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Your friends and colleagues are talking about something called "Bayes' Theorem" or "Bayes' Rule", or something called Bayesian reasoning.  They sound really enthusiastic about it, too, so you google and find a webpage about Bayes' Theorem and...

It's this equation.  That's all.  Just one equation.  The page you found gives a definition of it, but it doesn't say what it is, or why it's useful, or why your friends would be interested in it.  It looks like this random statistics thing.

So you came here.  Maybe you don't understand what the equation says.  Maybe you understand it in theory, but every time you try to apply it in practice you get mixed up trying to remember the difference between p(a|x) and p(x|a), and whether p(a)*p(x|a) belongs in the numerator or the denominator.  Maybe you see the theorem, and you understand the theorem, and you can use the theorem, but you can't understand why your friends and/or research colleagues seem to think it's the secret of the universe.  Maybe your friends are all wearing Bayes' Theorem T-shirts, and you're feeling left out.  Maybe you're a girl looking for a boyfriend, but the boy you're interested in refuses to date anyone who "isn't Bayesian".  What matters is that Bayes is cool, and if you don't know Bayes, you aren't cool.

Why does a mathematical concept generate this strange enthusiasm in its students?  What is the so-called Bayesian Revolution now sweeping through the sciences, which claims to subsume even the experimental method itself as a special case?  What is the secret that the adherents of Bayes know?  What is the light that they have seen?

Soon you will know.  Soon you will be one of us.

While there are a few existing online explanations of Bayes' Theorem, my experience with trying to introduce people to Bayesian reasoning is that the existing online explanations are too abstract.  Bayesian reasoning is very counterintuitive.  People do not employ Bayesian reasoning intuitively, find it very difficult to learn Bayesian reasoning when tutored, and rapidly forget Bayesian methods once the tutoring is over.  This holds equally true for novice students and highly trained professionals in a field.  Bayesian reasoning is apparently one of those things which, like quantum mechanics or the Wason Selection Test, is inherently difficult for humans to grasp with our built-in mental faculties.

Or so they claim.  Here you will find an attempt to offer an intuitive explanation of Bayesian reasoning - an excruciatingly gentle introduction that invokes all the human ways of grasping numbers, from natural frequencies to spatial visualization.  The intent is to convey, not abstract rules for manipulating numbers, but what the numbers mean, and why the rules are what they are (and cannot possibly be anything else).  When you are finished reading this page, you will see Bayesian problems in your dreams.

And let's begin.




Here's a story problem about a situation that doctors often encounter:

1% of women at age forty who participate in routine screening have breast cancer.  80% of women with breast cancer will get positive mammographies.  9.6% of women without breast cancer will also get positive mammographies.  A woman in this age group had a positive mammography in a routine screening.  What is the probability that she actually has breast cancer?


The correct answer is 7.8%, obtained as follows:  Out of 10,000 women, 100 have breast cancer; 80 of those 100 have positive mammographies.  From the same 10,000 women, 9,900 will not have breast cancer and of those 9,900 women, 950 will also get positive mammographies.  This makes the total number of women with positive mammographies 950+80 or 1,030.  Of those 1,030 women with positive mammographies, 80 will have cancer.  Expressed as a proportion, this is 80/1,030 or 0.07767 or 7.8%.

To put it another way, before the mammography screening, the 10,000 women can be divided into two groups:

· Group 1:  100 women with breast cancer.

· Group 2:  9,900 women without breast cancer.

Summing these two groups gives a total of 10,000 patients, confirming that none have been lost in the math.  After the mammography, the women can be divided into four groups:

· Group A:  80 women with breast cancer, and a positive mammography.

· Group B:  20 women with breast cancer, and a negative mammography.

· Group C:  950 women without  breast cancer, and a positive mammography.

· Group D:  8,950 women without breast cancer, and a negative mammography.

Top of Form

Bottom of Form

As you can check, the sum of all four groups is still 10,000.  The sum of groups A and B, the groups with breast cancer, corresponds to group 1; and the sum of groups C and D, the groups without breast cancer, corresponds to group 2; so administering a mammography does not actually change the number of women with breast cancer.  The proportion of the cancer patients (A + B) within the complete set of patients (A + B + C + D) is the same as the 1% prior chance that a woman has cancer: (80 + 20) / (80 + 20 + 950 + 8950) = 100 / 10000 = 1%.

The proportion of cancer patients with positive results, within the group of all patients with positive results, is the proportion of (A) within (A + C):   80 / (80 + 950) = 80 / 1030 = 7.8%.  If you administer a mammography to 10,000 patients, then out of the 1030 with positive mammographies, 80 of those positive-mammography patients will have cancer.  This is the correct answer.



 Figuring out the final answer always requires all three pieces of information - the percentage of women with breast cancer, the percentage of women without breast cancer who receive false positives, and the percentage of women with breast cancer who receive (correct) positives.

To see that the final answer always depends on the original fraction of women with breast cancer, consider an alternate universe in which only one woman out of a million has breast cancer.  Even if mammography in this world detects breast cancer in 8 out of 10 cases, while returning a false positive on a woman without breast cancer in only 1 out of 10 cases, there will still be a hundred thousand false positives for every real case of cancer detected.  The original probability that a woman has cancer is so extremely low that, although a positive result on the mammography does increase the estimated probability, the probability isn't increased to certainty or even "a noticeable chance"; the probability goes from 1:1,000,000 to 1:100,000.

Similarly, in an alternate universe where only one out of a million women does not have breast cancer, a positive result on the patient's mammography obviously doesn't mean that she has an 80% chance of having breast cancer!  If this were the case her estimated probability of having cancer would have been revised drastically downward after she got a positive result on her mammography - an 80% chance of having cancer is a lot less than 99.9999%!  If you administer mammographies to ten million women in this world, around eight million women with breast cancer will get correct positive results, while one woman without breast cancer will get false positive results.  Thus, if you got a positive mammography in this alternate universe, your chance of having cancer would go from 99.9999% up to 99.999987%.  That is, your chance of being healthy would go from 1:1,000,000 down to 1:8,000,000.

These two extreme examples help demonstrate that the mammography result doesn't replace your old information about the patient's chance of having cancer; the mammography slides the estimated probability in the direction of the result.  A positive result slides the original probability upward; a negative result slides the probability downward.  For example, in the original problem where 1% of the women have cancer, 80% of women with cancer get positive mammographies, and 9.6% of women without cancer get positive mammographies, a positive result on the mammography slides the 1% chance upward to 7.8%.




The original proportion of patients with breast cancer is known as the prior probability.  The chance that a patient with breast cancer gets a positive mammography, and the chance that a patient without breast cancer gets a positive mammography, are known as the two conditional probabilities.  Collectively, this initial information is known as the priors.  The final answer - the estimated probability that a patient has breast cancer, given that we know she has a positive result on her mammography - is known as the revised probability or the posterior probability.  What we've just shown is that if the two conditional probabilities are equal, the posterior probability equals the prior probability.


	Fun
Fact! 
	Q.  Why did the Bayesian reasoner cross the road?
A.  You need more information to answer this question.




 
The fully general form of this calculation is known as Bayes' Theorem or Bayes' Rule:
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	p(A|X) = 
	        p(X|A)*p(A)         
  p(X|A)*p(A) + p(X|A)*p(A)



Given some phenomenon A that we want to investigate (where A is its complement), and an observation X that is evidence about A - for example, in the previous example, A is breast cancer and X is a positive mammography - Bayes' Theorem tells us how we should update our probability of A, given the new evidence X.


	Fun
Fact! 
	Q.  Who originally discovered Bayes' Theorem?
A.  The Reverend Thomas Bayes, by far the most enigmatic figure in mathematical history.  Almost nothing is known of Bayes's life, and very few of his manuscripts survived.  Thomas Bayes was born in 1701 or 1702 to Joshua Bayes and Ann Carpenter, and his date of death is listed as 1761.  The exact date of Thomas Bayes's birth is not known for certain because Joshua Bayes, though a surprisingly wealthy man, was a member of an unusual, esoteric, and even heretical religious sect, the "Nonconformists".  The Nonconformists kept their birth registers secret, supposedly from fear of religious discrimination; whatever the reason, no true record exists of Thomas Bayes's birth.  Thomas Bayes was raised a Nonconformist and was soon promoted into the higher ranks of the Nonconformist theosophers, whence comes the "Reverend" in his name.

In 1742 Bayes was elected a Fellow of the Royal Society of London, the most prestigious scientific body of its day, despite Bayes having published no scientific or mathematical works at that time.  Bayes's nomination certificate was signed by sponsors including the President and the Secretary of the Society, making his election almost certain.  Even today, however, it remains a mystery why such weighty names sponsored an unknown into the Royal Society.

Bayes's sole publication during his known lifetime was allegedly a mystical book entitled Divine Benevolence, laying forth the original causation and ultimate purpose of the universe.  The book is commonly attributed to Bayes, though it is said that no author appeared on the title page, and the entire work is sometimes considered to be of dubious provenance.

Most mysterious of all, Bayes' Theorem itself appears in a Bayes manuscript presented to the Royal Society of London in 1764, three years after Bayes's supposed death in 1761!

Despite the shocking circumstances of its presentation, Bayes' Theorem was soon forgotten, and was popularized within the scientific community only by the later efforts of the great mathematician Pierre-Simon Laplace.  Laplace himself is almost as enigmatic as Bayes; we don't even know whether it was "Pierre" or "Simon" that was his actual first name.  Laplace's papers are said to have contained a design for an AI capable of predicting all future events, the so-called "Laplacian superintelligence".  While it is generally believed that Laplace never tried to implement his design, there remains the fact that Laplace presciently fled the guillotine that claimed many of his colleagues during the Reign of Terror.  Even today, physicists sometimes attribute unusual effects to a "Laplacian Operator" intervening in their experiments.

In summary, we do not know the real circumstances of Bayes's birth, the ultimate origins of Bayes' Theorem, Bayes's actual year of death, or even whether Bayes ever really died.  Nonetheless "Reverend Thomas Bayes", whatever his true identity, has the greatest fondness and gratitude of Earth's scientific community.





 Bayes' Theorem describes what makes something "evidence" and how much evidence it is.  Statistical models are judged by comparison to the Bayesian method because, in statistics, the Bayesian method is as good as it gets - the Bayesian method defines the maximum amount of mileage you can get out of a given piece of evidence. This is why you hear cognitive scientists talking about Bayesian reasoners.  In cognitive science, Bayesian reasoner is the technically precise codeword that we use to mean rational mind.

 

Further Reading:

If you liked An Intuitive Explanation of Bayesian Reasoning, you may also wish to read A Technical Explanation of Technical Explanation by the same author, which goes into greater detail on the application of Bayescraft to human rationality and the philosophy of science. You may also enjoy the Twelve Virtues of Rationality and The Simple Truth. 

Other authors: 

E. T. Jaynes:  Probability Theory With Applications in Science and Engineering (full text online).  Theory and applications for Bayes' Theorem and Bayesian reasoning. See also Jaynes's magnum opus, Probability Theory: The Logic of Science.

D. Kahneman, P. Slovic and A. Tversky, eds, Judgment under uncertainty:  Heuristics and biases.  If it seems to you like human thinking often isn't Bayesian... you're not wrong.  This terrifying volume catalogues some of the blatant searing hideous gaping errors that pop up in human cognition. See also this forthcoming book chapter for a summary of some better-known biases.

Bellhouse, D.R.:  The Reverend Thomas Bayes FRS: a Biography to Celebrate the Tercentenary of his Birth.  A more "traditional" account of Bayes's life.

Google Directory for Bayesian analysis (courtesy of the Open Directory Project).
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