CAT(0) GROUPS WITH NON-LOCALLY CONNECTED BOUNDARY 15

[18] W. Magnus, A. Karrass, D. Solitar, Combinatorial Group Theory, Dover, 1976.

[19] J. Meier, The topology of graph products of groups, Proc. Edinburgh Math. Soc. (2) 00 (1994),

1-6.

[20] M. Mihalik, Semistability of Artin and Cozeter groups, J.Pure Appl. Algebra 111 (1996),

205-211.

[21] G. Moussong, Hyperbolic Cozeter Groups, Ph.D. thesis (1988), The Ohio State University.

[22] P. Ontaneda, Local Eztendability of CAT(0) Spaces, preprint (1996).

[23] F. Paulin, Constructions of hyperbolic groups via hyperbolizations of polyhedra, Group Theory

[26]

[27]

[28]

from a Geometrical Viewpoint (E. Ghys, A. Haefliger, A. Verjovsky, eds.), World Scientific,
1991, pp. 313-328.

K. Ruane, Eztensions of Fy by Z, preprint (1996).

J. Stallings, Group theory and three dimensional manifolds, Yale Math. Monographs, vol. 4,
Yale Univ. Press, New Haven, Conn., 1972.

G. Swarup, On the cut point conjecture, Elec. Res. Announ. of AMS 2 (1996).

H. van der Lek, The homotopy type of complex hyperplane complements, P.h.D. thesis (1983),
Univ. of Nijmegen.

S. Willard, General Topology, Addison-Wesley, 1968.

DEPARTMENT OF M ATHEMATICS VANDERBILT UNIVERSITY NASHVILLE, TN 37240
E-mail address: mihalik@math.vanderbilt.edu

DEPARTMENT OF MATHEMATICS VANDERBILT UNIVERSITY NASHVILLE, TN 37240
E-mail address: ruane@math.vanderbilt.edu



14 MICHAEL MIHALIK AND KIM RUANE

have non-locally connec e o n ayan onecancon ¢ e a le h locally
connece omnay ya ala an ace o alon a n cha ay o
o ana o hye olc o he onay 1 elocally connece n h
cae y
h e ec ocon on o he an heoe oe

ac eo e cally ona ace a o o ch ha

a -conve O a ae on o an ch ha hen n
ac ne ol e e o

[1] A.D. Ale androv, A theorem on triangles in a metric space and some applications, Trudy
Mat. Inst. Steks. (1951), 5-23. (Russian)

[2] M. Bestvina and N. Brady, orse theory and niteness properties of groups, preprint (1996).

[3] M. Bestvina and M. Feighn, A combination theorem for negatively curved groups, J. Di er-
ential Geom. (1992), 85-101.

[4] M. Bestvina and G. Mess, The boundary of negatively curved groups, J. Amer. Math. Soc.
(1991), 469-481.

[5] P. Bowers and K. Ruane, oundaries of nonpositively curved groups of the form Z
Glasgow Math. J. (1996), 177-189.

[6] T. Brady, Complezes of nonpositive curvature for extensions of Fy by Z, Topology Appl.
(1995), 267-275.

[7] M.R. Bridson and A. Haefliger, etric Spaces of onpositive Curvature, unpublished.
[8] K. Brown, wuildings, Springer-Verlag, New York, 1989.

[9] S. Croke and B. Kleiner, Spaces ith nonpositive curvature and their geometric boundaries,
preprint (1997).

[10] R. Geoghegan, personal communication (1996).

[11] S.M. Gersten, The automorphsism group of a free group is not ¢ CAT(0) group , Proc. Amer.
Math. Soc. 121 (1994), 999-1002.

[12] R. Geoghegan and M. Mihalik, The fundamental group at in nity, Topology (1996),
655-669.

[13] M. Gromov, Hyperbolic groups, Essays in Group Theory (S. Gersten, eds.), MSRI Publ.
Series, vol. 8, Springer-Verlag, Berlin and New York, 1983, pp. 75-263.

[14] M. Gromov, Asymptotic invariants of in nite groups, Geometric Group Theory, vol. 2, Cam-
bridge Univ. Press, 1993, p. 182.

[15] B. Jackson, End invariants of group extensions, Topology 21 (1982), 71-81.

[16] B. Leeb, - anifolds ith(out) metrics of non-positive curvature, Invent. Math. 122 (1995),
277-289.

[17] R.C. Lyndon and P.E. Schupp, Combinatorial Group Theory, Springer-Verlag, 1977.



CAT(0) GROUPS WITH NON-LOCALLY CONNECTED BOUNDARY

he echn
h ch ac

cO

e e n
cally
h no

h

al o

eo e
le e

ven all- ece

he ly

nny o any eneal
h -an le

a
00

e
h
no locally connec e

h
oollay

ve €

o o a

on-local connec v y a

heno enon eveal e on

a o ac
he ace ha locally connec e
connece omn ay

een he eo e

ne

a e c O

y he o ac on

he e a conve

ec on econec e ha

no e aae he e
connec e
I no an
anon- val no o ln
non-locally connec e
In o have ell- e ne
locally connec e
ac  eo

e acC € e€nce

an n n ean a lea

connec €

oe ec cally

e C

on hchoneo hee o

he e

no 1n

an |

ch

le o

a € 110

€ a e - ec (6]

any ace
ac eo
e en on h nneene

hen oe conan on o

ac eo e
O a nnyo

ay no

ee o
ay o

nny o

he

In

onaya
e

one o

an no
acC

C

e locally connec e

13

he

on non o

ly oa al a ae
vely ¢
heln

he cal co

00 a o c O o

ve ece ee cl eanc cal

In e oallve ce ae o e ¢ o

e le
he non-local connec v y a
hch conan a

he e

hen

ha one can e ec

no oee o a le

ec cally o a ene al n o a

€ aa n

o a eneal o ee o e lace

n he econ con on

an ee non-locally connec e

ece e a Co on

co e o n
e cally on
n ay hen

o

€0 O ace aln  one o

he o he

e hee

ace have locally
no ea ona le

(0]

ec I no 1 -

nae hacoe o he a-o0eyn ce

o he h -an le heo e

o all a

a h ha

e O ee¢€ n

oe

e ne he o hen locally

(6] ae 110 11 o € O

ac cally on a hen

no n ha all o

O €eo ¢ ace

no o

ha

alnn ce an

O arn onay no

he e
n ely ene ae
non-locally

cally on a a ho

ch ha

nn ee€ene

ace ar

an a €

o hen

an n e on hen no n o

o hy e olc ec any

o have non-locally connece o n ay
ec o hy e
en

€ e ace

hen
olc

n € - o C can e

o e n heo he han e ve

o an hch canno ac eo e cally on

e cally on a ace  an an

a e O O II'n ee€en € a oCae

non-locally connec v y
he

cally on a n a en al

hence

ace arl

an eeo n n e an hen

heoe ea ly ov e ea le hch



12 MICHAEL MIHALIK AND KIM RUANE

aco lee ah hen he e he la
o heoe n le ha any ace on hch ac have
onayho eo o he o
o oe no aco lee a han le eave e hch
no connec e oallo heohe ve ce n hen he ee hch
no n e hen
a e hehy ohee o he an heoe h nce a conve
ace o ha nnene n oh an an co e hall o
e
e o n he a eco onen o a
o an
hen a e hehy ohee o he an heoe n ee nce
ha nneo e n an co e h all o nce
enecae y he ne ec ono he oln lo a conve e o
y e a a ove o heo o a -conve 1 nally ha a
lea n e n an an a lea n e n one o o nce heeaea
lea heve ce n heco le en o h no locally
connece y he an heoe
o h-anle oee o he e an o an ecalcae o con-
e ha occ n o encee a le he ah conan a a o
ve ce h hen he e
h  he local connec v y o ee ne y
he local connec v y o ne a le he en ono h ee
ve ce e e he e o hee heeve ce a 1l a ho
h hch nn eene ence
no locally connec e n he o he han he en on o
a en a on hen conan a ace O O N e ne ence
ee he o le a heen o h a cle o a
conec econcenn all h-anle oee o



CAT(0) GROUPS WITH NON-LOCALLY CONNECTED BOUNDARY 11

en heve e e an e e e e ec vely on e he een a-

on
he he h-anle oee o ene y an he econ he
h -an le n o e ne y heeaealoea le o
he e heve e o a e all an o he oee an ncae
e ec vely oeon hee ah o ¢ can e on n
a ho n n ha he h-an le oee an n o ac
eo e callyonana ally e ne ace h ace anon o vely
c ve ece eecl ean ¢ «cal co le hoeln ae
n ac onecano an heln no a ona o heco le
ecly o he ah hch ene he eena on o he o e 1
enoe h ec cco le vy o a ven ah n oh he oee an
ncae O en on an oe e o heeco lee ee n
ho n ha all oee o a a e0o e cac onona co le
oe a a han e ne o e he 1 a ho
eneae y heve ce hchaea acen o o any 1l ah o
econ e he o o eneae y heve ce o he ollo n
e 1l ho ha ene e a eena ono o he 1 ah hch
e ne n oh he oee an ncae
lyn hea ove o heoe one can ea ly ee ha any 1l -
ah o hch eaae enea 1 n o ove he o o
ea le oe he o eneae y heve ce n non he ve -
ce na nleco onen o he o ene a e y heve ce
n non heve ce nallohe co onen o an hen
e llalonee o e he ac ha he o o hchco e o 11
ah o ee ne a - conve e o h ollo o he oo
o e a ae elo n nce heco le ha o calle on Iln
hchaeall h ee e he calco lee hoe - eleon o o hc o
oe an aea a ove no n ha he o en o y
ha oneve e ee a 1 a ho le e he 1l co le
o eneae y heve ce n heo n e oal o he nleve e

o he nve alcove o he o en



10 MICHAEL MIHALIK AND KIM RUANE

he en ono an ly ha an an hence an aen
een ahco onen o ence ne ec
y e a oe no ne ec y
an aen een ahco onen
o ence o any e ee oe no
ne ec
y e a o an aen een ahco -
onen o o o any ah o
o ne ec h
ean ha o any ah n e een an ne e he e
nh e on econ e a lca on o o an heo e he co ol-
lay ve a eho o con c¢n ea le o o h non-locally
connece onay ya ala an o hye olc o alon a
o heohe a lca on nvolve h-anle o ee an n o
he echn e e a ly oa oe enealcla o o hch e en on n
he nal e a o h ec on n cone enceo heecon ea on
ha h hee ce ono each h-an le n o ac eo e cally
on o e co le

h non-locally connece o n ay

he o a ec on a heo e
o o hye olc o aea ala ae alon a an he e 1 n

o no o hye olc hen conan a o

nce ae o hye olc ne he o he conan a o ence
y heo e o 0O econ aeo ne e hea ala an

o mnon- vally lo heo o any o a a -conve e

o h a e hehy ohee o he an heoe
ocon ¢ ea le onecan a h oh an o hy e-

olcan a al a aealon a o n cha ay oo ana

o
n he e 1 n a ala ae o ¢ he e 1 n o I e y he
olo n e ]l ncha e o

eena on o a o a

can e o ane o a ne aha ollo oe a ne ah h



CAT(0) GROUPS WITH NON-LOCALLY CONNECTED BOUNDARY

o ove he an heoe ee h a on o non-local connec v y na ely
o o h econ ¢ a € enceo e€eo e ¢ ay h
1 o an aen een ahco onen
o heco le en o hecloe e n he heoy o eano ace
11 hen ho no locally connec e ee heo e
elec ne e ch ha ave e e eena acen
an ah o an he e ce o ee mne y an
have len h y e a c ch ha
e ea e e ¢ ay o
a n hn o ay ee e
e
hen o all
ence he e ence conve € o0 e have o la e
o le eane e ah n o o he ela el
ene yae ce O O y e a he en ono an he
en ono
he ah o o oe No ne ec o all
ee e o he o o lecae
he oe y e a an
he e a e oa nle ahco onen o
e e he eoe ¢c o o o y he
en ono o ha aena nle ah
co onen o

ar € a



8 MICHAEL MIHALIK AND KIM RUANE

an en a on ly e a oo ana ch ha
on o heva o o l e neachcae h le on
o o e e have
a nee e
y e a an ae eae han
encene he o heconnece e an ne ec
he oo ha any ah o a on o oa on o
a ho h ollo o he oo e a
o a ene annnee ce O even ally ea aly a
o o any ence e a le ha o la e an
aen een ahco onen o o
o all heh h oe o e a aly a o n
an ae a-o0e ¢ o la e a o
he a -conve yo e n hene ole a
oe e ea e enceo ele en o ch
ha 1 hen he e en conve e o he
ay o each y a -conve y h he
ay al o con ane n nce h ay
he o vehal o an a o h o all le on h ayan h
hn o acon a ¢ on
nall ha ollo o al o e en 1 ycon an he a -conve 'y
con an o n ene n e a an he a - o0 ey

con an o

oe o o e hoo e ch ha
an on e he eo e ¢ ecan le
hve ce nce he o e an
have len h he e e n y conve y
o he ance nc on y a -conve Yy O con ane n
a ell h acon a ¢ on

ecall ch ha



CAT(0) GROUPS WITH NON-LOCALLY CONNECTED BOUNDARY 7

e an e ch ha an alla e een coe
o e an e an e e ah e ec vely n o o o
an o e ec vely
o econ ¢ ane e ah ay n hn al on o ha ele
e he anlaeo y e 1l have ha he ay an he e en
o o enea -nnee ce O
hen ho lo a e ha o e
e hee e ah ay he ela el an n al on
hen le ea n ae
chooe o e o o ha e
an e e hee e ah
hen le e hee e ah ay hla el
ee e
o e a le
nce he ac on o on coco ac heee an ch ha
- o all hen
hee ane e ahn e een an hlen hle han
e ne
he ea oa o0 aea ven ah o o y he ae ne
oane e ahn an hen e e a
e ea ah e een an he e ave e o
an ave e o y he no conn yo hee a a on
o ch ha o each he a ee
o o each choo e ch ha
e an o any e have
e no ecan on an yane e ah n olen h
nce e haveno al e a ah e een an o

a ee o he e e ah e n a on



6 MICHAEL MIHALIK AND KIM RUANE

ho lo a e e en ha e ce e e ah e een an
he e ece o he ahcan e elace ye e ah laele yle e
n
he e 1 no ollo o e ce e e ah y he o al o heoe o
a ala ae e o c n ee ae ce o laeln
he e ce aho o o o hen
a ene ae ce e € ah o o h
a a e ce ah o ehave o e ce e e ah e een
an h ecan n a ah o each oave e on he ven

e ce ah

y e a o e he ac ha a
- a-o0 ey

y e a heeae o o lee ce o o

he e an




CAT(0) GROUPS WITH NON-LOCALLY CONNECTED BOUNDARY 5
h en on mneenen o e ce o0 o0 ee
oe a eoe c e ¢ ace hen a -
conve 1 he e e a con an calle he a -conve ycon an ch
ha o any any eo e ¢ e een an le n he mne h ohoo o
ae ce O O a n he an heoe hen
o each e have ence
o all an e aya e ha e he o
oe eneae y he n e e eneae y he n e e
an eneae y he n e e e enoe he ayley a ho
h e ec o he ne enea n e ache eo
ece an la ele yanele en o hen hee ane e ah o
o eacho hoee e laele yanele en o he oe
heele en o he ee o e ne y hen hena al a o
o a e o laly o e aee en ve eo e e ah
n laele vy an
nce all o o o ae o heyae n ely eene ee
e o a n he an heoe an le e
e he eo e ¢ o ho heacho he aa ee e o0 ha
oall o venee e eacon n o a ch ha
o all an co e h he ac on o on an he
a a a - o0 ey ay ha -
o all e he e con no al e o ha he a ee o
o anye e O
a -conve n  an hen a -conve n lo
ave e o an hen e have
a eo e ¢ n o o hen o any a aho
a ee e een an ence o all
oe ane e ah n o o ach
la ele yanele en o la el hen an
n ely en y an e ay a oe ha n
hen a a ane e ah n o o
e eane e ah neo nne n e
call he alenae e ene e ah o he ollo n oy e
ahn hcheveye e laele yanele en o an he
o ¢c o helael anele en o o
ahn hcheveye e laele yanele en o an he
o ¢c o helael anele en o



4 MICHAEL MIHALIK AND KIM RUANE

oe a ace an he o
eno e e ne o e he e heclo eo n h
hen hee a e ence o ele en o ch ha 1
he e hel a en n
o olo cal ace co onen o O en
e n  aeo en
oe an ac eo e callyon he ace an e ec vely
an hen y heoe an conan - a
hch a o ac on y an e ec vely 1 n co e o
an alon anlae o an y o e e na el eahon o ce a
ace on hch ac eo e cally hee hea ala a n o
o h e een he ee me y he Il n oey h con ¢ on
ov e aneay ayo o c¢n a ala ae o c¢ hchac eo e cally
on ace h non-locally connece o n ay
he o can e en a nanaly o hea ove
con ¢ on o h o o vae he o0 o o an heo e
he o a oee 0 an
ea ly een o e he le eo he n con an he ee o
on O eneao a a o o memne an he h e con an a
a o o mnemne h con an a a o o mnemne
ac eo e cally on hen o oo oe o ecana ly he an
heoe o 00 an he e enoe a an o e an
eno e en on h ace only locally connece a he o en on
on
he o h eena on can e
en a an o a e hehy ohe o0 o an heo e
h no manycon aeo O
e o ha ell- e ne an ho eo o hec o
he en ono a ano e he o ly connece a nn y
ee an can e en a a yn
hehy ohe o o heoe en ly n no n he he ell-
e ne o eve any ace on hch ac eo e cally
have non-locally connece o n ay y o heo e nalo o ly
-connece a nny canno ac eo e cally on any ace h

locally connece o n ay

ace he ee acon an
ch ha o any a o on n hee a eo e ¢ ay
ch ha an a e hn o he n e he
a heoe o n ane a ha ac eo e cally on a
ace hen al o e en le
an a e ce o o e he
alenae e eenele en o an hen e ne o e

hen



CAT(0) GROUPS WITH NON-LOCALLY CONNECTED BOUNDARY

3
n an aco a on anle n hen o any o on on he
co e on n on ~ on heco a on anle a vy
n vely h ay ha an le n aea lea a hna heyae n
cl ean ace a leo <ch ace ncl e - ee an he nve al
cove 0 co ac e annan an ol o non o vec va e
no n ha a e he ne al y hen a e
he ollo n ee
a conve  nc on
o any hee a n e eoe ce en n onn  an
con ac le
ac eo e cally on a ace hen eve y ac a
o ey-h ean

a ane o O e
he ollo n noa onan e 1l can e on

n o
heno vo ly he e o e on o e
ha nneo e hen leave a eo e c lne calle an e- e e
ac n a anla on y on h Ine 11 chlne ae a allel an
e acly he nono allo heelne h any o o ee ne alne
n h ay oe eneally he ollo n coollayo he la o heo e
ho ha a o o ee ne aconve e o h ch o e ¢
o
e e a ace an a aeon n hen e
eno e y he e o eo e ¢c ay ae a
oe ha 0O e0 e c ay ae a aya omn e ance a a 1
hen hey e he a e ay y heconve yo he ance nc on
a e le o ey h a a ove hen e enoe y
heen on o ana o
o a ooloyon hch n ce he e ¢ o oloyon
con e he e enceo a he e he en yon an
0O any on no n he on on he eo e ¢ o o o
ance o o he he nve el o he e ence han n
aeonlea o o o o hcnve ee ence an aho eo o h e een
he nve el o eal ee he co ec n on o h o oloy
o ay aecloe n hey avelcloe o ehe o alon e
oea le a lcal ee eacho hoeve ce ha
valence a lea h ee hen he e enoe a ano e



2 MICHAEL MIHALIK AND KIM RUANE

onay ne ence e ho ha ce an o -heoe chy ohee ocea eo-
e ¢ c eonco e on n ace hch n n o ce aho-
lo cal o oloy n he o o on o non-local connec v y n he on ayo
he e ace

1 nan oee o0 ae nono ee - alea nn yan hence
he o n ayo any accon hch cha o ac eo e cally 1
have he ha e o alocally connec e con n o eve h hee ce on
o all  h-an le n o ac eo e callyona ace  hnon-
locally connece o n ay h onea lca ono he an heoe 00
o h ven n ec on alon hananaloo e |l a o oee o n
ec on econ ¢ a o h ch ly connece a n n y ha

canno ac eo e cally on any ace  hlocally connece on ay
he a e o an e a ollo neon en on ea le an a c
oe e o ace an he omnae ae ven ec on ov e he

nece ay e e can o heoe cle a o he oo o he an heoe
anyo hee ac aenee n n he on h e on conan he oo

o he an heoe hle ec on conan a oo o hecoollay ae elo
a ella a lca on o h-an le nan oee O he nal ec on

con an al O O €en e on

o ce ha ee n e hen y alln heo e nneene
n h caeele enay o oloy ell ha no locally connec e o
h on on ea e ha nne
o le oa ala ae o ace o alon a an o amna o
hy e olec o y locally connece a nn yan o canno
e e ove a ahy ohe mno an e | hen
ha n e n oh an conan a o
o nene o o hco ence o ha n he an heoe
a h con on lono ce ha con on neenen o ae on
n h e on e ve en on an oe e o ace an he
ona e eal o ly he o van ea le ehn he an heoe
e eaco lee oe e ec e ¢ ace
a eoec anlen hen ecall ~—  n h he a e elen h a

e ay a e he ven any



BSTRACT The Main Theorem shows that whenever certain amalgamated products
act geometrically on a CAT(0) space, the space has non-locally connected boundary.
One can now easily construct a wide variety of e amples of one-ended CAT(0) groups
with non-locally connected boundary. Applications of this theorem to right-angled
Co eter and Artin groups are considered. In particular, it is shown that the nat-
ural CAT(0) space on which a right-angled Artin group acts has locally connected
boundary if and only if the group is Z for some
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