CAT(0) HNN-EXTENSIONS WITH
NON-LOCALLY CONNECTED BOUNDARY

MICHAEL MIHALIK AND KiM RUANE*

ABSTRACT. The main result of this paper shows that when a certain type of HNN-
extension acts geometrically on a CAT(0) space, the boundary of the space is not
locally connected. The motivating example 1s an HNN-extension that arises from
studying parabolic semidirect products of Fy and Z. We show all such semidirect
products act on the CAT(0) space constructed here. We explicitly identify a point of
non-local connectivity in the boundary of this space as a guide to reading the proof
of the main theorem.

In [MR], we show that if the group I' is an amalgamated product acting ge-
ometrically on a CAT(0) space X and an orbit of the amalgamated subgroup is
“quasi-convex” in X, then two group theory hypotheses about the amalgamation
guarantee that X is not locally connected. In particular, with the exception of
Z"™ all right angled Artin groups satisfy the conditions of this result. When the
amalgamated subgroup is abelian an orbit is always quasi-convex in X, so one can
easily build groups acting geometrically on CAT(0) spaces with non-locally con-
nected boundary by amalgamating known CAT(0) groups over abelian subgroups
in the correct way.

The main result of this paper deals with HNN-extensions which act geometrically
on CAT(0) spaces. Just as in the case of amalgamated products, the normal form
theorem for HNN-extensions gives significant control on the structure of the Cayley
graph with the standard HNN presentation. Since a quasi-isometric copy of the
Cayley graph approximates the space the group acts on, there is geometry forced
on the space. This in turn forces topological characteristics on the boundary much
like in [MR].

The motivating example is presented in section 3. Our explanation of how to
detect points of non-local connectivity in the boundary of this example is meant
to introduce the ideas and techniques used in the proof of the main theorem. The
example is interesting for several reasons. First, it is an HNN-extension satisfying
the hypotheses of the main theorem. Second, it is a parabolic semidirect product
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of F, with Z. In fact all such parabolic semidirect products act geometrically
on the space constructed in this section. The same example is used in [G] to
give an example of a CAT(0) 2-complex illustrating a new notion of divergence of
geodesics. The definition of divergence used in [G] is clearly seen to be a quasi-
isometry invariant. The example is shown to have quadratic divergence in this new
sense.

There are five sections in this paper. The second section contains definitions
and known results used in the proof of the main theorem. Section four contains the
necessary lemmas for understanding how the structure of the Cayley graph of an
HNN-extension forces geometry on the space the group acts on. The final section
contains the proof of the main theorem.

Theorem. Suppose o : A — B 1s an isomorphism between finitely generated
subgroups of the finitely generated group G and that G* s the HNN-extension
(G,t:t7lat = a(a),a € A).

If G* a ts geometry ally on the spa e X then 0X s not lo ally onne ted
when the following onditions are satisfied
A=G=B
A is wasi- on ex in X for some basepoint € X.

here exists € G* su hthat "€ A forall =0and A ~' A

emar . Condition (2) is independent of basepoint. The quasi-convexity of A
implies the quasi-convexity of B and A ~'  Aimplies (¢t7! )B(¢t~! ~'t) B
so A and B can be interchanged in this theorem.

?

. De o E m e

In this section, we give definitions and properties of CAT(0) spaces and their
boundaries.

De o .. et(X, )Dbea complete, proper, geodesic metric space. If «
is a geodesic triangle in X, then we call @ ~in 2 with the same side lengths, a
omparison triangle. We say X satisfies the CAT(0) ine wality if given any «
the

b

in X and a comparison triangle in 2, then for any two points on a

bl
corresponding points —,” on the comparison triangle satisfy

(.) 59

Intuitively, this says that triangles in X are at least as thin as they are in
", ™, -trees, and the universal

covers of compact Riemannian manifolds of nonpositive curvature.

emar . . It is known that if X satisfies the CAT(0) inequality, then X satisfies
the following: (see [ ])

uclidean space. xamples of such spaces include

() X X — isa convex function.
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(2) For any a, € X, there is a unique geodesic segment in X oining a and

(3) X is contractible.

If G acts geometrically on a CAT(0) space X, then every € G acts as a
semisimple isometry - this means = (, ): €X Iisattained for some

€ X. The following notation and results can be found in [ H| or [ RJ:

()= €X:(, )=

If =0, then obviously () is the set of fixed points of . If 0 (i.e.
has infinite order), then leaves a geodesic line (called an azis) set-wise fixed,
acting as translation by on this line. All such lines are parallel and () is

exactly the union of all of these lines. Thus any Z subgroup of G determines a line
in this way. More generally, the following corollary of the Flat Torus Theorem | H]
shows how Z" subgroups of G determine a convex subset of X which is isometric
to ™.

Theorem . - | H]. If G is a group a ting geometri ally on a (0) spa e
and Z" a subgroup of G then there exists a point € X su h that the orbit

18 a latte e in an 1sometri ally embedded opy of ™ 1i.e. an - at .

De o .. et X bea CAT(0) space and a basepoint in X. Then we
denote by 0X the set of geodesic rays based at

Note that if two geodesic rays based at stay a bounded distance apart in X,
then they must be the same ray, by the convexity of the distance function.

If is a semisimple isometry with 0 as above, then we denote by ( )
the endpoints of an axis for

To put a topology on X = X  9X which induces the metric topology on X,
consider the sequence of maps , : X — X where ,, is the identity on B( , ) and
for any point notin B( , ), »( ) is the point on the geodesic from  to , of
distance from .Now X is the the inverse limit of the sequence , . Changing
basepoint leads to pro-isomorphic inverse sequences and a homeomorphism between
the inverse limits. For details, see [ H]. The correct intuition for this topology is:
two rays are close in 0X if they travel close together for a long time.

For example, & ™ = "1, If is a simplicial tree, each of whose vertices has
valence at least three, then 9( ) = where denotes a Cantor set.

De o . . Suppose X is a CAT(0) space and X. The limit set of |
denoted (), is defined to be 0X where is the closure of in X 0X. If
€ (), then there is a sequence , of elements of such that lim, n =

where the limit is taken in X 0X.

De o . . A topological space X is lo ally onne ted if components of open
sets in X are open.
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De o . . A CAT(0) space X is almost extendible if there exists a constant

such that for any pair of points , in X , there is a geodesicray :[0, )— X
such that (0) = and passes within  of . The number is the almost
extendabiltiy onstant.

It is a theorem of . Ontaneda [O] that if G acts geometrically on a CAT(0)
space X, then X is almost extendible.

De o0 . . A subset A of a geodesic metric space X is wasi- on ez if there
is a 0 such that for a, € A any geodesic in X between a and lies within
of A. The constant is called the wuasi- on exity onstant for A.

There is a special case of our theorem that follows from the main theorem of
[MR]. Considering that case here reduces the complexity of the proof we pursue.

Theorem . . Suppose B A G «o: A — B s an isomorphism G* = (t,G :
t~lat = a(a),a € A) a ts geometri ally on a spa e X A 1s wuasi- on ez
i X and A = G. hen 0X s not lo ally onne ted. Similarly for B = G and
A B.

roof. et = (t,A) G*, then G* = G, A has index 2 in G and A has
infinite index in . So G* satisfies the hypothesis of Theorem [MR] (with t=1 = ).

From this point on we assume A B and B A.

emar . . The following was con ectured in [MR]: Suppose A G are groups,
G acts geometrically on a CAT(0) space X and A  is quasi-convex in X, then if
there exists € G such that A ~! A then in fact A ~! = A.

HEM 1 A IN AM LE

The following example illustrates some of the ideas used in the proof of the main
theorem. Suppose G has presentation

() G:<77[’]:7_1 = ).

Then G is the HNN extension with base A = Z  7Z generated by , . The
associated subgroups are ; =( ) and 2 = {( ) and the stable letter con ugates

1 to 5 via the relation ~!' =

We came across this example while investigating semidirect products of F;, the
free group on two letters, with Z. The group G described here is one of these
semidirect products. In fact, every parabolic semidirect product of F, with Z
can be viewed as an HNN extension of Z  Z over Z because of the lemma given
below. This particular group has also been studied in [G] where it is shown to have
quadratic divergence.
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Lemm .. et :F, - F begienbya—a and — where a, generate
F5.  hen the semidire t produ t of Fy with Z determined by " denoted G, has
presentation ( , -t =m0 ) and thus is an HNN-extension
with base 7 7 genemted by and with asso iated Z subgroups generated by

and ™ 1,

roof. The semidirect product G, has presentation
{a, ,t tat ™' =a" tt =)

Now let =a, =t = t. Thisimplies = ¢t '= ! We have

Gn:<77 _1:( _1)n7 ( _1) = _1>
:<77 - :( _l)nv _1:>

:<77 -1 :n—nl’ = >

There are three types of semidirect products of Fy, with Z depending on the
type of matrix in G (2,7Z) that the automorphism defining the semidirect product
determines. These are classified by the trace squared of the matrix and it is known
that (up to con ugation) the parabolic ones are given by the powers of from the
above theorem. We use the next lemma (the proof of which will be left to the
reader) to reduce the problem of studying all parabolics to studying only the one
determined by

Lemm . . or any group G there is a monomorphism : G 7Z—G Z
whose 1mage 1s a normal subgroup of index

It is known (see [ 1| for instance) that semi-direct products of Fy and Z are
CAT(0) groups. We construct a CAT(0) space for G using the HNN presentation
for G and the gluing theorem below from | H]. Then since any parabolic is a finite
index subgroup of the one here, all parabolics act geometrically on this space.

Theorem . . et X and A be metri spa es of ur ature where 0. If A 1s

ompa t and , A — X are lo al isometries then the wotient of X (A [0, ])
by the e ui alen e relation generated by (a,0) (a) and (a, ) (a) a€ A also
has wur ature

The phrase “curvature ” simply means that the spaces satisfy the CAT(0)
inequality locally. We apply the theorem with X a torus, A a circle, and the
isometries and from A to the circles which represent the standard generators

and in the fundamental group of the torus. Then G acts geometrically on the
(CAT(0)) universal cover of the resulting quotient space. We change notation here
and denote this universal covering space by X. Observe that X is the universal
cover of the “standard” 2-complex corresponding to the presentation ( ). Hence



MICHAEL MIHALIK AND KIM RUANE*

the -skeleton is the Cayley graph of ( ). In particular, this defines directed labels
on the edges of X. achlabelisan , or .

X can be viewed as a collection of planes (copies of the universal cover of the
original torus) glued together along lines with strips between them via the iden-
tifications given by the HNN description of the group G. Start with a plane
whose origin will be the basepoint of X so that  contains the orbit of the Z Z
generated by and . The edge labeling of this plane is the standard  grid (we
can assume that and act as translations of length in perpendicular directions
inside ). There is a vertical strip of height one along the axisof  with each of
the vertical edges labeled by a . ecause of the identifications in G, the top edge
of this strip is labeled by edges. These edges lie in a plane, denoted ; which is
the image of  under the action of . Thus we have two planes, one glued to the
top and the other to the bottom of a strip. Notice that the -axisin  is parallel
to the -axisin ;.

In , denote the -axis by A and the -axis by A . Since commutes with |,

A is another axis for which is dis oint from and parallel to A . Thus we have
a family of parallel lines in given by "A . There is a strip and plane glued
to each of these lines as above. Consider the strip with base ™A . The plane at
the top of this strip is ™ ;. The planes ; and 1 are dis oint, but “share a
common direction”. lLe. the line A in ; is parallel to the line ™ A in " ;.

7

See Figure for details.

Iterate this process everywhere via the action of G - i.e. in each plane there is
an -axis (actually the image of A under some group element) so we glue another
strip with a plane on top where the top of the strip has edge labels in the new
plane and the vertical edges in the strip are labeled by

This is not all of X because we have not considered the action of negative powers
of on the planes we ve constructed, however this is su cient to see the non-
local connectivity of certain points in X. There is another “half” of X which is
constructed via the relation ~! = which lies below the part we have described
above.

ach plane we have described contributes a circle to dX. enote the boundary

circle for " by .. ecause and | share a common direction, and

1 have two points in common - likewise for , and , ;. In , the endpoints of

A |, denoted , are the same as the endpoints for A (the -axisin ;). and so

= . These are the only two points in 1. The points are also

in 1, but these are the same as 2 in 4. Iterate this process under the action
of on 90X, to get a collection of circles which limits to a single point, namely

recisely,

n n
There is a similar collection which limits to ~— obtained from the “other half”

of X mentioned above. See Figure 2 for how this works.
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Next we observe a “folding” of the planes (pictured in Figure 3). y this

we mean the -axisof " is parallel to A for all (so the -axisof ™ limits
to in ™ )andfor “large” the two boundary points of the -axis of "
(namely ™ ) are “close” in ™ . In fact,

lim " = lim " = =

n n

To see this last equality, consider the geodesic edge paths ,, and  beginning at

the base point € with edge labels ( ™*, , , , JYand (™, , ., , )re
spectively. The limit point of |, (respectively , )is ™ (respectively ™ ~ ).
Now simply observe that the geodesic edge paths ,, .~ and(, , )at coincide
for -edges before diverging.

There is a similar “folding” for the negative powers of acting on 1-

Now it is easy to see that is a point of non-local connectivity. Indeed, consider
the sequence " in 0X. Clearly, lim,, " = since the path labeled
by " followed by the ray labeled with edges is a geodesic to " which fellow
travels the geodesic to for steps. Also, for = | the points ™  and

are in di erent path components of 0.X
In this example, 1is playing the role of |, is the subgroup A , and
is the subgroup B in the statement of the main theorem.

HE ECE A EMMA

Suppose A is generated by the finite set | B generated by the finite set and
G generated by the finite set | where . et ' =T(G*, ) denote
the Cayley graph of G* with respect to the finite generating set = t . ach
edge of I' is directed and labeled by an element of . If a € A then there is an
edge path a from € I to a € I', each of whose edges is labeled by an element of
!, Furthermore, if a is the element of the free group F(A), defined by «, then
the natural map of F(A) to A takes a to a. Similarly for € B and € G. We
make extensive use of edge paths in I' labeled by 1.
Since all of our groups are CAT(0) groups, they are finitely presented (see [ H]).
et € (), for asin the main theorem and let et I'—= X
be a continuous map such that ( )= for all € G and commutes with the
action of G on I and X. The map is a quasi-isometry. Say that £+ ( , )
(C), () (, ) forall , €T. Assume themetricon X is normali ed
so that the diameter of () is for any edge of T.
If A is quasi-convex in X and € G then A is quasi-convex in X (with the

same quasi-convexity constant). Also, is a vertex of I', and ( ) = e A
When = " we have "A A" =A ,. If 1isageodesicin X from to
n then for any a € A, a is a path of diameter  ( , ;) between ¢ and a .

Hence (A )= (A ,) for all
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erminology. Suppose o (1, , n)is an edge path in I" from to . ach
is labeled by an element of 1. Ift € ! labels | then and (t;, .t,)
uniquely identify o and wesay o = (t1,  ,t,)at . Notethatin G*, = t;  t,.

If € G*then ({t1, tn)at )= {(t1, t,)at ,anedgepathinI from to
131 tn.

De o .. et ( 1, 2, ) be an edge path (finite or infinite) in I.
Consider the standard decomposition of as ( 1, 2, ) where is a maximal
subpath of  of one of the following three types:

() A path with a single edge labeled ¢.

(2) A path with a single edge labeled ¢!,

(3) A path in which every edge is labeled by an element of

For to be redu ed, we require to have no subpaths of the form (¢,¢71), (71, ¢),

(t71 a,t) where a is a path representing an element of A or (¢, ,¢t7!) where isa
path representing an element of B.

Lemm . . If there exists € G* su hthat A 1 Aand ™€ A for all 0
then one of the following holds

i here exists € G su hthat €A for =0and A ' A Inthis ase
we repla e by

i here exists € G su h that € B for =0and B ! B. Now
t ttteAfor =0andt t 1At ~1t7! A, Inthis ase werepla e byt t1.

i here erists € G su hthat A ' Bandsot A %1 A bser e
that € A BasA B. Inthis ase we repla e byt .

7 here exists € G su hthat B ~' A and so t 1At 71 A, bser e
that € A BasB A. Inthis ase we repla e by t7 1.

here exists , € G su h that € A but € A for some 0 € B but

€ B for some 0 A 1'=A B '=B andsot t71 A 71t “1t=A
In this ase we repla e byt t~1 .

Note that in ase ) we need € A and € B to be ertain that (t t7! )" € A
for all =0.

roof. Choose such that A ! A and € A for all = 0. Suppose =
t t , is reduced. For any a € A, ¢ t na 't t— “le A
Hence either:
) n= and ,a ;'€ Bforallae Aor
2) = and ,a ;! € Aforall ae A
If ) occurs then we are in case iii).
If 2) occurs and , € A for =0, then we are in case i).

Hence we need only consider when 2) occurs and ,, € A for some = 0. In this

1

case:
WA t=Aandsot™! A J1t=B
If =, = t!,andt™! A flt:Bso B 7! = A and we are in Case
iv). We assume
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ither:
3) o1 = and ,_1 ;il € Aforall € Bor
) n1= and ,_y ', €Bforall €B.

If 3) occurs then we are in case iv).
If )occurs and ,_, € Bfor =0 then we are in case ii).
So we need only consider when both 2) and ) occur, , € A, ,_, € B for some

=0and =0, ,A ;1:.4, and ,_B ;ilzB.
Now ,_qt7 ' ,A ;1t —1 = B. As isreduced and , n1 €B. If , €A

n—1

7

then we are in case v).

We now consider the possibility that , € A. (In this caset a1t A St ;ilt_l =
A)

When =2, = ¢ttt ' oand A ' A If € Afor =0, then we
are in Case i). I € A for some =0 then A T =—Aandso A ' =A If

€ Athen =t t ! forsome € Gandt B ~'t7! = A Then B ~!=B. As

e Afor =0, € B for =0 and we are in Case ii). We need only consider

€A Nowt t7! A ¢ flt_l = A, so we are in Case v).

We need only consider when:

2, n€A, ,-1€B,but ,_ ;€ B for some ,
w1B ' =Bandt , t7'At ' t7' =B

ither:
) n—2= and ,_2a ;iz € Bforalla€ A or
) n—2= and ,_sa ;iz € Aforalla € A.

If ) holds then we are in case iii).
If )holdsand ,_, € Afor =0 then we are in case i).

If )holdsand ,_, € A for some =0then , .4 ', = A.
Now , o€ Aas t t ,isreduced and 2andt ,_1t7! ,,_2A ;izt ;ilt_l

= A so we are in Case v).

Lemm . . Suppose is a redu ed edge path in ' with standard de omposition
(1, 2, , n). here 1 and , do not represent elements of A. Set _1 e ual
to the initial point of and , e ual to the end point of . hen the edge path

from A to ,A must ha e at least as many t and t™ o wuren es as  does and
for must interse t

1A =t and

Adf  =+¢1

roof. Without loss, assume we begin with a reduced edge path between «a; and
naz where a € A. (Otherwise pieces of the path can be replaced by edge paths
labeled by letters in ' or by lettersin . [ 9].)
The result now follows for reduced edge paths by Theorem I .2. of [ S].
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Lemm . . nder the hypotheses of lemma . if there are at least o wuren es
oftand t™'in ( 1, 2, , n) then
(A4, .4 ) =
roof. ylemma .2, ( A, ,A) . Now use the fact that isa ( , )-quasi-
isometry.
y lemma . there are five possible reduced forms for
orm . where € Afor =0.

orm .t t7! wheret t7!€ Afor =0.
orm .t where €A B.
orm . t! where €A B.
orm .t t7! where € Aand € B.
Now we construct an edge path ray  in ' with initial point so that if we let
be the translate of by  we will have that the rays ,  and the segment
(,, , )from to define a bi-infinite reduced edge path.
If has Form thenlet  be (t,t, ).
If has Form 2,3, or thenlet be (¢71,¢t71 ).
See Figure for the possibilities.
For the reduced bi-infinite edge path referred to above is labeled by:
g7t Tt ) if has Form

ot ettt ) if has Form 2.

AN TN T T

ot ot ot Lt et ) if  has Form 3.
7t7t7 ’ _17 7t_1 9 ,t_l,t_l, >1f has FOl‘l’Il
tot, 7t ot e et et et ) if has Form

P ) bl
Now lemma .2 implies:

Lemm . . ny edge path between ( 1) and ( 2) ( ) must pass thru ea h
of ( )A for all 1 and ()A for all 2 and
. Aand A if has form
Aand A if has form
A, ., YA if has form
LA, , Aif has form
A, ., YA if has form

See Figure for Cases and 3. Case 2 is essentially the same as Case and
Cases and are essentially the same as Case 3.

Notation. Suppose  is a metric space and A . Then for 0, (A)

e = (,4) . The distance function used will be evident.
Lemm . . Suppose G* = (G,t : t 1At = B) a ts geometri ally on a (0)
spa ¢ X. here exists an su h that for e ery any path from (1)
to  ( 2) must interse t ea h of ( ()A ) for 1 ( ()A )

for 2 and
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a h of (A )and (A )or

a h of ( A4 ), (A )or
a h of (A ) ( 14 ).
roof. This proof is analogous to the proof of emma 3. in [MR]. Since the action
of G* on X is cocompact, there exists an 0 such that B( ,G* )= X.
Ast () ( , Hforall , eG*if ( ) 2 , then
there is an edge path in I' between and  with length less than (2 ).
efine = (2 ).

The idea is to approximate a given path from  ( 1) to  ( 2) by the image
under of an edge path in I' and then use lemma

et : [0, ] = X be a path between and , where = (1) and
= ( 2). y the uniform continuity of , there is a partition 0 = 1
= of [0, | such that for each € 0, , the diameter of ([ n, n 1))
is . Foreach € , choose , € G* suchthat ( ( ), »n )
(et = and = .) For any we have:

(n 5m1 ) (n 5 (n) ((n)y (no1))
((n1)ymn1 ) 2

We know we can oin ,,_; and , by an edge path «a,, in I', of length (2
). Since we have normali ed, (ay) is a path between ,_; and , of

diameter (2 ). Now the I' edge path (o;, ,a ) begins at on
and ends at on . Apply lemma . to obtain an a € A such that "a
and ( )a areon (a1, ,a ) for the various possibilities in each case. Thus

" and ( )a lieon (« )for some . We have:

as needed. Similarly for ( )a

Now as  defines an infinite reduced word, it eventually must be arbitrarily far

from A for any . Hence lemma . implies that for large , ([ , )) and
([ , ))areindi erent path components of X (A JorX (A )
As "€ Aforall =0, the high powers of get arbitrarily far from A in I'. As
I' and X are quasi-isometric, for large |, is far from A

The quasi-convexity of A  is used in the next two lemmas.

Lemm . . eeping the same hypotheses and notation as abo e suppose A s
wast- on ex in X with onstant .  hen the limit set of ie. (A ) moX
does not ontain ( ).

roof. Suppose ( e (A ). et a, bea sequence of elements of A such
that lim,, a, = ( ). Then the segments [ ,a, | must converge to the
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ray [, ( )]. Foreach [ ,an | (A ) by quasi-convexity. Thus the
ray [, ( )] is also contained in (A ). Since € (), this ray is ust
the positive half of an axis for , thus for all € lies on this ray and thus
within of A , a contradiction.

In all that follows, is our almost extendabiltiy constant, is the quasi-
convexity constant for A in X, is defined in lemma . and is the quasi-
isometry constant of .

Lemm . . Suppose 0 and € G. If s a geodesi ray with (0) €
(A )andte [0, )issu hthat (t)€ (A ) then ([t, )) does not
interse t (A ).
roof. Suppose ( ) € (A ) for some t. Choose a,a € A such that
( (0), a ) and  ( (), a ) . Consider the geodesic rectangle
with vertices a , (0), ( ), a . Sincethetwosides[ a« , (0)]and[ ( ), a |
have length , the side [ (0), ( )] must be in ([ @ , a ]) by convexity
of the distance function. y quasi-convexity of A [ a , a ] is contained in
(A ) aswell, thus [ (0), ( )] (A ) a contradiction.

HE MAIN HE EM

To prove the main theorem, we exhibit a point of non-local connectivity, namely,
( ). To do this, we construct a sequence of geodesic rays 0X with
lim,, n=( ), but for = | and , are in di erent path components

of the complement of the closed set (A ) in 0X. The theory of eano spaces will
then show 90X is not locally connected. (See Theorem 3 . [W].)

roof. Select an integer t; € [0, ) such that ¢; (2 ). ick ¢
t ( ).y lemma .3, = (t) € ( (t1)A ). et
n [0, ) — X be a geodesic ray from passing within ~ of " n(t).
Say ( n(tn), ™) . See Figure . sIf = ( , )then ( ,, n(tn))
(n, ™) (™, altn)) for all . Hence the sequence , converges
to ()€ (A ). We have for large e (A ).
For | 0, let n be the edge path in I' from to ™ with edge labels

n—

defined the obvious reduced word for (See Figure for the five possible
cases.) y lemma .3, the definition of ¢; and the fact that { ,, ;) is reduced:
( ) Neither the path () (from to ,)nor (A )intersect (n(t1)A

for all  (and so (A ) is a subset of a single component of X
(n(t)A ).
et , be the geodesic from " n(t) to n(tn) (so 4 ).y the
definition of (", W(t)A ) , SO 5 has image in a single
path component of X (n(t1)A ) and  ( n(t), n(t1)A ) . As

neither mnor ™ are points of ( n(t)A ), lemma . impliesthat and "
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(and so and ,(t,)) are in di erent path components of X (n(t1)A ).
Hence must intersect (n(t1)A ). ylemma ., ,([tn, )) doesnot
intersect (n(t1)A ).

As " € L([th, )) ( ») and € (A )arein di erent path
components of X ( n(t1)A ), wehave ,([tn, )) ( n)and (A )
are in di erent path components of X ( n(t1)A ). ut then for all | |

(n)  wlltn, ))and ( ) ([t , )) do not intersect t
"A

y emma ., " (€ ,)and (€ ) are in di erent path components of
X (n 1A "A ),sofor = janypathfrom ([t , ))to n([tn, ))
must intersect (n 1A "A ) (A, A ). This means that for

= , any path in X between , and must intersect ( (4, A )=
(4 ).
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