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Computing Eigenvalues

Recall that we are considering\ao Phasgrocess

1. Reduction (via similarity transforms) to upper Hessegl&idiagonal, in the
hermitian case) form (call thi&') using Householder reflections or Givens rota-
tions. O(m?) flops. Direct method. Mathematically,

H = Q- QyQiAQr - Q2

* Note that we have to keep track of tliE€s somehow if we ultimately want
eigenvectors, and not just the eigenvalues.

2. Apply an iterative method to compute the eigenvaluese(®igctors) of.
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Householder reduction

r=A2:5,1);v=sign(zy)||x|2e1 + ;v — v/||v||2

F=1-2u"
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Householder reduction

ay

T
id = [ (T — 200)A(2: 5, ) ]
And we can compute the bottom block A& : 5,:) — 2v(v*A(2 : 5,))




Recall thatr’ = F*, soQ7 =

BQi=|b (I —2vv*)A(:,2:5) ]
Compute the new colums ag:,2 : 5) — 2(A(:, 2 : 5)v)v™.




Algorithm

fork=1:m-2
oy =7
oy =7

® v = v /norm(vy);
o A() =
o A() =




Algorithm

fork=1:m-2

or=Ak+1:m,k);

o v, = sign(x(1))norm(z)e; + x;

e v, = v /norm(vg);

e Alk+1:mk:m)=Ak+1:mk:m)—2v(viA(k+1:m,k:m));
o Ak :m,k+1:m)=Ak:mEk+1:m)—2(Ak:m,k+1:m)vg)vj;




The Symmetric Case

In exact arithmetic, this must reduce to tridiagonal formhy®?




Stabllity for Phase |

Theorem 26.1 et the Hessenberg reductioh= (QH(Q* of a matrixA € C"*" be
computed by Algorithm 26.1 on a computer satisfying the apd@¢13.5) and (13.7),
and let the computed factoég and H be defined as indicated. Then

QHG = A+5A, P = Olenu)

for some) A € Cm>m,




Phase |l — Symmetric Matrices Only

Chapters 27-30 for symmetric matrices only. Then we know i@ eigenvalues
are real and the eigenvectors are orthonormal.

First Phase Il option, power iteration.
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Power Iteration

Choosev so that||v|| = 1, expand in the eigenbasis.

Recallv = ¢;q1 + oo + . . . + ¢,9m, @Nd

’U(k> — Ckk;AkU = Cuk(Cl)JfQ1 + e+ Cm)‘ﬁzqm>

o 1S @ normalization constant
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Power Iteration

00 = o for k=1:maxits

The right-hand side of the last equation is calledRaécigh quotient

Why (intuitively) do we think this might be converging 1q?

12



Convergence

Theorem 27.5uppose| > [Ao| > [A3] > --- > |\,| > 0ande; # 0. Then

A
[ = (£q)]| = 01T
1
and
A
AR — N | = O((IA—2\%>
1
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Issues

In summary, this can be SLOW if the relative gap betwgegnand|),| is not large.
(See homework)

Why do we apply this in Phase Il (to the upper Hessenberg x)atriNote the
amount of work per iteration is a matrix vector product, ardatl that we are
restricting ourselves to real, symmetric matrices.

Note this also only gets us one piece of information — thedsirghagnitude eigen-
value (eigenvector) (Google matrix).
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Alternatives that address convergence

Alternative Number 1: Inverse Iteration.
Recall that the eigenvalues df— p/ are\;, — p, i =1,...,m.

Now, Let's think about the eigenvalues(of — 1.1)~! (we have to assumeis NOT
an eigenvalue ofi or we're in trouble!).

Fact: If X is an eigenvalue of an invertible matri, then1/\ is an eigenvalue of
B~

Fact: The eigenvectors are the sameBoand 5.

Proof on board.
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How to choose:? We want to improve the convergence rate...

Let’s do the expansion, and try to devise the algorithm...
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Inverse lteration

Start: v Is some vector with unit length

for k=1:maxits

o Solve(A — pl)w = vV for w

k)

o v = w/|lw|

o AB) — (4T 459
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Inverse lteration

Theorem 27.2f )\, is the closest eigenvalue toand )\, is the second closest (i.e.
= Al <|p—=Ax| < | —Ajl, 5 # J), andgjv # 0, then
2k:>

k
(k) . M >‘J (k) . |,u—)\J
U + =0 , A Ayl =0
| (£qJ)]| <|M A > | J| <M )\
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|ssues?

What if iz is really close to an eigenvalue? Then isn’t the matrix viiganditioned?
Can we trust the estimate of?

Note the potential expense per iteration.

e What's the cost of the solve, if we only apply this to matritest have been run
through Phase | already?

e Can use this approach to pick out eigenvalues and eigemsgebtit are not nec-
essarily the largest in magnitude, just by choosing

e One of themost valuable tools of numerical linear algebva it is the standard
method of calculating one or more eigenvectors if the eigkm(s) are already
known.

e Of course, how do you get if you do not know an eigenvalue exactly? (Let's
talk briefly about Gerschgorin’s Theorem)
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Gerschgorin’s Theorem

How might you get some clue as to the eigenvalue distribdfbogour matrix?

Theorem(see also problem 24.2) Every eigenvalueldies in at least one of the:
circular disks in teh complex plane with centersand radiizj#. la;;|. Moreover,
If n of these disks form a connected domain that is disjoint froendtherm — n
disks, then there are preciselyeigenvalues ofd within this domain.

Try to apply to this example.

A= le| < 1

O — oo
A B
—_— O
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Combination: Rayleigh-Quotient
lteration

If we had a good: close to our desired, the Inv. Iteration is good at finding the
cooresponding eigenvector. Note that we used the Raleighi€p to get our esti-

mate of the eigenvector in the case it wasn't already knowntle ideas together,
so that the shifts are continually updated, based on our raosht estimate of.
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vV is a random vector with unit nortk® = (v(©)7 Ay(0)

for k = 1:maxits

o Solve(A — AU Nw = o= for w
o v = w/|w|

o AB) — (40T 45
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RQ Iteration

Theorem 27.3RQ Iteraion converges to an eigenvalue/eigenvector paialfex-
cept a set of measure zero of starting veciots When it converges, the conver-
gence is ultimately cubic @sgoes toxo in the following sense:

[0 — (2q))| = O™ — (£4s)IP)

and

AFED =2 = O(A™ = A4 ).
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See example
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