SOME GEOMETRIC GROUPS WITH RAPID DECAY
INDIRA CHATTERJI" AND KIM RUANETT

ABSTRACT. We explain simple methods to establish the property
of Rapid Decay for a number of groups arising geometrically. Those
lead to new examples of groups with the property of Rapid Decay,
notably including non-cocompact lattices in rank one Lie groups.

INTRODUCTION

A discrete group I is said to have the property of Rapid Decay (prop-
erty RD) with respect to a length function ¢ if there exists a polynomial
P such that for any r € R, and any f in the complex group algebra CI"
supported on elements of length shorter than r the following inequality

holds:
£l < P()II ]2

where || f|. denotes the operator norm of f acting by left convolution on
(*(T), and || f||2 is the usual £2 norm. Property RD had a first striking
application in A. Connes and H. Moscovici’s work proving the Novikov
conjecture for Gromov hyperbolic groups [9] and is now relevant in the
context of the Baum-Connes conjecture, mainly due to the work of V.
Lafforgue in [33] (see Section 3). First established for free groups by
U. Haagerup in [18], property RD has been introduced and studied as
such by P. Jolissaint in [26], who notably established it for groups of
polynomial growth, and for classical hyperbolic groups. The extension
to Gromov hyperbolic groups is due to P. de la Harpe in [19]. The first
examples of higher rank groups with property RD have been given by
J. Ramagge, G. Robertson and T. Steger in [40], where they established
it for Ay and A; x A, groups. V. Lafforgue proved property RD for
cocompact lattices in SL3(R) and SL3(C) in [32]. His result has been
generalized by the first author in [4] to cocompact lattices in SL3(H)
and Fg_g6) as well as in a finite product of rank one Lie groups. It is
well-known (see Section 1) that non-cocompact lattices in higher rank
simple Lie groups do not have property RD, and it is a conjecture
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due to Valette that all cocompact lattices in a semisimple Lie group
should have property RD (see [48]). In this paper we shall see that
the situation is different in rank one. Indeed, all lattices have property
RD. More precisely we prove the following.

Theorem 0.1. Groups which are hyperbolic relative to a family of poly-
nomial growth subgroups satisfy property RD.

This result has recently been generalized in [12]. The following is
then an immediate consequence.

Corollary 0.2. (a) Let M be a complete and simply connected Rie-
mannian manifold of pinched negative curvature. Any discrete
and finite covolume subgroup of Isom(M ) has property RD. In
particular, all lattices in rank one Lie groups have property RD.

(b) Suppose G acts properly discontinuously, cocompactly, by isome-
tries on a CAT(0) space with the Isolated Flats Property. Then
G has property RD.

Due to the work of Lafforgue in [33], the following is then straight-
forward.

Corollary 0.3. (a) Let M be a complete and simply connected Rie-
mannian manifold of pinched negative curvature and bounded
curvature tensor. Any discrete and finite covolume subgroup
of Isom(M ) satisfies the Baum-Connes conjecture. In particu-
lar, all lattices in rank one Lie groups satisfy the Baum-Connes
conjecture.

(b) Suppose G acts properly discontinuously, cocompactly, by isome-
tries on a CAT(0) space with the Isolated Flats Property. Then
G satisfies the Baum-Connes Conjecture.

Closed subgroups (and in particular lattices) in SO(n, 1) and SU(n, 1)
were known to satisfy the Baum-Connes conjecture due to the work of
Julg and Kasparov in [31] on the Baum-Connes conjecture with coef-
ficients. The case of cocompact lattices in rank one Lie groups follows
from the work of Lafforgue in [33] (see Skandalis’ exposition [44]) and
was a break-through in the subject because it provided the first ex-
amples of property (T) groups satisfying the Baum-Connes conjecture.
Closed subgroups of Sp(n, 1) and of the exceptional Lie group Fjy_a0)
are due to a recent work of Julg in [29] and [30] where he proves the
Baum-Connes conjecture with coefficients for those groups. General
word hyperbolic groups were shown to satisfy Baum-Connes in [36].
The role of property RD in Lafforgue’s work will briefly be recalled in
Section 3. Combining the computations used to prove Theorem 0.1
with further geometrical considerations, we also prove the following.
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Theorem 0.4. Groups acting properly with uniformly bounded stabi-
lizers and cellularly on a CAT(0) cube complex of finite dimension have
property RD.

The particular case where the CAT(0) cube complex is an arbitrary
finite product of trees was treated independently in [4] and by M. Talbi
in [46] and [47]. The latter also discusses the case (for which property
RD is still open in general) of groups acting cocompactly on euclidean
buildings. Here, he obtains interesting geometric information leading
to partial results. The Baum-Connes Conjecture was already known for
groups acting on a CAT(0) cube complex using the work of [39] com-
bined with the work of Higson and Kasparov [20] on a-(T)-menable
groups satisfying the Baum-Connes conjecture (see also the exposi-
tion of P. Julg in [28] and [8] for a-(T)-menable groups). However,
we mention the following consequence which follows immediately from
Jolissaint’s work (see Corollary 3.1.8 in [26] or Theorem 1.5 below).

Corollary 0.5. Groups acting properly with uniformly bounded stabi-
lizers on a CAT(0) cube complex of finite dimension cannot contain
amenable subgroups of super-polynomial growth.

Recently, D. Wise and M. Sageev in [43] proved a version of the Tits
alternative which is stronger than the above.

The paper is organized as follows. In Section 1 we recall some basics
regarding property RD and give a crucial geometric condition which
is sufficient to imply property RD (Proposition 1.7). Section 2 is de-
voted to relatively hyperbolic groups and the proof of Theorem 0.1.
We establish property RD by showing that the groups of Theorem 0.1
satisfy the assumptions of Proposition 1.7. In Section 3 we discuss
Corollary 0.2, as well as the Baum-Connes conjecture and the applica-
tions of our results in this context, explaining Corollary 0.3. Finally,
Section 4 deals with CAT(0) cube complexes and the proof of Theo-
rem 0.4. Again we establish property RD by showing that the groups
of Theorem 0.4 satisfy the assumptions of Proposition 1.7.

1. RAPID DECAY AND TECHNIQUES

We will explain the basic notions related to property RD for discrete
groups. Except for Proposition 1.7, the results given in this section are
either simple remarks or results contained in Jolissaint’s paper [26].
There is also a theory of property RD for locally compact groups, first
studied in [26] and developed further in [25] and [7], but we restrict
here to discrete groups.
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Definition 1.1. Let G be a group, a length function on G is a map
¢ : G — R, satisfying:

e /(e) =0, where e denotes the neutral element in G,

o ((y) =L(y") for any v € G,

o ((yp) < U(y) + L(p) for any v, € G.

If G is generated by some finite subset S, then the algebraic word
length Lg : G — N is a length function on G, where, for v € G, Lg(7)
is the minimal length of v as a word on the alphabet S U S~!, namely,

Ls(y) =min{n € NJy =s;...5,, 5, € SUS'}.

For a length function ¢, the map dy(v, ) = £(y ') is a left G-invariant
pseudo-distance on G. We will write By(vy,r) for the ball of center
~v € G and radius r with respect to the pseudo-distance d;, and simply
B(~y,r) when the context is clear.

Definition 1.2. Denote by CG the complex group algebra of GG, that
we view as the set of functions f : G — C with finite support, de-
noted supp(f). The ring structure is given by pointwise addition and
convolution:

Frg()=>" fwap™v),

pneG

(for f,g € CG and v € GG). We denote by R, G the subset of CG con-
sisting of functions with target in R,. We shall consider the following
completions of CG:

(a) the reduced C*-algebra of G, given by C}(G) = ca H*, where
| £l = sup{||f*gll2 | |lg|]l2 = 1} is the operator norm of f € CG,

(b) for s > 0, the s-Sobolev space H; (G) = (olek ”e’s, where || f|les =
\/Z%G |f()2(1 + £())? is a weighted ¢* norm. For s = 0,
this is £2(G), the Hilbert space of square summable functions
on G.

Definition 1.3 (P. Jolissaint, [26]). Let ¢ be a length function on G.
We say that G has the property of Rapid Decay' with respect to ¢, if
there exists C, s > 0 such that, for each f € CG one has

11l < Cll flles-

ISome authors refer to those groups as satisfying the Haagerup inequality. That
sometimes leads non-experts to confusion with the Haagerup property or a-(T)-
menability, something very different, see [8].
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The functions in the intersection of all Sobolev spaces

H(G) = H;(G)

s>0

are called rapidly decaying functions, as their decay at infinity is faster
than any inverse of a polynomial in /. Property RD with respect to ¢ is
equivalent to having H;°(G) C C¥(G) (see Remark 1.2.2 in [26] or Sec-
tion 2 of [7] for a more detailed proof), which explains the terminology.
In case where G = Z, one checks that under Fourier transform C(Z)
is isomorphic to the C*-algebra of continuous functions over the circle,
and H;°(G) corresponds to smooth functions. The following will give
us more flexibility in the computations.

Proposition 1.4. Let G be a discrete group, endowed with a length
function £. Then the following are equivalent:

(1) The group G has property RD with respect to L.
(2) There exists a polynomial P such that, for any r > 0 and any
f € RyG so that supp(f) is contained in By(e,r)

1f 1l < P fl2-

(3) There exists a polynomial P such that, for any r > 0 and any
fy9,h € RL.G so that supp(f) is contained in By(e,r)

fxgxhle) < Pl fllzllgllllAll2-

(4) Any subgroup H in G has property RD with respect to the in-
duced length.

Proof. We start with the equivalence between (1) and (2). Take f € CG
with support contained in By(e,r), we have:

Il < Cllflles <C [ > If@PE+1)% =C0r +1)°(If ]
)

~vyEB(e,r

and thus (2) is satisfied, for the polynomial P(r) = C(r + 1)*. Con-
versely, if we denote by S, = {7y € G|n < {(y) <n + 1}, for n € N we
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compute, for f € R, G":

e = 1D flsalle < DM flslle < Y- P+ 1)l|fls, 2

< D Chn+ DM flslla=C) (n+ 1) (n+ 1) fls, |2
n=0 n=0
< O D) (D)2 D (4 )% flg, |3 = CZ= N fllexsr-
n=>0 n=0 \/6

We finish by noticing that for f € CG, if one writes f = fi — fo +
i(fs — fa) with f; € R.G and the supports of f; and f;;1 are disjoint
for i = 1,3, then || f||3 = 31, || fil|3 and thus

4 4
£l < Y 1l < P D fillz < Pr)VA| £l
=1 =1

Let us turn to the equivalence between (2) and (3). To see that (3)
implies (2) it is enough to define, for v € G

-1
iy = I

1] *gll2
and notice that, in that case, f*g*h(e) = ||f *g|]2 and ||h]]s = 1. We
deduce (2) decomposing g = g1 — g2 + i(g3 — g4) as above. That (2)
implies (3) follows from the Cauchy-Schwartz inequality:

frgxhle) =Y (f*g)Nh() < I * gllallbll < P fll2llgll2]1A]l2
veG
where A(y) = h(y71).

Finally, (4) implies (1) trivially since G is a subgroup of itself (and
the induced length is the original one) and (2) implies (4) since if H
is a subgroup of G, f € R, H supported in a ball of radius r can be
viewed in R, G, supported in a ball of radius r as well, thus

[fller < 1 fllve < P fllec = Pl fllen-
U

Recall that a discrete group G has polynomial growth with respect to
a length ¢ if there exists a polynomial P such that the cardinality of the
ball of radius r (denoted by |By(e, r)|) is bounded by P(r). Combined
with point (4) of the previous proposition, the following result gives
the only known obstruction to property RD, namely the presence of an
amenable subgroup of superpolynomial growth.
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Theorem 1.5 (P. Jolissaint, Corollary 3.1.8 in [26]). Let G be a dis-
crete amenable group and € a length function on G, the following are
equivalent.

(i) G has property RD with respect to {.
(ii) G is of polynomial growth with respect to €.

Moreover, the growth will be bounded by P2, if P is the polynomial of
Proposition 1.4 (2).

Proof (taken from [48]). We use a variation of Kesten’s characteriza-
tion of amenability (see [34]), stating that a group G is amenable if
and only if || f|l, = || f||« for any f € R, G.

(1) = (ii): Let f be the characteristic function of By(e, ) and assume
property RD. We use Proposition 1.4 (2):

P fllz = 1A = 1l = [Bele, r)[ = /[ Bele, r)[[[ f]2-
(17) = (i): Take f € CG such that supp(f) C Be(e,r), then:

Il <Ufh= " FOI<VIBlen)l | D 1fOE < Pl

YEBy(e,r) YEBy(e,r)

the second inequality being just the Cauchy-Schwartz inequality, and
the last inequality is polynomial growth. 0

According to A. Lubotzky, S. Mozes and M. S. Raghunathan in [35]
there exists an infinite cyclic subgroup growing exponentially with re-
spect to the word length in any non-cocompact lattice in higher rank
(exponentially distorted copy of Z), and hence Theorem 1.5 combined
with Proposition 1.4 (4) shows that non-cocompact lattices in higher
rank Lie groups cannot have property RD. An important point of the
present paper is to show that it is not the case for non-cocompact
lattices in rank one Lie groups. It is part of a conjecture due to A.
Valette (see [48], Conjecture 7) that cocompact lattices in semisimple
Lie groups should have property RD.

Remark 1.6. It is well-known and easy (see Lemma 1.1.4 in [26]) that
a finitely generated group G has property RD with respect to the word
length as soon as it has property RD for any other length, and thus
explains why we will be sloppy regarding the length functions involved
as soon as we deal with finitely generated groups.

The following proposition is a reformulation of Proposition 2.3 in
[32] and it will be our main tool to prove property RD in this paper.
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Proposition 1.7. Let G be a group acting freely and by isometries on
a metric space (X,d) such that there is a G-equivariant map

C:XxX — PX)
(z,y) — C(z,y)

(where P(X) are the subsets of X) satisfying the following (for any
z,y,z€ X and vy € G):

(i) Cla,y) N Cly, 2) N Clz2) £ 0.
(ii) There is a polynomial P such that for any r > 0, then the
cardinality of C(x,y) N B(x,r) is bounded above by P(r).
(iii) There is a polynomial Q@ such that if d(x,y) < r, then the di-
ameter of C(x,y) is bounded by Q(r).

Then G has property RD (with respect to the length ¢(y) = d(x,~x),
x € X any base point).

Proof. Let us consider the groupoid G given as follows:
G=XxX/~

where (z,y) ~ (s,t) if there exists v € G with x = s,y = vyt. We
write [z, y] for the class of the pair (z,y) in G, and

G° = {[z,y] € G| = vy for some v € G}
with source and range given by
s,7:G — GY
[z, y] = sle,yl = [y, 4l rles vl = [2, 2]
so that the composable elements are
G* = {([v,yl.[s.1]) € G x Gly = ys for a y € G}

and [z,y]-[s,t] = [z,y] - [ys,7t] = [z, 7] it y = ys. For f,g € R.G, the
convolution is given by

f*g gle,yl = fla, 2lglz, v,

zeX

(for [z,y] € G). It is enough to prove that there exists a polynomial
P such that for every » € R, and every f,g,h € R,.G such that
supp(f) C G, = {[z,y] € G|d(z,y) < r}, then the following inequality
holds:

(1) f*g g*g hlz, x| < P(r)| fll2llgll2llAll2
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for every z € X, where || f]|3 = Z[x,y]egf[x,y}? Indeed, from (1) we
conclude that G has property RD by using Proposition 1.4 (4) and
defining for a fixed xy € X, a linear map T : CG — Cg by

_ () it [z,y] = [wo, yao]
T,y = { 0 otherwise ,
so that T'(f)[xo,x0] = f(e). One checks that ||T'(f)||2 = || f]|2 and that
T(fxg)=T(f)*gT(g) for any f,g € CG, and hence T is an isometric
embedding of algebras. We now turn to the proof of inequality (1)
above. For zy € X,

[ *g g *g hlzo, o] Z flzo. ylgly, z]h(z, zo]
y,2€X2
< > > flellyzlhlzal = ) [l ylgly, 2)hlz @]
z€G\X y,2€X? z,y,2€G\ X3

and because of assumption (i), we have that

> flrylgly. 2]z 2] < > flz, ylgly, 21h[z, ).
:E,y,ZEG\XS z,y,z,tEG\X4
teC(z,y)NC(y,z)NC(z,z)

For t € C(z,y) and d(x,y) < r, then d(x,t) < Q(r) and d(t,y) < Q(r)
by assumption (iii). Let Hy = (*G, Hy = (*Gg(y = H; and denote by
{[t,z]|[t,x] € G} (respectively {[t,x]|[t,z] € Gg()}) the canonical basis
for Hy (respectively Hy and Hj). Now we define Ty € L(H,, H3) given
on the basis vectors of Hy and Hs by

flz,y] if t is in the orbit of v (so we assume t = v),
<Tf([t,I]),[U,y]>H3 = and if ¢t € C(ZL‘,y)
0 otherwise.

We then extend T by linearity to an element of L(Hj, H3). In the same
way we define T, € L(Hy, H3) and T}, € L(H,, Hy). For [t,z] € Gou

we have

<Tf © Tg © Th([tv I])v [tv IDHQ = Z f[x,y]g[y, Z]h[z7x]

y,2€X2
teC(x, y)ﬂC(y 2)NC(z,z)
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(note that this equality uses condition (iii) and the fact that f is sup-
ported on a ball of radius ), thus

Trace(TyoT,0T}) = > (TyoT,oTy([t,z]), [t )y,
[z,t]€G¢(r)
= > > [z, ylgly, 2]hlz, 2]

z,t€G\ X2 y,2€X2
d(z,t)<Q(r) teC(z,y)NC(y,2)NC(z,x)

= > fl,ylgly, z]h[z, z]
z,y,z,t€G\ X4
teC(z,y)NC(y,z)NC(z,x)
(the last equality again uses condition (iii) and the fact that f is sup-
ported on a ball of radius r). Now we use that Trace(Ty o T, 0 T},) <
\Trll sl Tyl rsl|Th]l s (this holds for Hilbert-Schmidt operators in gen-
eral) and evaluate those Hilbert-Schmidt norms:

IT5l%s = Y. NIt el o.yhy, P = > [l 9]l

([t2][vy)€gd 2., t€G\X3,d(x,1)<Q(r)
teC(z,y)
= ) = 2
< P(Q(r)) [flzyll* = PRSI
z,yeG\ X2

the last inequality holding because of assumption (ii). Similarly, one
shows that [|Ty||%s < P(Q(r))llgl3 and ||Thl7s < P(Q(r))[IA5. O

Remark 1.8. If a group GG has polynomial growth, one checks that
taking X = G and defining C(z,y) = B(z,d) U B(y,d) where d =
d(x,y) is the word length associated to any generating set for G, fulfills
the assumptions of Proposition 1.7 above. This reproves the fact, due
to P. Jolissaint in [26], that polynomial growth groups have property
RD.

If a group G is Gromov hyperbolic, then any Cayley graph is 9-
hyperbolic for some § > 0, meaning that for any geodesic triangle
with vertices x,y, z in the Cayley graph, the geodesic between two of
the vertices is contained in the d-neighborhood of the union of the two
other geodesics (see [16], Chapitre 1, Définition 27). Let us take X = G
with a distance induced by the length associated to a finite generating
set S and define C(z,y) as to be the set of elements g € G that are in
the d-neighborhood of all geodesics between = and y, where § > 0 is
the hyperbolicity constant for the length associated to the generating
set S. One then checks that the assumptions of Proposition 1.7 above
are fulfilled, reproving the fact, due to P. de la Harpe and P. Jolissaint
in [19], that Gromov hyperbolic groups have property RD.



SOME GEOMETRIC GROUPS WITH RAPID DECAY 11

A combination of those two cases will give a proof for Theorem 0.1.

2. RELATIVELY HYPERBOLIC GROUPS

This section will be devoted to the proof of Theorem 0.1. Let us first
notice that a lattice G in a rank one Lie group acts properly discontin-
uously by isometries on a rank one symmetric space X. The space X
is negatively curved as a Riemannian manifold, but also d-hyperbolic
in the sense of Gromov (indeed, the classical notion of curvature is
stronger than Gromov’s 0-hyperbolicity). If G is cocompact, then it is
a Gromov hyperbolic group and has property RD, but a non-cocompact
lattice G will not necessarily be Gromov hyperbolic as the parabolic
subgroups will sometimes be free abelian. However, G will be hyper-
bolic relative to the family of parabolic subgroups.

The notion of a group GG being hyperbolic relative to a collection of
subgroups { Hy, ..., Hy} was first introduced by Gromov in [17], Section
8.6. Recall that a Gromov hyperbolic group can be defined as a group
which acts properly discontinuously by isometries and cocompactly on
a proper (closed metric balls are compact), geodesic, §-hyperbolic met-
ric space. One could loosely define a group G to be hyperbolic relative
to a collection of subgroups {Hj, ..., H;} by dropping the cocompact-
ness assumption and replacing it by the requirement that the quotient
be quasi-isometric to the union of k£ copies of rays [0,00) joined at
0. The subgroups {Hj, ..., Hy} are the isotropy groups of the end of
each ray (see details below). This is the view point taken in Gromov’s
original definition.

One can also define a group G to be Gromov hyperbolic if one (and
hence any) Cayley graph of G is a d-hyperbolic metric space. In [15],
Farb gives an alternative definition of relative hyperbolicity in terms
of properties of a coned-off Cayley graph (see below for formal defi-
nitions). The Gromov and Farb definitions are not equivalent as is
shown in [45]. However, according to Bowditch’s work in [3], Farb’s
definition together with the Bounded Coset Penetration Property (see
Definition 2.7 below) is equivalent to the Gromov definition. More on
relatively hyperbolic groups can be found in [10] or [11].

We shall use both the Gromov and Farb definitions and start here
by describing more precisely Gromov’s viewpoint. Let X be a proper,
geodesic, d-hyperbolic metric space, recall (from Section II1.3 of [2])
that one defines 0X, the boundary of X, as equivalence classes of
geodesic rays in X. For ¢: [0,00) — X a geodesic ray, the Busemann



12 INDIRA CHATTERJI' AND KIM RUANE'T

function of ¢ is the map

be: X — Rz b.(x) :=limsupd(z, c(t)) — t.
t—o0
According to Remark 3.4 in Section I11.3 of [2] one can construct 0.X,
the boundary of X, as equivalence classes of Busemann functions.

Definition 2.1. For ¢ a geodesic ray and r > 0, the sublevel sets
bl (—o0,r] C X are called (closed) horoballs of radius r and the sets
b-1(r) are called horospheres centered at & = c¢(o0) € 0X.

C

Now suppose that a group G acts properly discontinuously by isome-
tries on X so that the quotient of X by G is quasi-isometric to the union
of k copies of [0,00) joined at zero. For simplicity, assume the action
is free. Lift the rays in the quotient to obtain k points p1, ps, ..., pr in
0X. Choose geodesic rays ¢; : [0,00) — X such that ¢;(c0) = p; for
1=1,2,...,k. Let H; be the isotropy subgroup for the action of G on
0X of ¢;(00) = p; and assume that H; preserves the Busemann func-
tion b,. If there exists a G-invariant system of horoballs B centered
at the points py,...,pg, in X so that the action of G on X \ (UpegB)
is cocompact, then we say the action of G on X is geometrically finite
with parabolic subgroups {Hy, ..., Hy}. Note that, since each H; stabi-
lizes a distinct point of the boundary, the intersection H; N H; is finite
if 7 # j, and hence up to taking finite index subgroups we can assume
that {Hy, ..., Hy} pairwise intersect trivially.

Definition 2.2 (Gromov). A group G is called hyperbolic relative to
the family {H,, ..., Hy} of finitely generated subgroups if G admits a
geometrically finite action on a proper, geodesic d-hyperbolic metric
space X with parabolic subgroups {Hq, ..., Hy}.

Example 2.3. To understand the Gromov definition, one should think
of a non-cocompact lattice G in SO(n, 1), the isometry group of H".
In this case, the group G acts properly discontinuously by isometries
on H" but not cocompactly - the quotient is a manifold (or orbifold if
the action is not free) with finitely many cusps. However, G does act
cocompactly on a subset of H". Indeed, one can remove a G-invariant
set of disjoint open horoballs about the parabolic fixed points of G in
OH"™ and G acts cocompactly on the complement of this in H". It is
this viewpoint that the Gromov definition generalizes.

Recall that a subset Z of X is called quasi-conver (or K-quasi-
convez) if there exists a constant K > 0 such that for any points
x,y € Z, any geodesic in X from x to y is in the K-neighborhood
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of Z. In the case of a d-hyperbolic space X, the horoballs are quasi-
convex subsets of X and thus the horospheres are quasi-convex in the
complement of the union of the horoballs.

Definition 2.4. For r > 0, a system of quasi-convex subsets of a metric
space X is called r-separated if d(Q1,Q2) > r for any pair of sets (1, Q)2
in the collection.

The following result, due to Bowditch, says that if G is hyperbolic
relative to the family { Hy, ..., Hy}, then one can make a careful choice
of horoballs so that the action of each H; on the corresponding horo-
sphere is cocompact.

Lemma 2.5 (Lemma 6.3 and 6.12 in [3]). If p; € 0X is the parabolic
point stabilized by H;, then there is a G-invariant, r-separated system
of horoballs B such that G acts cocompactly on X' = X \ UpepB. Fur-
thermore, suppose that B; € B is a horoball stabilized by the subgroup
H;, then H; acts cocompactly on the bounding horosphere S; in X.

The analogous lemma in the case of H" says that one can equivari-
antly shrink the horoballs in H" so that they are sufficiently far apart to
guarantee the action of a parabolic group on the corresponding horo-
sphere is cocompact. In the classical case, the horoballs are convex
subsets of H"” and thus the horospheres are convex in the complement
of the union of the horoballs.

For Farb’s definition, we begin with a finitely generated group G with
a fixed generating set S and a finite set of infinite, finitely generated
subgroups Hi, ..., H; of G that pairwise intersect trivially. Consider
the Cayley graph I' = T'(G, S) of G with respect to S and the usual
right action of G on I' by multiplication. Add a vertex c,pm,, I =
1,2,...,k for each left coset gH; of H; in G, and connect c,p, with
each x € gH; by an edge of length % The new graph is denoted by
I = f‘(Hl,HQ ..., Hg) and is called the coned-off Cayley graph of G
with respect to {Hy, Ho, ..., Hi}. We denote by d the path metric on
L. It is easy to see that [ is quasi-isometric to the graph obtained from
I' by identifying each left coset to a point.

Definition 2.6. We call the group G weakly hyperbolic relative to
{Hy, Hs, ..., Hy} if T is a d-hyperbolic metric space.

This is Farb’s original definition for G' being hyperbolic relative to
the collection {H; ..., Hy}, however here we use the terminology sug-
gested by Bowditch in [3]. We will now describe the Bounded Coset
Penetration Property (see also Section 3.3 in [15]).
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To simplify matters, we restrict for a while to the case of having
only one parabolic subgroup H in G. This is similar to considering a
hyperbolic manifold with one cusp versus several. The statements and
proofs are easier to read in this setting and we explain at the end of
the section how to handle more than one subgroup in the collection.
We also assume that the generating set S for GG contains a generating
set Sy for H. For a word z in the letters of S, denote by Z the group
element obtained as the endpoint of the path in I' whose initial point
is the identity of G and follows the edge labels given in the word z.
A path w in I' is a word z in the letters of S, together with an initial
point xg, so that the endpoint of the path is the element Zxy, € G.
Given a path w in T, we obtain a path @ in I as follows: read w from
right to left and identify maximal subwords z in the generators Sy. If
z is a maximal Sy subword from a vertex g to gz in I', we can replace
the subpath z by an edge path with two edges each of length % in

I' - namely, one edge from the vertex g to the cone point ¢,z and an
another edge from ¢y to the vertex gz. Following Farb, these subpaths
z of a word w are called coset subwords. The correspondence w — w
is clearly a surjective map. If w passes through some cone point ¢,
then we say that w penetrates the coset gH.

Recall that for P > 1, a P-quasi-geodesic in a geodesic metric space
(X, d) is a P-quasi-isometric embedding ¢ : [a,b] — X, i.e. ¢ is a map
satisfying

1
Sl =] < d(p(t), o) < Plt— ¢

(where a < t < t' < b). We call the image of ¢ a P-quasi-geodesic
between p(a) and (b). If @ is a geodesic (or P-quasi-geodesic) in T,
then we call any preimage w of W a relative geodesic (or relative P-
quasi-geodesic). A path w in ' (or w in f‘) is called a path without
backtracking if, for every coset g H which w penetrates, w never returns
to that coset after leaving.

Definition 2.7 (B. Farb). The pair (G, H) is said to satisfy the Bounded
Coset Penetration Property (BCP for short) if, for every P > 1, there
is a constant K = K(P) > 0 so that if u and v are relative P-quasi-
geodesics in [ without backtracking that start at the same point and
end in the same coset, then the following are true:

1. If u penetrates a coset and v does not penetrate that coset, then
u traveled a ['-distance of at most K in that coset.

2. If they both penetrate a coset, then the I'-distance between
their entry and exit points is at most K (but they can travel a
long time in that coset).
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To generalize Farb’s definition to the case of G hyperbolic relative
to a finite family of subgroups {Hi, ..., Hy}, we assume that the sub-
groups pairwise intersect trivially and we take a generating set S for G
that contains Sy, U- - -USy,, where Sy, is a generating set for H;. Since
the Sy,’s are pairwise disjoint, decomposing a word in coset subwords
makes sense and Definition 2.7 has a straightforward generalization.
We now have both definitions of relative hyperbolicity. According to
Theorem 7.10 of [3], Gromov’s definition (here Definition 2.2) is equiv-
alent to Farb’s definition (here Definition 2.6) with the Bounded Coset
Penetration Property.

The following shows how the subgroups {Hj, ..., Hy} sit in a rela-
tively hyperbolic group G.

Lemma 2.8. For G hyperbolic relative to { Hy, ..., Hy}, there is M > 0
such that the image of the inclusion map from H; (with its induced
word metric) to G is M-quasi-convex (for any i = 1,...,k). As a
consequence, each H; is quasi-isometrically embedded in G.

Proof. The idea is to think of Gromov’s Definition 2.2 first and use
Lemma 2.5 to identify H; with a horosphere S; in X' = X \ UpegB, as
well as the fact that S; is quasi-convex inside of X’. Then, since the
Cayley graph I' = T'(G, S) is quasi-isometric to X’ we can carry the
information about H; back to I'. More precisely, the Cayley graph T"
sits inside X’ via f : ' — X', g — ¢ - xg, where g € S; C X' is a
fixed base-point. For s € S, the element s - xg lies in s - .S; which is a
horosphere disjoint from .S; if s is not in Sy,. If s € Sy, then sz lies
in .S;. Extend the map equivariantly and we see that each coset gH;
lies in its own horosphere g - S;. The map f is a quasi-isometry.

The first observation is that there is a constant L > 0 such that
for any hq, hy € H;, we can find an L-quasi-geodesic path § in I' from
hy to hs that is contained in the subgroup H;. Indeed, in the space
X', the points 21 = hy - xp and x93 = hy - 29 are both in S; which is
quasi-convex in X’. Hence there exists a constant L > 0 such that any
X'-geodesic v from x; to x5 lies in the L-neighborhood of S;. We also
know from Lemma 2.5 that H; acts cocompactly on S;. Thus there
exists N > 0 such that every point of S; is within N of an H;-orbit
point. Now move along 7 at unit speed, and at each integer ¢ between 0
and d(hy -z, ho-x), we can pick an H;-orbit point that is (N + L)-close
to y(t). This sequence of H;-orbit points will give a path in I from h4
to ho using only vertices from H;. Let us call § this path, which is a
quasi-geodesic because f is a quasi-isometry between I' and X’.
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We want to show that there exists a constant M > 0 such that any
[-geodesic o = [hy, hy] between elements hy, hy of H; is in the M-
neighborhood of the subgroup H;. Suppose that a does not penetrate
the coset H;. Then by the BCP, Definition 2.7 point 1, the length of
3 would be at most K = K(L). But the length of « is certainly less
than the length of 3 since « is geodesic. Thus « has length no more
than K. This means every point of « is within % of H;. If o does
penetrate H;, then we decompose « into successive pieces that do and
do not penetrate H;. Each piece lying outside H; has length at most
% by the above argument. Thus M = % is the desired constant. [

We proceed with proving that a group GG which is hyperbolic relative
to {Hy,..., Hy} satisfies the hypotheses of Proposition 1.7, where the
metric space X is just G with the Cayley graph metric. We start with
the construction of a map

C:GxG— PG

that satisfies the conditions of Proposition 1.7. To simplify matters,
we again restrict for a while to the case of having only one parabolic
subgroup H in GG. The following is the first step.

Definition 2.9. Let GG be a finitely generated group and H a finitely
generated subgroup of G. For § > 0 and z,y in GG, we define

Vs(z,y) = {t € Gld(z,t) + d(t,y) < d(z,y) + 6} C G,
and Va(w,y) = {cyn| such that Vy(z,y) N gH # 0}.

In other words, Vs(x,y) is a d-thickening of the convex hull of z,y
(i.e. of the set of all geodesics between x and y), and ‘Z;(x, y) consists
of the cone points of I’ which are in the d-neighborhood of a I'-geodesic
from x to y. The crucial property of those sets f/(;(x, y) in our context
is the following.

Lemma 2.10. If G is hyperbolic relative to a 