DYNAMICS OF THE ACTION OF A
CAT(0) GROUP ON THE BOUNDARY

Kim E. RUANE®

ABSTRACT. The main theorem here gives a geometric condition on the fixed point
sets of two hyperbolic isometries of a CAT(0) group which guarantees that the sub-
group generated by the two elements contains a free subgroup. A result in section
3 shows that an element extends to the identity on the boundary if and only if the
element is virtually central in the CAT(0) group. Finally, the two dimensional case
is considered in the last section of the paper and there it is shown that powers of
two hyperbolic isometries commute if and only if a geometric condition on the fixed
point sets 1s satisfied.

INTRODUCTION

If G is a word hyperbolic group, then the action of G on 0G is a convergence group
action [5]. This allows one to prove many interesting facts about the group and
the boundary. For example, it can be used to classify the subgroups of G as finite,
virtually Z, or large (i.e. contains a nonabelian free group)[9], [17]. This action is
also crucial in the proof of local connectivity of the boundary for one ended word
hyperbolic groups, see [5],[16] for instance. In this paper, I is a group of isometries
of a CAT(0) space X which acts properly discontinuously and cocompactly (i.e.
ge er all ) and we study the dynamics of the group acting on 0X. There are
two interesting topologies on 0X the visual and the Tits both are used here. The
action of I' on X extends to an action by homeomorphisms on the visual boundary
and by isometries on the Tits boundary. The idea is to use these actions to obtain
the correct generali ations of the results which hold in the word hyperbolic setting.

ne result along these line is given in section  there it is shown that an isometry
is virtually central in ' if and only if it acts as the identity on the boundary.

The starting point for the ain Theorem in is a generali ation of a lemma proved
by . chroeder in [ |. The lemma examines how the boundary behaves under the
action of one hyperbolic isometry (see emma .1). This lemma was proved in the
setting of nonpositively curved manifolds, and the proof is slightly more delicate
in the more general setting of CAT(0) spaces. In a word hyperbolic group, a
hyperbolic isometry has exactly two fixed points, one attracting and one repelling.
In the CAT(0) setting, the fixed point set is much larger for a general hyperbolic
isometry and there can be a strictly larger set which is not fixed pointwise, but is
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fixed setwise. There are two special fixed points which can act as an attracting
repelling fixed point pair for points in the boundary which are far away (in the
Tits topology) from the fixed point set.

The following uestion was posed by . ise and is listed on the open problem
list in  eometric roup Theory on . estvinas web page.
ela ge er all e AT(0) aeX I are
er [ ere e eree a a e er a ge era e
a ree  gr r ] 1

The main theorem here does not answer this uestion, but rather considers the
following related uestion

ela ge er all e AT(0) aeX T are
er 1 ere ere a ge er ea a
0X g ara ee  a a ge era e a ree  gr r ] 1 r

€

The reason for this more specific uestion is because of the situation in the word
hyperbolic setting. If are infinite order elements in a word hyperbolic group
G, then the fixed point sets of and acting on G completely determine the
answer to this uestion. Indeed, if the fixed point sets intersect, then the subgroup
generated by and contains Z as a subgroup of finite index otherwise high enough
powers of and generate a free subgroup.

The main theorem in this paper gives a geometric condition which guarantees
that the subgroup generated by and contains a free subgroup. The terminology
ra e is defined in section . In [ |, the authors classify certain  dimensional
CAT(0) complexes which admit geometric group actions and one of the types of
groups which arises are those which contain ran one elements. The authors give a
beautiful proof of the fact that a ran one element can be detected in any Cayley
graph of the group.

M T T are e rerele e T ( )
e e gr ge era e a a a ree gr a ere
e a 0 a rall ra e

The last section of the paper contains some remar s about when powers of and
commute in the case where the space X has no ats of dimension higher than
. The main result there strongly uses a theorem of . eeb which can be found
in [11]. In the following statement, the notation denotes the 0 sphere
which consists of the two endpoints of an axis for the hyperbolic isometry and
denotes the spherical oin.

T el agr a gge er all e ra AT(0)
ae X a e T are e rerele e e | ] 1 r
0 a [ ere e a er all e e e (0X T )

age (M) () a a a a al ar

The author would li e to than  ric wenson for pointing out an error in the
A Y A S -1
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E INITION AND A IC ACT

In this section we give definitions and basic properties of CAT'(0) spaces, bound
aries and isometries as well as some nown facts we will need in the proof of the
main result. eferences for this material are [7],[ ].

CAT(0) S B

et (X ) be a metric space. Then X is r er if metric balls are compact.
( ee Jge e from to for X is a map [0 ] X such that
(0) () and ( () () for all o ] If then
a map X parametri es its image r r  al  arle g if there exists
a constant such that ( () ( )) for all . astly, (X )isa
called a ge e er a e if every pair of points are oined by a geodesic.
D e (X ) ea r er le e ge e er ae a
ge e ra gle X e e er T a ra gle e a e e
le g a all a ar ra gle e ea X a e e AT(0)

e al g e X e ra ar ra glea a
e rre q - e ar ra gle a

() 7

If (X )isa CAT(0) space, then the following basic properties hold

f

(1) The distance function X X is convex.
() X has uni ue geodesic segments between points.
() X is contractible.

For details, see [15].
et (X ) be a proper CAT(0) space. First, define the boundary, X as a set
as follows

D ge e ra 0 ) Xoare a ea ere
e a a a (() () 0 a e ale e
rela e ar e e 0X e e e e ale e la e

ge e ra e X 0X llee e X ee ale e la ara

¢ e ()

There is a natural neighborhood basis for a point in dX. et be a geodesic ray
emanating from  and 0 0. lso,let ( ) denote the sphere of radius
centered at  with X ( ) denoting pro ection. efine

C ) X ) C ) ()

This consists of all points in X such that when pro ected bac to ( ), this
pro ection is not more than away from the intersection of that sphere with

These sets along with the metric balls about  form a basis for the e lg.
The set dX with the cone topology is often called the al ar . s one
expects, the visual boundary of is as is the visual boundary of . Thus

the visual boundary does not capture the di erence between these two CAT(0)
spaces. In the next section, the Tits topology on 90X is introduced which does

distinguish these two boundaries. The notation 0 X is used to denote the visual
T T A Y < 35 1 9 9491T ™'Y T
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D € € a er e er aeX € la e e
X e e () ( ) e ra la le g e er
() X e e ere  a a I e
e e () er alle e le () e
e summari e some basic properties about this in( ) in the following propo
sition.
P e X ea er aea a er X
M () ara
() a er er X e a ( )
() ar  lar e e lea e () ara
() X AT(0) e e lae e e e e ()
a l e e e X
D e X ea er ae er X alle
(1) ell a a e e 0a () e
() er | aa a r I e
() ara I e a a er r ()

€

It is clear that an isometry is semi simple if and only if it is elliptic or hyperbolic.
If two isometries are con ugate in Isom(X ), then they are in the same class.
hen a group I' acts geometrically on a CAT(0) space X, then the elements of
I' act as semi simple isometries because of the cocompactness of the action. ur
main concern here will be the hyperbolic (or infinite order) isometries of T'.

ecall that a ge ¢ [ ein X is a map X such that ( () ( ))
for all . Two such lines are a if there exists a constant
such that ( () () for all . Two lines are arallel if they cobound

a at strip in X. The following rigidity theorem shows that in a CAT(0) space,
asymptotic geodesic lines are in fact parallel.

T F S T e X ea AT0) aea le X
a X ege e | e X a are a e e e
I () () er a a r 0 ]

The next theorem is a structure theorem for in( ) where is a hyperbolic
isometry of a CAT(0) space X. roofs of this can be found in [7],[6].

T e X ea AT0) aece

(1) er X er | a l ere e age ¢ | e
X ra lae rall a el () ( )
T e 0 e e () alle a a ra a e
er e al
() er | eae are all arallel ea er a er
()
() () er a r a ere r ()
e r () | ) ere
() er er e lea e () ar a
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nother application of the Flat trip Theorem is the following generali ation of

Theorem 1. . . roofs can be found in [7] in the CAT(0) setting and [ | in the
classical setting.
ecall that if A is an abelian group then the ran A is the integer  such
that A modulo its torsion subgroup is isomorphic to Z .
F T T e I' ea el ge erae acela gr a g
rerl e le ere a lee AT(0) aeX
(1) (T) () e a I a a r ere
r
() eer T lea e (T) ara re e g e T r re
e e e r a r a ara la e e a r
() e e ea a a a r
C ' agr a gge er all a AT(0) ace a
Z a gr ' e ere e a X a e r
ala e a er all e e e e a a

N E ANDT E IT METRIC ON 90X

In this section, we develop a general techni ue for measuring angles between
points in 0X. e assume the reader has some nowledge of how to measure angles
in a metric space, but we add the necessary definitions for completeness. lexan
drov used the method of comparison triangles to define the notion of angle between

two geodesics leaving a point  in a metric space X, [1]. e recall that definition
here.
D e 0] Xa o ] X e ge e (0)
(0) e 0 ] 0 | a e e e eagle a ar
ra gle [ ea aea e ere rre g e er a gle
e ee a e e e e 1l g er
lim sup

ote The lim sup is used because the limit may not always exist, but in CAT'(0)
spaces, the limit does exist and instead of calling it an upper angle, we call it the
angle. For a proof of this, we reference [7].

D e X ea AT(0) ace e X a 0X e e e
() eagle e ee e ege e ra e r a le
e la e a re e el e e e e eagle e ee a e

The following proposition gives some basic facts about angles between boundary
points of a CAT'(0) space (need completeness here which is assumed for all spaces
here). The proofs of these involve repeated use of the CAT(0) ine uality and the

Y R T Y (e L 1 =



P e X ea AT0) aea le e ge e ra
g r e a e X e ( )a ()
(1) e eree 0 a ( ) 0 e e ( )
0
() e ( ) er e X
() e ( ) erea g a

a e r e [ ea la e e ra ee a a
a gle ( )
(5) e 0X 090X [0 ] I er e
©tm ——— [ o ()

It is easy to see that this angle satisfies the triangle ine uality and so this com
bined with (1) from above gives us that ( ) defines a metric on 0X called the
a g lar er .

E Consider the CAT'(0) space X . e now 0X is the unit circle.
For any two points on the boundary circle, there is a geodesic line in olning
these two points. ecause the above calculation is independent of basepoint, we
may as well assume the basepoint is on this line. Then one easily sees that the
angle between the two points must be . This means the angle metric on 9( ) is
discrete.

The following fundamental theorem about the angular metric was proved by ro
mov in the case of nonpositively curved manifolds | | and a proof in the CAT(0)
setting is given in [10].  CAT(1) space is defined similarly to a CAT'(0) space ex
cept one compares triangles (of diameter less than ) in the given space to triangles
in

T X a lee AT(0) ae e 0X ea g lar er
a AT(1) ace
The following proposition is an extremely useful fact concerning triangles with
one vertex at infinity and will be used in the proof of emma .1.  proof can be
found in [7].
P e le e a ge e ra gle a AT0) ae X
e ere a a ra a ge er
e ge e eqg e g (0) a (0) e (0) (0) a
() () e L () () e
e al a [ e e I er e e I
a ge e ra gle e [ ea la e a e ere a a a
er ra gle a
The er on 0X, denoted T , is the le ¢ metric associated to the
angular metric. Thus for 0X, T () is defined to be the infimum of the
lengths of rectifiable curves in the angular metric between and . If there are no
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in @ for instance. The Tits boundary is denoted @  X. In the next section we
examine the Tits boundary on more closely.

The basic facts needed here concerning the Tits metric are contained in the
following proposition. gain, proofs in the manifold setting can be found in [ | and

in [7] for the CAT(0) setting.

P e X ea r er AT(0) aea le e
0X
(L) T( ) e ere age e I e X () a
()
() ere ge ¢ [l e X e ee a e T () ()
a ere  a ge e eqg e 0 X g a
() X age e e T (( ) ( ) e al a
[ () a a al lae X
. I OMETRIE O EE TEN IONT TRI IA

In this section we show that if I acts geometrically on a CAT(0) space X then

I' is a hyperbolic isometry whose extension to the boundary is the identity if
and only if is virtually central. It is worth pointing out here that we do not need
the space X to have local extendability of geodesics to obtain this result. e only

need the following wea er notion of al e e a l

D AT0) ae X al e e le ere e a a
ra ar X ere  age e ra o ) X
(0 a a e e er e al

e e [ a

It is a theorem of . ntaneda [1 | that if G acts geometrically on a C T(0)
space X, then X is almost extendible.
subset of X iscalled a e e if there exists a constant 0 so that
each point of X is within  of some point of . otice that if a group I' acts
cocompactly, then the orbit of a point is a uasi dense subset.

P X [ e e a a e e e 0X O
r e mnow that is CAT(0) in the induced metric and @  embeds in 0X

so we need only show that this embedding is onto. This follows easily from the
following (this is a lemma in my thesis, but it s easy)
If X is a geodesic ray with () for some , then ()

If we choose our basepoint to be in  all rays will have image in ~ giving their
endpoints in 0

e ar It follows that if X and  are two CAT(0) spaces, then X is also
CAT(0) (with the product metric) and (X ) 0X 0 where denotes the
spherical oin. In fact, this is true in both the visual and Tits topologies. In this
paper the case in which one of the factors is  is used so we point out the following
a( ) (0 ) where denotes suspension. In particular, 0 in( ) (0 )

and it is clear that acts trivially on this set when extended to a homeomorphism
A vd



D e a er [ er e AT(0) aeX er
a ga a e r e al ar 0X e e — e
r a e e e e o are € e
g ()
T ela ge er dl e AT(0) aeX e r
roall e ral T a - e e 0X
T The cocompactness is the only point which re uires proof. Fix a basepoint

in( ). et bea closed compact fundamental domain for the action of T’

on X.

uppose there is no compact set whose ( ) translates cover in( ). Then

for each 0, choose an in( ) such that ( () ) ). Thus
() s
For each , choose I' () suchthat . ecan assume
for since

( ) ( ) diam( ) as

ext we show that the family of displacement functions is uniformly
bounded on . Indeed, for any , consider the following,

diam( ) diam( )

The last ine uality follows since in( ). The action of I" on X is proper
and  is compact so we must have for (by passing to a
subse uence if necessary). ut this gives () for all pairs

ow for all 1 we have the following

( ) ) )
diam( ) ( )

This is a contradiction since () yet we chose so that

C ) ) as

enote by F (7) the set of elements of 0X which are fixed by the homeomor
phism ~.

T ea ea (7)) o ()

r bviously, ~ acts trivially on 0 (), since acts by translation on the
set () inside X. ow suppose F (7). Fix a basepoint () and
let  be a geodesic ray with (0) ending at . Then ~( ) is the endpoint of

0\ 1T 1 g I R R m™m 1 1 0\
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rays. € now  was on an axis for so is on the same axis but translated
by  units. Iso, () mustlieon ( )at the uni ue point whichis units away
from . ince the rays are asymptotic, we now there exists a constant SO
that ( () () for all . wut this constant must be  since the two rays

start out  units apart. Thus () ( )( ) which implies ( () ()
giving 0 () as needed.

e are now ready to prove the following

T ela ge er dl e AT(0) aeX e r
roall e ral T a I - e e 0X

r uppose is virtually central in ', then there exists a finite index subgroup

I' in which is central. ince I' is finite index, it also acts cocompactly on X.

ince is central in T", () is invariant under the action of I'. o ()is

a closed, convex, I' invariant subset of X and as such is uasi dense in X. y
roposition .1, X 0 ( ) and we now ~ acts as the identity on 0 ().

If 7 is the identity on 0X, then F (7) 0 () 0X. This implies ()

is uasi dense in X. To see this, you must use the fact that X is almost extendible

by [1 ]. Fix a basepoint in ( ) and let  denote the almost extendibilty

constant. For X arbitrary, there is a ray beginning at which passes within

of . This ray has endpoint in X 0 (). vy convexity of (), the ray
lies in ( ) and therefore lies within  of ().

sing Theorem . ,wesee ( )isa subgroup of finite index in I". Indeed, since

the orbit of this centrali er is uasi dense in () and this set is uasi dense in

X, we have that the orbit of the centrali er is uasi dense in X. ut then X 1is

uasi isometric to the group I'. Thus we can find a constant  so that every r

lies within  of an element of the centrali er.
Finally, since is central in (), we have virtually central in T,

RE IMINARIE

The starting point for the ideas behind the ain Theorem came from the fol
lowing theorem of chroeder about the dynamics of a hyperbolic isometry on the
boundary given in [ |. The proof given there is for the case of nonpositively curved
manifolds and the proof here is a bit more delicate in the more general setting of

CAT(0) spaces.

e ea er | er a AT0) aeX a le ea
a e 0X a le 0X
a la e e e ¢ e e lg e )
( ) e T ( ) T ( ) ae a
ara r (0) a a a al lae
r et ( ). e first show the following two ine ualities hold

() )

e use propositions .1 and . several times for properties of angles and the
Tits metric.

The first follows from the lower semi continuity of the angle metric. To prove
I T T . a1 ra AN T Fa%
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show that it is possible to build a triangle with one vertex at infinity which violates
roposition . to obtain a contradiction.

There exists 7' 0 such that for all T

( )

For each fixed , there exists 0 such that for all ( )
which gives

ne the other hand, because ( ) , glven any 0, there is an 0

such that for all ,
( )

sing , choose an appropriate as above. Choose with (T )
ow the triangle with vertices (), (T )and violates roposition . as
needed.

y the triangle ine uality, we have

c ) ) )

Thus the ine ualites in (1) and ( ) are in fact, e ualities.
If , then ( ) T ( ) and  ( )

T ( ) and thus the last statement follows from roposition . ().

e ar If ( ) , then converges to . In particular, if there is a
geodesic line in X from to , then converges to
If is a hyperbolic isometry of X and 1is an axis for |, let denote the set of
all geodesic lines in X which are parallel to . Thus in( ) , but in general
is larger as the following example shows.

E et X and I' the fundamental group of the lein bottle with
generators and . If isa glide re ection with axis , then in( ) (0)
whereas X.

where the endpoints of the  factor are . Thus ~ leaves
0  set wise fixed. Theorem .1 implies that 0 is an attracting set for the
action of 7. In case I' is word hyperbolic, this set is always with an
attracting fixed point and a repelling fixed point. ere the situation is much

more complicated. e conclude this section with an example to illustrate what can
happen in this more general setting.

If X , we obtain 0X (0 ) (see the remar following roposition .1
for information on products). e obtain the suspension as follows lued [0 —]
and 0 [ — 0] together where the 0 levels of both copies are identified via the
identity map on @ and the — levels in each are shrun to a point. e denote
the e uivalence class of a point by [ | ith this notation, 0 means

0 and — means is one of the suspension points.
E Consider the CAT(0) space X with the group T Z
acting on X where is a cocompact fuchsian group. Consider () with
1 acting on X. Thus in( ) where the first factor is the axis for

R | R A x5 ra N1 1N < * 331 ey
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metric on . In particluar, @ X is not even locally compact at the suspension
points.
et 0X be a point which is not in Fix( ) 09 in( ). Thus [ | for

some and ( — —). ithout loss of generality, assume 0 —.

Iso, [ | and [ | where arctan(—) we can also
assume 0 —. Clearly ( ) and ( ) ( ),
thus we have

lim [ |
lim [ ]

otice if , then limits to under the action of . owever, does not

limit to under the action of

. RAN ONE I OMETRIE

In the paper [ |, the authors introduce the notion of a ra e element in a
CAT(0) group I'. This notion is used in the proof of the ain Theorem so several
definitions and lemmas from [ | are uoted without proof in this section.

D e a er [ er a AT0) aeX e

alle ra e a a a al lae X AT(0) gr

alle ra e a ara e ele e

e X ea ee ge e e a a

T 0 e ere are eg T ( ) a ()
X a ra a ere age e | er a
ra ge e e ae ( (0)) re er e a
a r

The main property of a ran one element is contained in the following lemma
which can be found in [ | in the manifold case and in [ | for the more general
setting. The main theorem in [ | says a bit more than we say here, but this is
the statement needed here. The lemma shows that the dynamics of the action of
a ran one isometry on the boundary are exactly the same as in the setting of
negative curvature namely, there are exactly two fixed points, one attracting and
one repelling.

e a ra e er e AT(0) ae X e
eq T a ere e a a (00X
) a  (0X )

e X ea ee ge e e a a
al lae e ( ) ea e e e ere X a () ( )a
() ( ) r e a e €a X e T e [ large

a a a a () (e () ( )a

The following theorem allows us to construct the necessary free group in the main
theorem here. This theorem is proved in both [ | and [ | but in slightly di erent
e ~r

~ R B Y o D T
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T T [] e a gr er 1
ere a g r erl [ a AT0) ae X a e
a ara ele e e e er r all Z r a a aela
ree gr
[ e r uppose is a ran one element in  and that one (and hence
any) axis for does not bound a at half strip of width 0.
et beanaxisfor . If isnot virtually Z, then there exists an element
such that = moves one of the endpoints . In fact, we must have ( )

. Indeed, with a proper group action, two hyperbolic isometries cannot
have ust one endpoint in common. This is the contents of lemma .5 in [ | but
follows uite easily from the properness of the action. ow we have is an
axis for and this axis does not bound a at half strip of width i.e. this
element is also ran 1.

ow choose dis oint neighborhoods around these four points and choose
and as in lemma .6 for and respectively. If  is the larger of
and , then one can show and ( ) generate a free subgroup by showing
that every nontrivial reduced word in these elements must move some point of the
boundary thereby implying it cannot be the identity. For more details, see Theorem
lin [ ] or Theorem .61in [ ].

AIN EOREM

In this section we give the proof of the ain Theorem along with several lemmas
which are useful on their own. The first of these is not used explicitly in the proof
of the ain Theorem, however this lemma motivates why the condition of having
Tits distance larger than is an important condition to consider.

e a are I e ge e all e e
X T (@ 0 ) e a ) ( ) ere
e a a 0 a rall 0 1 ege e | e X

e ee e le [ ]

r et a 0 . inceT (0 0 ) , there exists a geodesic line
X with () () and this line does not bound a at strip
of width 0 by ropostion
Fixa 0 and for each 0 , choose open sets and as emma 5.1.
The sets form an open cover of the compact set @ . Choose a finite subcover
. et a .
For each 1 there exists a 0 such that the geodesic line where
is any point of lies within  of the line by emma 5.1 .
ow cover 0 by the sets  and choose a finite subcover . For each
1 we have an associated finite subcover of @  each with a constant  as
above. or with the union of these covers of @  and choose the maximum of all
the finitely many possible call this number  also.
et d and 0  be arbitrary. for some and for
some so that lies within ~ of . Thus to find ( [ ]), it su ces

to chec  ( [ ]). ince there are only finitely many of these, we are done.

e ar bserve that is either empty or bounded. If it were unbounded it

11Ty T T1T1T Y ey EaY R A T T T
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tion T (0 0 ) . Thus the theorem holds if the intersection is nonempty,
simply replace [ | in the conclusion with the center of the (bounded) intersec
tion.

The following example is a CAT(0) group which contains a ran one isometry
but also contains isometries which are not ran one. This cannot happen in the
manifold setting specifically, if a dimensional nonpositively curved manifold
contains a ran one element, then all elements are ran one and the fundamental

group is word hyperbolic, [ ]. e point out sets which satisfy the hypotheses of
emma 6.1 and also give some indication of how the generators act on 0X. This
example is also used in [1 | to illustrate how certain extensions acting on

a CAT(0) space force the boundary of the space to contain points of non local
connectivity.

E et G A where A Z 7 with generators ,
, and the stable letter  identifies and via the relation
. Thus G has presentation G [ ] 1 . G acts

on a CAT(0) space X which can be obtained as the universal cover of the mapping
torus for a certain homeomorphism of a once punctured torus (this can be seen by
viewing G as a semi direct product of  and Z). e describe X explicitly here.
X can be viewed as a collection of planes (copies of the universal cover of the
original torus) glued together along lines with strips inbetween them via the iden
tifications given by the description of the group G. tart with a plane
whose origin will be the basepoint of X so that contains the orbit of the Z Z
generated by and . abel the edges of this plane with and labels (we can
assume that and act as translations of length 1 in perpendicular directions
inside ). lue a vertical strip of height one along the axis of  with each of
the vertical edges labeled by a . ecause of the identifications in G, the top edge
of this strip is labeled by edges. These edges lie in a plane, denoted which
is the image of  under the action of . Thus we have glued together two planes
and a strip. otice that the axis in is parallel to the axisin . enote by
the plane which is the image of  under the action of

In |, denote the axis by A. ince commutes with A is another axis for

which is dis oint and parallel to A. Thus we have a family of parallel lines in
given by  A. To each of these lines, we glue a plane as above. The plane we glue
with a strip along A is . This plane is totally dis oint from the plane

but they share a common direction.

3

Iterate this process everywhere according to the group G i.e. in each plane
there is an  axis (actually the image of A under some group element) so we glue
another strip with a plane on top where the top of the strip has edge labels in
the new plane and the vertical edges in the strip are labeled by

This is not all of X because we have not considered the action of negative powers
of on the planes constructed. There is another half of X which is constructed

via the relation which lies below the part described above.
ach plane contributes a circle to dX. For ., denote the boundary circle by
ecause and share a common direction, and have two points in
common li ewise for and . In , the endpoints of A, denoted , are
the same as the endpoints for the axis in . These are labeled by since
this line is obtained as the image of the axisin  under the action of . These
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the same as in . Iterate this process under the action of on 90X, to get
a collection of cirles which limits to a single point, namely . recisely,

lim lim
There is a similar collection which limits to obtained from the other half of

X mentioned above. The action of on 90X gives the following

lim lim
This is true since the planes all share a common direction.
bserve that the circles @ and 0  for satisfy the hypotheses of emma

6.1. The lemma implies that any geodesic line with endpointsin @ and d must
pass within a constant of the segment between the origins of these planes (since
this segment reali es the distance between the planes).

ow suppose is a hyperbolic isometry of X and 0X withT ( Fix(7))
There 1s a geodesic line and neighborhoods and asin emma
5.1. The following lemma shows that and the points close to in the cone topology
converge to under the action of and that convergence is uniform on the closure
of a cone topology neighborhood around

e 0X T ( ) a are e
a le a e re er e lg eqg r
ere e a 0 a rall _(_)

T et ( (0)) be a basic open neighborhood around
e mnow we can choose an 0 so that for all , because
converges to under the action of (see emar following Theorem .1).
uppose the conclusion of the lemma does not hold. Then for each , there
exists a such that — isnot in .  ithout loss of generality, suppose
converges to . Then for all 0  isnotin by construction. e
ma e the following observation
er a Fix 0 large enough so that (0) )
rays  from (0) to . These rays must converge to a ray from (0)
to and this ray passes within  (the from emma 5.1)of (0). Indeed, let
denote the point on  which passes within  of (0). The must converge to
a point  in the closed  ball around (0) and lies on the geodesic ray
et ( (0) (0)). Then we now ( (0) ) from the above
observation. lso notice is the geodesic ray from (0) to ~ . Consider the
geodesic triangle with vertices (0), (0), and . Theside[  (0) | has
length no more than (independent of ) because is an isometry. The side
[ (0) (0)] has length . et denote the remaining side. In a comparison
triangle we can use similar triangles to obtain the following in X

(O ) C © )
(© ) (0 (0))

__ Thelast ine uality can be chosen less than by choosing large enough, therefore

and consider the

for large . This contradicts our choice of and so the lemma holds.
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M T T are e rerele e T ( )
e e gr ge era e a a a ree gr a ere
e a 0 a rall ra €

r et . In order to show the last claim in the statement of the
theorem, it su ces to show () and () for one X by

emma 5. . Indeed, this will show that for large |, has an axis which does not
bound a at half plane 1i.e. isran 1. Then we can apply Theorem 5. to get
a free subgroup in the subgroup generated by and

et X be arbitrary and let be an open set about .y assumption,
we can choose neighborhoods  of and  or as in  emma 5.1.  ithout
loss of generality, assume .
Choose 0 so that for all , .y assumption, satisfies
the hypotheses of emma 6. . Thus choose so that for all .
et be the larger of . e have shown that for all ., ()
( ) for any open set  about as needed.  completely symmetric
argument shows ()

OME REMAR ONT E OMMUTATI E A E

The following fact from [11] allows us to push through and if and only if statement
in the case that X has ran i.e. there are no ats of dimension or higher
embedded isometrically into X. This theorem was nown in the classical setting
of nonpositively curved manifolds and can be found in [ |.  emma 7. can also be
found in [11] as ublemma

T eX a r er AT(0) acea 0 Xa ere

e a e ere 0o X e ere € a a X

e a a a a | e e e X
0 0 e a a a arallel

r If , then by convexity. uppose with  ( )

( ). Consider the subset of  consisting of all rays beginning at and ending
at the di erent points of . This set is a at contained in  which is parallel
to . Indeed, let be the closest point pro ection of  onto and let

0 . Then the ray from to and theray from to are asymptotic and
cannot travel more than ( ) units apart at any time 0 by convexity. ut

() () () for all by choice of and , thus we have ine uality and
the lemma follows.

For a hyperbolic isometry , denote by the two fixed points of
~ which are the suspension points of 0 in( ). ote that an isometric embed
ding of an which contains as an antipodal pair means that and

T )

T el agr a gge er all e ra AT(0)
ae X a e T are e rerel e e | ] 1 r
0 a [ ere e a er e e g (0X T )

age (M) () a g a a a al ar
r uppose | | 1 for 0 . Then by the Flat Torus Theorem, there
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acts by the torus action. otice that 0 is a cirlee in  in( ) in( )
which contains the four points and the pairs are antipodes
in this circle. y Theorem . , the conclusion follows.
ow assume there is an isometric embedding of as in the statement of the
theorem. Thus there is an  in the Tits boundary which contains the four points
and are antipodes in this circle.  pplying Theorem 7.1,
there is a at  in X whose Tits boundary is this . y emma 7. we can
assume in( ) in( ). ow the subgroup , generated by and
geometrically on  and is thus the conclusion follows.

, acts

RE ERENCE
. A. . Alexandrov, , Trudy
at. nst. te s. ( ), 3. ( ussian)
. allman, , ath. Ann. ( ),
3
3. . allman and . rin, , nst. autes tudes ci. ubl.
ath. ( ), 0.
allman, . romov, . chroeder, , 1ir hauser,
owditch, , Acta ath. ( ),
owers and . uane, ,
lasgow ath. . ( ),
ridson and A. ae iger, , unpublished.
berlein, , Chicago ecturesin athematics,
niversity of Chicago ress,
romov, , ssaysin roup Theory ( . . ersten,ed.), pringer- erlag,
y PP
0. . leiner, , to appear in  ath.
eit ( ).
eeb,
, preprint ( ).
.C. yndon and . . chupp, , pringer- erlag,
3. . ihali and . wuane, AT(0) ,
to appear in Top. and its Appls. ( ).
ntaneda, , preprint ( ).
. F. aulin, , roup Theory
from a eometrical iewpoint ( . hys, A. ae iger, A. erovs y, eds.), orld cientific,

,pp-3 33



A C FT ACT F A CAT(0) T

wenson, , preprint ( 3).



