THE ANGLE QUESTION

Kim E. RUANE®

ABSTRACT. The main result of this paper concerns CAT(0) groups I' which contain
an infinite order element in the center. It suffices to consider the case I' = G X Z
here. We show that although the G-factor does not determine a quasi-convex subset
inside the space I' is acting on, we do show that there is a well-defined angle which,
for a given action, describes how the G-factor sits inside the space.

INTRODUCTION

The angle question arose while studying CAT(0) groups of the form G x Z with
G word hyperbolic. A CAT'(0) group is a group which acts geometrically (isomet-
rically, properly discontinuously, and cocompactly) on a CAT'(0) space. In section
two we mention an example of this form where the G factor does not determine a
quasi-convex subset of the space the group is acting on, however there is a well-
defined angle which describes how G sits inside the space.

The techniques apply to any CAT(0) group which contains an infinite order
element in the center. This is because any such element virtually breaks off as a
direct factor from the group. Since we are considering questions concerning the
boundary, we can assume the group actually splits off a Z factor. The necessary
facts to make this precise are stated in the first section as well as some other
necessary definitions and known results.

Section two contains the example mentioned above and the angle calculation
is done there. In fact, we point out here that the only action of this group on a
CAT(0) space which does determine a quasi-convex subset is the product action
and the angle is 7 in that case. Before proceeding to the proof of the main theorem,
we must discuss how to measure angles between points of the boundary. This is
the content of section three, where we again use [BH| as our reference.

The main result of this paper is obtained by analyzing how the limit points of
G sit inside 0X where X is the space G x Z is acting on geometrically. In this
case, it is known that 90X is of the form ¥(0Y) where Y is a CAT(0) subspace
of X and ¥(0Y) denotes the suspension of the boundary of Y (see section 1 for
definition). In the case that G is word hyperbolic, we can say a bit more - precisely,
Y is quasi-isometric to G which implies 0X = £(0G). The two main results are
proved in section 4.
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Theorem 4.2. Let O(G) = inf{Z(g,7) : g € G, o(g) = oo} be the angle of G
inieX henO(G) 0 in artic lar no rational ray can limit to a en 1on
oint

Theorem 4. . here e 1t a con tant 0 T chthat (G) ¢ containe
in the [, | inter al of the en ton 0X = X(9Y) licitly for € (G)
=[], ]1€X(0Y) here €09Y an

I would especially like to thank the referee for pointing out a mistake in the
original version of the proof of Theorem 4. .

A 1Ic ONI OoMETRIE O AT(0) ACE

In this section we give definitions and basic properties of CAT'(0) spaces, bound-
aries and isometries as well as some known facts we will need in the proof of the
main result.

et (X, ) be a metric space. Then X is ro er if metric balls are compact. A

geo e icfrom to for , € Xisamap :[0, | Xsuchthat (0)= , ( )=

and ( (), ()= forall , €10, |. If then a map X
parametrizes its image ro ortional to arclength if there exists a constant  such
that ( (), () = forall , € . e will often use geodesics parametrizes

proportional to arclength. astly, (X, ) is a called a geo e ic metric ace if every
pair of points are oined by a geodesic.

e o . Let (X, ) be a ro er com lete geo e ic metric ace f i a
geo e ic triangle in X then econ i er — —in 2 a triangle ith the ame i e
length an call thi a com ari on triangle  hen e ay X ati e the AT(0)
e ality if g1 en in X then for any com ari on triangle an anyt o oint

, on the corre on ing oint —, on the com ari on triangle ati fy

(.) 9

If (X, )isa CAT(0) space, then the following basic properties hold:

f

(1) The distance function :X x X is convex.
( ) X has unique geodesic segments between points.
() X is contractible.

or details, see [ |.
et (X, ) be a proper CAT(0) space. irst, define the boundary, X as a set
as follows:

e o . ogeo eicray , :[0,00) X are ai to be a ym totic if there
e 1t a con tant ch that ( (), ()) , 0 thi 1 an e 1 alence
relation  he bo n ary of enote 0X 1 then the et of e 1 alence cla e of

geo e ic ray he nion X 00X illbe enote X hee i alence cla of a ray
i enote by (o0)

There is a natural neighborhood basis for a point in dX. et be a geodesic ray
emanating from  and 0, 0. Also, let ( , ) denote the sphere of radius
centered at  with : X (, ) denoting pro ection. efine
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This consists of all points in X such that when pro ected back to ( , ), this
pro ection is not more than away from the intersection of that sphere with
These sets along with the metric balls about  form a basis for the cone to ology.
It is known that if X , Xy are CAT(0) spaces, then X x X3 is also CAT(0) and
(X xX3) 00X 0X; where denotes the spherical oin ([BH]). f X =Y x |
we obtain 0X  X(0Y). e obtain the suspension as follows: lue 9Y x [0, 7]

)
and JY x [ 7,0] together where the 0-levels of both copies are identified via tfle
identity map on Y and the Z-levels in each are shrunk to a point. e denote
the equivalence class of a point by =1 , |. ith this notation, = 0 means

= €0Y and = 7 means is one of the suspension points.

Isometries of CAT(0) spaces can be divided into three types. This classification
is based on the behavior of the displacement function for an isometry.

e o . Let~ be ant ometry of the metric ace X  he 1 lacement f nction

' X ene by ()= (v , ) hetran lation length of v i the n mber
v o= { (): €X}  he etof oint here~ attain thi m m m 1l be
enote  n(y) niometryy i calle emi wm le if in(y) ¢ non em ty

e sumimarize some basic properties about this in(v) in the following propo-
sition, see [BH, chap |.

ro o o .. Let X be a metric ace an ~ an 1 ometry of X

(1) an(y) ¢ v in ariant

() f € o (X) then v = an in( vy ) = in(y)
artic lar if comm te ith~ then it lea e  in(y) in ariant

() fX 1 AT(0) thenthe i lacement f nction ¢ con e hence in(y)
1 acloe con e b et of X

The proofs of the first two properties are easy and the third follows directly from
the fact that the distance function on X is convex. ext we give the classification
of isometries.

e o . Let X be a metric ace n i ometry v of X v calle
(1) elli ticif y ha a e oint 1e v =0an  in(y) ¢ non em ty
() hy erbolic of  attain a trictly o iti e in m m

() arabolic if oe not attain it in m m n other or if in(y) ¢
em ty

It is clear that an isometry is semi-simple if and only if it is elliptic or hyperbolic.
If two isometries are con ugate in Isom(X ), then they are in the same class.
hen a group acts geometrically on a CAT'(0) space X, then the elements of
act as semi-simple isometries because of the cocompactness of the action. ur
main concern here will be the hyperbolic isometries. In [BH] there is a complete
analysis of the three types of isometries, but we will not need the information about
parabolics and elliptics here.
There is an important theorem about the structure of in(y) when v is a hy-
perbolic isometry of a CAT(0) space X. The proof of this structure theorem relies
on two theorems stated below. Both of these are proven in [BH] as well as the

structure theorem. The first of these is the lat Strip Theorem, a generalization of
N |

R T A P . O L T I Y A T T I o B T el
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ecall that a geo e ic line in X is a map : X such that ( (), ( )) =
forall ., € . Two suchlines , are a ym totic if there exists a constant
such that ( (), ()) forall € . Two lines are arallelif they cobound a

at strip. The following rigidity theorem shows that in a CAT(0) space, asymptotic
lines are in fact parallel.

The S r Theorem .2. Let X bea AT(0) ace an let : X an
: X be geo e ic line X f an are a ym totic then the con e h [l
of () ()i ¢ ometrictoa at tri x [0, ] 2

The next theorem provides a way of decomposing the set of parallel lines to a
given line into a product. A proof can be found in [BH].

The e om o o Theorem . . Let X bea AT(0) acean let : X
be a geo e ic line in X

(1) he mnion of the image of all geo e ic line X arallel to 1 a
con e b ace X of X

() Let be the re triction to X of the ro ection on the com lete con e b

ace () Let X = ((0)) hen X & con e n artic lar it

al o AT(0) an X ¢ canonically i ometric to the ro ct X X

The next theorem is the structure theorem for in(y) where 7 is a hyperbolic
isometry of a CAT(0) space X. There are proofs available in [BH|,[B ].

Theorem .4. Let X be a AT(0) ace
(1) n o ometry v of X © hy erbolic if an only if there e 1t a geo e ic line
: X  hich i tran late non tri wally by v namely v () = ( )
for ome 0 he et ( )i calle ana v ofy orany cha i the
n mber 1 e alto v
() fv i hy erbolic the a e of~ are all arallel to each other an their nion

i in()
() n(y) ¢ tometric toa ro ctY x  an the retriction of v to  in(y)
i of the form ( , ) (, v) here €Y, €

(4)  ery i ometry hich comm te ith~ylea e n(y)=Y x in ariant
an it re triction toY x 1 of the form (v ,v) here~y 1 an i ometry
of Y an ~ a tran lation of

The proof uses the ecomposition Theorem from above once ( ) is established.
Another application of the lat Strip Theorem is the following generalization of
the above decompostion theorem for hyperbolic elements. It is called the lat Torus
Theorem and is proven in [BH| in the CAT(0) setting and [B S] in the classical
setting.
ecall that if A is an abelian group, then its rank A is the dimension of the
-vector space A . In particular, if A is finitely generated then A is the
integer  such that A modulo its torsion subgroup is isomorphic to Z .

Tor Theorem . . Let be a nitely generate abelian gro  acting
ro erly by emi im le ¢ ometrie on a com lete AT(0) ace X

(1) ()= in(v) ¢ nonem tyan hit a a ro ctY x here

() eeryye leae i )in ariant re ecting the ro ct tr ct re i

37 Y Y 31 Y Y Y . Y T B A B S S N
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() the otient of each at { } x by thi action i an  tor

oro r .. f i agro acting geometrically on a AT(0) ace an
=7Z a bgro of then theree 1t a oint € X  ch that the orbit
it a lattice in an 1 ometrically embe e co y of e an at

The next result shows that when we have an infinite order element in the center
of a CAT(0) group , there is a finite index subgroup of = which contains this

Z as a direct factor. sing roposition 1. . we can then assume without loss of
generalilty, that  splits as G X Z. ecall that a subset of X'is a1 eneif
there is a constant 0 such that every point of X lies within  of

Theorem . [BH]. Let X be a AT(0) ace an let be a nitely generate
gro  acting by 1 ometrie on X f  contain a central bgro A 7 that
act faithf lly by hy erbolic © ometrie a art from the v entity element then there
eitt a bgro of nitein e hich contain A a a rect factor

roo o .. f X1 cloe cone an at en e then 0X =0

roof e know that is CAT(0) in the induced metric and @  embeds in X
so we need only show that this embedding is onto. This follows directly from the
fact that if any geodesic ray in X touches | the image from that point on must
be contained in . or a proof of this fact, see emma . . of [ ]. If we choose
our basepoint to be in all rays will have image in giving their endpoints in

0

e refer to the proof of the following theorem several times in this paper. This
proof is given in [B .

Theorem . . hene er =G XxZ  here G 1 negati ely ¢ v e act geomet
rically on the AT(0) ace X there ¢ an embe ing OG  0X that e ten to a
homeomor hi m of the herical oin OG onto 0X oreo er if al o act

geometrically on the AT(0) ace X then there ¢« a e 1 ariant homeomor
hi m 0X  0X ho e er  ch a homeomor hi m cannot in general be obtaine
a acontin o e ten ton of a e 1 ariant a1 1 ometry of X to X

Suppose we are in the = 1 case of this theorem and suppose v generates the
Z-factor of . By Theorem 1.4 (), (7v) splits as Y x  where Y is a CAT(0)
subset of X in the induced metric.

In the proof of this theorem, we construct a geometric action of G on Y which
we denote by . e describe this action here since we refer to it in the proof of
Theorem 4. and emma 4. . e only consider the = 1 case since that is the
situation in this paper.

Again using Theorem 1.4 (4), each (g,0) leaves the product structure Y x
invariant. In particular, (g,0) takes an axis for v to another axis forv. ach €Y
lies on a unique axis A for v and (g,0) A is another axis for v which intersects
Y in a unique point. e define ¢  to be this point, the unique point of Y on the
axis (¢,0) A .

NEA E AM E

The group is = 3 X Z acting two different ways on the CAT(0) space X =

ie al T 1 91 T 1 X * ™ AT/ 1T 9T 1
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of two CAT(0) spaces.  otice that X is ust the Cayley graph of  with the
appropriate generating set - that set being {(  ,0),( ,0),( ,1),(, 1)} where

and generate 5 as a free group with identity and 1 generates Z. ext, we
describe the two actions. e let (, ) denote an element of T' x

(1) The first action is the standard product defined on the above generating set
as follows:

here , denote the usual action of 5 on its Cayley graph T.
() The second action is obtained by changing the action of ( ,0) only.

ecall that a subset Y of a geodesic metric space X is called a ¢ con e if
there exists a 0 such that any geodesic in X between two points of Y lies in
the -neighborhood of Y.

In [B ]itis shown that the group = 2 xZ acting with the two different actions
described above on the CAT(0) space X =T x  has the following property. e
fix = (,0), the root of the tree to be the basepoint:

The copy of 3 given as the orbit ( 3 x {0}) under the first action obviously
lies in a horizontal slice of T' x  and is quasi-convex in X, however, the copy
of 5 given by ( 2 x {0}) , the orbit of 5 under the second action is T
quasi-convex.

sing The ecomposition Theorem, it is clear that any CAT'(0) space on which
this  acts geometrically splits as Y x  with Y quasi-isometric to 7. ne can use
essentially the same argument as in [B | to show the following claim.

m 2. . [ act geometrically on the AT(0) ace X an the action i not
the ro ct action then the o factor 1 not a1 con e

ea of roof In[B | we construct a sequence of group elements {g } such that the
midpoint of the geodesic segment from  to = (g ,0) (where we are using the
second action from above) lies further than - units from the orbit ( 3 x {0})
In fact, g = and the pertinent point here is that the generator has vertical
translation in the direction of the generator for Z. ne can ad ust generating sets
and the selection of the ¢ to make this argument work in the general case.

N E IN AT(0) ACE

In the above example, we saw that when a group of the form = G x Z acts
geometrically on a CAT(0) space X, the subgroup G x {0} does not generally
determine a convex (or even quasi-convex) subset of X under the induced action
as one might expect. A next question might be: How badly CA the orbit of
7Y (N ;0 1 X m™ ¢+ g 1 1 T T T .

I T A Y
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Specifically, we will show that there is a well-defined angle between the orbits of
G x {0} and { } xZ. As a consequence of this, the limit set of the orbit of G x {0}
will not contain the endpoints of an axis for the Z-factor - i.e. the suspension points
in 0X = X(9Y).

In the above example, the angle that ; makes with the Z factor is exactly
5 arctan( ) - this will be clear from the proof of the main theorem.
In this section, we develop a general technique for measuring angles between
points in 0X. e assume the reader has some knowledge of how to measure angles
in a metric space, but we add the necessary definitions for completeness. Alexan-

drov used the method of comparison triangles to define the notion of angle between

two geodesics leaving a point  in a metric space X, [A]. e recall that definition
here.
e o . Let :[0,] X an 20, ] X bet ogeoeic ith (0)=
(0) = ien €[0, ], €0, ] an let enote the angle in a com ari on
triangle in  cli ean  ace at the erte corre on ing to he er angle
bet een , at i e ne to be the follo ing n mber
/  :=limsup

ote: The lim sup is used because the limit may not always exist, but in CAT'(0)
spaces, the limit does exist and instead of calling it an upper angle, we call it the
angle. or a proof of this, we reference [BH].

e o . Let X bea AT(0) ace 1en €Xan , €0X e enoteby
Z (, ) the angle bet een the ni e geo e ic ray hich t© e from an lie in
the cla e an re ecti ely hen e e ne the angle bet een an to be

The following proposition gives some basic facts about angles between boundary
points of a CAT'(0) space (need completeness here which is assumed for all spaces
here). The proofs of these involve repeated use of the CAT(0) inequality and the
convexity of the distance function. or complete proofs, see chapter of [BH].

ro o o .. Let X be a AT(0) ace an let , be t o geo e ic ray
i ing from the ame oint € X Let = (o0) an = (o0)
(1) f = then there e 1 ¢ 0 chthatZ (, ) O henceZ( , )
0
() hef nction Z(, ) er emicontin o on X
() hef nction Z (, )@ non ecrea ing an

Z(, )=lmZ (, )

4) f£(, Y=4(, ) thenthecone hllof () ( )i iometric

to a ector in the  cli ean lane bo n e byt o ray  hich meet at an
N 4 AN
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() oe{ },{ }are e ence of oint of X con erging to , in 0X
hen if 1 a ba e oint of X

liminf/ ( , ) Z(, )

here Z ( , ) enote the angle in a  cli ean com ari on triangle

It is easy to see that this angle satisfies the triangle inequality and so this com-
bined with (1) from above gives us that Z( , ) defines a metric on 0X called the
ang lar metric. The next proposition provides an asymptotic formula for comput-
ing the angle between points in the boundary. The proof is easy and is left as an
exercise.

ro o o .2, Let be a oint in the AT(0) ace X an let , bet o
geo € ic ray emanating from ith = (o0) an = (o0) hen

lim 0, 0) = cos(Z( , )|

e will need the following proposition for computing the angle between rational
endpoints of infinite order elements. The proof uses the fact that given a ray
and a point not in the image of . there exists a unique ray  beginning at
asymptotic to , see chapter of [BH] for details.

ro o o .. hee re ion on theleft han 1 e of the a ym totic form la
m  ro o ition 1 wn e en ent of ba e oint

roof et Dbe another point in X. et ., denote rays beginning at which are
asymptotic to and respectively. ow we have,

CCn ) CCOs ) Oy ) COs ) ) (0 ()

The first follows from the triangle inequality, the second follows from the convexity
of the distance function - indeed, consider the quadrilateral formed with vertices

. » (), (), we know the side formed by () and () is no bigger than the side
formed by and . ikewise for the pair (), (). ividing by and taking the

limit as oo gives the independence of basepoint as 2 0 as 00.

E m e. Consider the CAT(0) space X = 2. e know 90X is the unit circle.

or any two points on the boundary circle, there is a geodesic line in  ? oining
these two points. Because the above calculation is independent of basepoint, we
may as well assume the basepoint is on this line. Then one easily sees that the
angle between the two points must be . This means the angle metric on 9( ?) is
discrete.

E N E UE TION

or this section, let  be a group acting geometrically on the CAT(0) space X
and suppose v is an infinite order element in the center. By Theorem 1. . there
exists a finite index subgroup of the form G x Z. Since we are considering questions

concerning 0X, we can take = G x Z. ven though the original motivation for

31T 1TT o 1T Y Y A I T s | Y A T
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section go through without it. Indeed, we know (v) =Y x and the proof
of Theorem 1. provides an action of G on the Y factor which is geometric. The
fact that this action is geometric does not use the assumption of G being word
hyperbolic. In fact, assuming is a CAT(0) group implies G is a CAT(0) group
because of this action.

In the case where GG is word hyperbolic we get a somewhat nicer statement since
the concept of boundary for these groups is well-defined and it is known that the
rational points are dense in 0G. See the remark after Theorem 4. for details.

ecall for each g € G, we denote by g , the rational endpoint of X determined
by the element (g,0) of . This endpoint is

g = lim(g,0)

for some (and hence any) € X, where this limit is taken in the cone topology on
X O0X. e observe the following lemma:

Lemm 4. . orgeG, g =~ nfact {g } {v }=

roof e know that the subgroup of  generated by (g,0) and v is a copy of
Z 7 which acts by semisimple isometries on X. Thus we can apply the lat
Torus Theorem to obtain a point € in((g,0)) in(y). Since € in((g,0)),
we know that the convex hull of the orbit (g,0) is an axis for (g,0), denoted
A and likewise, the convex hull of the orbit -~ lies along an axis A . enote
by A . the part of A beginning at and ending at ¢ € 0X. ikewise for A .

It g =~ ,then we have A = A by uniqueness of geodesics. Also, we know
(9,0) leaves A fixed as a set and takes A to another axis of 4. Thus (¢g,0) A
is a geodesic line through  which coincides with A = A and is also parallel to

A . Thus we must have (¢,0) A = A - ie. two parallel lines which intersect,
must be the same line. Thus since both (g,0) and ~ act as translation along any
axis, we would have that the entire orbit of under (g,0),7 lies along this line.
But the lat Torus Theorem tells us that the convex hull of this orbit must be an

entire -plane. Thus we must have ¢ =+ . The last statement of the theorem
now follows easily as we can replace ¢ with g and likewise for + in the above
argument.

Consider the following:
O(G) =inf{L(g,7) : g € G, olg) = o0}

where Z(g,v) means the angle between the rational endpoints in X for the el-
ements (¢g,0) and +. The theorem below will show that this angle of G is
bounded away from zero.  sing the notation in the above proof, we now out-
line a method for calculating Z(g,~). rom the lat Torus Thm, there exists a
point € in((g,0)) in(y) and the convex hull of the orbit (g,0),v is a
uclidean plane. This point lies on an axis for (g,0) and also an axis for v. e can
view this point as the origin in this -plane and view the axis for v as the -axis
for intuition purposes. By emma 4.1, we know the axis for (g,0) must be a non-
vertical line in this plane. In particular, the axis A either determines a horizontal

line or a line with positive or negative slope given this vertical line for reference.

LR T Y T B R T | 1 R Y o T T A 91T 1
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has positive slope). e will calculate the angle Z(g,~) using roposition . . Since
this plane is isometrically embedded in X, calcluations involving distances in the
plane are the same as distances measured in X.
ithin this uclidean plane, consider the rays A and A emanating from the
origin and ending at v and g respectively. If welet ()= (4 (),4 ())
and let  denote the angle between these rays at - i.e. we know how to calculate
angles in  uclidean space. or each . consider the isosceles triangle with vertices
;A (),A (). sing elementary trigonometry, we have sin(+) = —  which
gives
Q)

— = sin(—) =] cos |~
This calculation is independent of .

inally, applying the formula in roposition . - and using the fact that this
calculation is independent of basepoint chosen - we get:

sin(é(%ﬂ) = lim Q = sin(—)
Since we can assume 0 Z(g,7) 7 by passing to inverses if necessary and the
sine function is 1-1 on [0, 7], we have Z(g,v) =
ecall that in(y) decomposes as ¥ x  and that for each g € G, (g,0) acts
on in(y) via (g , ) where ¢ € Isom(Y) and  is a translation since (g,0)
commutes with v (see roposition 1.1). The plane used above actually sits inside
in(~) in((g,0)). Consider the point (g,0) inside this plane (notice, we can
assume € Y). This point has coordinates (g, ) where g = ( ,g )
where denotes the action of G on Y described after the statement of Theorem
1. . This gives a formula for the slope of A inside this plane, namely:

The geometry now gives:

Z(g,7)= =-— tan ( (9))

e are now ready to prove the following:

Theorem 4.2. Let O(G) = mnf{L(g,7) : g € G, o(g) = oo} be the angle of G
inieX hen©O(G) 0 n artic lar no rational ray can limit to a en 1on
oint

irst we prove two necessary lemmas.

Lemm 4. . orthe action of GonY e cribe after the tatement of heorem
g = ( ,g ) here € in((g,0)) Y for the action of on X gi e
the minim m 1 lacement of g on'Y th  the cho en notation 1 nambig o

roof This follows easily from the construction of the action and the fact that
€ in((g,0)). Indeed, (g,0) takes the axis of 4 containing  to the axis of ~
containing (g, 0) and the distance between these two parallel lines is (g,0) -
the minimum displacement for the element (g,0) of acting on X. Thus there can
be no closer parallel line, and the result follows.

m™mM ¢ 11 e 1T Ty T TrC T  TOTTITYI O
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Lemm 4.4. 0 e a gro act geometrically on a  AT(0) ace X  hen
there e 1t a 0 c¢h that for all v € ith v hy erbolic ~
roof  heorem rom above we have,
2g:7)= =— tan ((9)

To prove the theorem, it su ces to squeeze (g) between two finite numbers inde-
pendent of g € G to insure that Z(g,7) is bounded away from 0. et be a finite
(symmetric) generating set for the G-factor of =G XxZ. et =max{ : €
} where  comes from considering the action of on in(y)=Y x . et 0
be as in emma 4.4 where we consider the geometric action of G on Y. Since this
is a geometric action, there is ( , ) quasi-isometry between G and Y where G is
given the word metric associated to the generating set . e denote by (g) the
word length of the element ¢ € .  ecall, this means for all ¢ € G, and for all
€ Y - in particular for  as above:

- (9) g (9)

irst assume (g) = — 0, otherwise use ¢ in place of g. Also,if g = 5

is a shortest representative for ¢ in terms of , then it is clear that =
since these are ust translations of the -factor.
irst consider the case where the word length of ¢ is small - say 1 (9)
= 1. In this case, we have:

(9)

ext, consider the case when (g) is large, we have:

(9)

g9 T - — - -
the last inequality holding true since we are assuming (g) . In either case,
we have 0 (g) where = max{—, ——}.

ow we wish to show something a bit stronger about how the G-factor sits inside
X by considering the limit set of (G x {0}) ( €Y). et (G) denote this
limit set.
Apoint € 0Xisin (G)iffthereexists {g } G such that lim (9 ,0) =
where the limit is taken in the cone topology on X 0X. e want to measure
the angle Z( ,~ ) to see how this limit set sits inside X. e know there is an axis
for v beginning at and ending at v . Trivially then, if we let be the point
at distance away from  along this axis, then lim =

Theorem 4. . here e 1t a con tant 0 5 ch that (G) © containe
in the [, | inter al of the en ton 0X = X(9Y) licitly for € (G)
=[], ]1€XZ(0Y) here €09Y an

roof To see this, we measure the angle Z(v , ). e will use the sequences
~  (from above) and = (g ,0) and Theorem .1 (). The

important observation here is:

7/ ra AN ya - N\
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This is true because we know there is a basepoint € X for which the rays from

to~y and g form a uclidean sector - i.e. any comparison angle will have to
be this uclidean angle. ow the result follows easily from Theorem .1 ( ) and
Theorem 4. . xplicitly, from Theorem 4. | there exists 0 such that for all
Z(v .9 ) - 1.e. these are all bounded away from zero. e now have,

liminf Z(v ,¢ )=liminfZ ( , ) Z(v , )

If =[ , ], then by our notation, =72 Z(y , ). So we can take = %

emar In the case where G is word hyperbolic, we know JY is homeomorphic to
O0G, the romov boundary of the group so that 0X  £(0G). Also, the rational
points are dense in 0G in this case, so one might expect that Theorem 4. is
redundant here - but it is not since the map on rational points does not extend to
a continuous map of G into dX. This is shown precisely in Theorem 1. .

RE ERENCE

A A.D. Alexandrov, theorem on trian les in a meiric space and some applications, Trudy
Mat. Inst. Ste s. (1951), 5 23. (Russian)

S W. allman, M. romov, . Schroeder, Mani olds 0  onpositi e Cur ature, ir hauser,
19 5.

R P. owers and K. Ruane, oundaries o non positi ely cur ed roups o the orm G X Z
to appear in  lasgow Math. our..

H M.R. ridson and A. Hae iger, Metric Spaces o on ositi e Cur ature, unpublished.
C reg Conner, Metrics on  roups, Ph D dissertation, U of Utah (1992).
P F. Paulin, Constructions o hyperbolic roups 1a hyperboli ations o polyhedra, roup
Theory from a eometrical iewpoint (E. hys, A. Hae iger, A. er ovs y, eds.), World

Scientific, 1991, pp. 313 32 .

R Kim Ruane, Ph D dissertation, FSU (199 ).

ART T AT AT CS A RB T RS T AS
mail address:



