algebra, memorizedbeble-angle formulas
(you also need one for giu)). If, like me, you trust your algebra more than your memory,
only memorize (3)—(5).

So now let’s return to (1) and use (2):

/coszudu—/cos“udu:/005(2;)+1— (COS(ZZ)Jrl)z du

We do a little bit of algebra:
%/ 1—cog(2u) du

Now use the double-angle formula once more:

1 cof4u)+1 1 1 cod4u) . 1[u sin(4u) B
4/1 2 Olu_4/2 2 d“_4[2 g | ¢~

_sin(4u)
32

+C

o) e

(h) This is the simplest case of a problem that you can solveyysartial fraction decom-
position. The denominator factors into two distinct lin&astors:

X2 —3x+2=(x—2)(x—1).
In general, any function of the form

ax+b
(X—X1)(X—X2)

with a, b, X1, X2 constant and; # x2, can be written in the form

ax+b A B
= + .
(X—X1)(X—X2) X—X1 X—Xp

In our example:
X X A B

—3x+2 (X—2)(x—1) x—2 "x—1
To find A andB, multiply both sides byx— 2 and also by — 1:

x=A(X—1)+B(x—2).
Simplify:
Xx=(A+B)x— (A+2B). (6)

The right-hand side of Eq. (6) is a linear function. Sincs thiear function is in fact equal
to x, its slope is 1:
A+B=1, (7



and itsy-intercept is O:
A+2B=0. (8)

Egs. (7) and (8) are two equations in the two unknowrandB. It is easy to solve them,
for example solve (7) foA: A= 1— B, plug that into (8):

1-B+2B=0,

soB = —1, and then, from (7A=2. So

X 2 1
(x—2)(x—1) x-2 x-1
Therefore
X X 1
/x2—3x+2dx_/(x—2)(x—1)dx_/x— dx= /x—ldx_
92
2In|x—2\—|n\x—1|+C:In(X 2 +C

x—1f
This trick works in general for functions of the form

linear (or constant) function
(X—X1)(X—X2) with X3 # %o

If the denominator is a quadratic function, but cannot béofaa, then you complete the
square, as in the next problem.

(i)
dx =?
2213
The aim is to make the integrand look like
1
u+1

somehow. You first factor out/B to turn the “3” in the denominator into “1”:

[ 22393 | G
2213773/ @1

Now you setu = /2/3x:

\[ / 210 arctar(u) = % arctan(@ x) +C



() The integrand becomes infinite at 0, in the middle of thenval! Therefore the improper
integral is convergent if and only if both

11

lim —dx
t—0+ \/)7(
and .
tLII’(])’] 17dX
exist. In fact, .
) 1 ) 1 ..
lim —dx=Ilim 2yX|. =lim (2—-2t) =
t—0 Jt \/)_( t—0 \/_‘t t—>0( \/7)
and similarly :
lim —dx=
tLO -1 \/)_(dx
So
. d
—dx
/1 VX

in fact is convergent, and its value is 4.

(k) Use integration by parts, with= x andv= —e™*:

/ xe Xdx = — xex}g°+/ e *dx=1.
0 0

(Strictly speaking you would have to write this with a limg &8— 0+. Make sure you
know how to.)
/ 2 —X dx

0
is a convergent improper integral if and only if both

. t 2 2
lim xce % dx

t—oo 0
and
. 0 2 2
lim xce % dx
t—>—oo t

exist. Let work on the first of these two limits:

t
. _ . X 2
lim x2e X dx = lim §2xe X dx

t—o Jo t—o Jo



The reason why | wrote it this way is that now | can use integralby parts withu = x/2
andv = —e*:

t x 2 X 2 2 1t 2
. _ X T _ M aX —X — |i _tat _ —X =
tlm A é2xe dx_tlm< 2e 2/ dx) tIﬂ}()( te +2/0 e dx)
t 0
1 lim [ e dx= }/ e dx
t—oo 0 2 0

2/ dx_4/
1/ e
é/o ©

Now

by symmetry, so

Altogether, we conclude that

t
im [ x2e Cdx— YT
t—o 0 4
Analogously,
0 il
lim 2 dx = £
So

2. The picture is like this:




The sum of the areas of the rectangles is

n1
v

It is smaller than the area under the curve from 1/2 tox = n+1/2. To see this, look at
one of the rectangles:

The area of the rectangle equals the area under the doteedttie tangent to the curve
1/+/X, which is smaller than the area under the curve. The onlygtppf 1/./X that this
argument uses is that it is concave-up, by the way.

So
n+1/2 1

Z“/ o dx 2\/n+1/2-2\/1/2=+4n+2-V2.

3. Look at a slice at heightabove the south pole and thicknebss Its cross-sectional area
is

2
T[{ r2—(r —x)z} =1(r? — (r —x)?),

as you can see from the following picture:



(rz_(r_x)2)1/

X

So the volume of the slice is
m(r2 — (r —x)?)dx,

and the volume of the cap of heights

h 3" _h3 3
/ n(r? — (r —x)?)dx = 1r*h+ e Ui [ S Ul
0 3 o 3 3

g (3r?h+ (r—h)3—r3) = ghz (3r —h)

4. page 722:
(1) Convergent positive series: Compare wifl31
(3) Divergent:n-th term does not converge to zero.

(5) Absolutely convergent: Use the ratio test; the limitlo¢ b+ 1-st term over tha-th
term is 2/5.

(7) Divergent:
1 1

> )
nvInn = ninn




and even
> 1
Z — — 00,
& ninn
(We proved this in class using the integral test.)

9. Convergent positive series: Use the ratio test. The tifrtthen+ 1-st term over the-th
termis 1/e.

11. Not absolutely convergent (see problem (7)), but caorthdly convergent by the alter-
nating series test, since (lnn) is positive, decreasing, converges to zera as «. (You
must state all three of these facts to get full credit.)

13. Convergent positive series: Use the ratio test. The bfrthe (n+ 1)-st term over the
n-th term is zero.

17. Then-th term does not converge to zero, so divergent.

19. Not absolutely convergent:

0

> Inn 1

R RN Rl

=1 \/ﬁ n=1 \/ﬁ

But convergent by the alternating series test, sincg{fn is positive, decreasing for suf-
ficiently largern, and its limit is zero. To show that it is decreasing for sugfitly largen,

define |
nx
f(x)_ﬁ

for x > 1 and take the derivative:

VX/X—Inx/(2y/X) 1 (1_Inx).

X 32 2

This is negative if Ix > 2, that is, ifx > €. To show that the limit off (x) asx — « is 0,
use I'Hospital’s Rule.

21. Absolutely convergent: Use tineth root test. Then-th root of
22n
nn

4

)

n
and this converges to zero. (Convergence to any nuridewould be enough.)



23. Divergent positive series by the limit comparison test:
tan(1/n) ~ 1/n

asn — oo,

25. Convergent positive series: ratio test. The ratio ofithel-st term, divided by thae-th
term, tends to zero. (Convergence to anythingy would be enough.)

27. Convergent positive series. You can use the limit corapartest:

kink
lim L2 — o,
k—oo —=_
K3/2
and
g 1 .
=) k3/2
29. Absolutely convergent:
1 2
coshin) =~ &’
and
n=1 en

31. Does not converge since tkth term does not tend to zero ks~ . In fact,

5 1
F 14K~ (3/5)K+ (45K

33. Convergent positive series: Use the limit compariset) tmpare with in%2,

35. Convergent positive series. You can for instance use-theoot test. The-th root of
2
n n
n+1

(nil)n: (1+1/n)”’




which tends to leasn — co.
37. Convergent positive series. To see it, note that
V2-1=2Y"_1.0

asn — oo, Now use then-th root test.

5. page 695, problem 58. (a) First it dropshky Then it rises taH, and drops byH, then
rises tor?H and drops by?H, and so on. So the total distance traveled is

1
Hoot"

r
H.
1—r 1—-r

H+2y r"H=H+2
k=1

You must know the formulas

00

r
2" =1y

n=1

and
e 1

M=
nZO 1—r’

both valid if|r| < 1. You need to memorize only one of these, since they veryydaiow
from each other.

(b) How long does it take to fall from height to zero? The ball falls
1 2
égt
meters int seconds, so to calculate the titneeeded to fall from heighd, solve
1 2
—gt“=H:
th

2H
t=4/—.
g

To fall from heightrH takes, similarly, time

2rH
H

And so on. All the falls together take this time:

Ho ok j2d 1
\Ek;)(m _\/Zl—\ﬁ'




Each fall is paired with a rise, immediately preceding igtttakes precisely equally long.
So does this mean that the total travel time equals

0 /2L o0
gl-yr

Not quite: The very first fall, from heightl to the ground, is not paired with a rise that
takes the same amount of time. So the total travel time isaigtu

o 1 jeH 2H1+r
gl-r g g 1l-yr

It is interesting that the total travel time is finite.




