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QR Algorithm, No Shifts

This “QR Algorithm” is notthe one that produces the QR factorization of a matrix!
But it does use the QR factorization of a matrix.

Recall this is an algorithm we’re going to use in Phase Il efpnocess! So thd
here has already been reduced to upper Hessenberg (taaniguin.

Alg 28.1

A*(0)=A
fork =1: maxits

e Find the QR factorization afi*~1: QW) R = Ak=1)
o Define A by mult. in reverse orderd®) = RF QW




Convergence?

Claim: Under certain conditions, this converges to the &éum (i.e. A starts
to look upper triangular, or diagonal if it was Hermitian tegmn with.).

Prove (on board) that this is a similarity transform, so thét and A = A have
the same eigenvalues.

Show example in Matlab.




The Practical Version for Symmetric
Matrices

e As mentionedA is already in tridiagonal form.

e Instead of computing the QR factorization 4~ , compute the QR factoriza-
tion of a shifted versiom*~Y — ,* 1. Then put it back together asl*) =
RMQH) 4 (BT,

e Whenever possible (e.g. whenever an eigenvalue is fouledjitethe problem
by breakingA*) into submatrices.




Practical QR lteration

First, we need to show that by using the QR factorization efdhifted matrix, we
still maintain a similarity transform (the eigenvaluesbére still the same ag(®).

What should the shift be? One choiced$ = A(m, m)*~Y, wherem is the size
of the matrix. This choice is known as th&leigh Quotient shift




What is deflation?

This is a symmetric, tridiagonal matrix. So, if an elemeit)(j, 5 + 1) ~ 0, we
haveA®)(j + 1, §) ~ 0, and soA*) looks (almost) like a block-diagonal matrix

A 0
0 A
But note that the eigenvalues of a block diagonal matrix laeesigenvalues of the

blocks on the diagonal. (Proof on board)

Therefore, we should apply the practical QR iteration tackéod; and A, recur-
sively.




Practical QR

Assume A" is tridiagonal (output of Phase | process). For= 1,2,... until
convergence do

e Pick a shiftu®) (like u*) = Al D)
e QR — Ak=1) _ (k]

o If any off-diagonal elementi*)(j, j + 1) is less than tolerance, set it to zero, to
get

=

and recurse onl; and As.




One other detall...

A" (and therefore its shifted cousin) is tridiagonal. Is thisserved? And if so,
what'’s the most efficient way to compute the QR factorizationeither variant of
this algorithm...?




Convergence and History

This converges very quickly (cubically) to the eigenvaluigs the Raleigh-Quotient
iteration,depending on the shiftn the worst case, it may not converge at all!!

This was one of the gold standards for computing eigenvdiaes early 1960’s
to the early 1990’s. In the 1990’s, another competitor wasduced (divide and
conquer).




Difficulites in Practice

Consider what happens = [ ? é ] :

¢ unshifted QR won’t converge at all (why?)

e using the Rg-shift won’t help either because it is zero.

The problem is the symmetry in the eigenvalues (n this case), both of the same
magnitude. Need to “break” the symmetry.




Let the currentd(®) have lower rightmos2 x 2 submatrix look like

Am—1 bm—l

bm—l am .
The Wilkinson shiftis the eigenvalue of this little matrix that is closerdg (and
when there’s a tie, break it arbitrarily).

We can compute this value exactly (see (29.8) in text).

Can show that the QR iteration with this shiftasleast quadratically convergent in
the worst casebut cubic in the generic case.
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Stability

Since we keep using orthogonal matrices, the QR iteratibaskward stable. Note
that the eigenvectors (of the tridiagonal matrix) are gibbgnthe columns of the
*product* of the Q matrices. (Think about how much work torfothis product,

given the fact we’'d use Givens rotations to do the QR facabion of the tridiagonal

matrix.)

Theorem 29.1 et areal, symmetric, tridiagonal matrk € R™*"™ be diagonalized
by the QR algorithm (Alg. 28.2) on a computer satisfying §)&nd (13.7). Then

sl
4]

ONQ" = A+ 6 A, O(€mach)-
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Accuracy

It can also be shown that

A=Al
— O<€mach>7
| A]

meaning that, relative to the size df the eigenvalues are computed quite accu-
rately.
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Outline for Remainder

e Bisection and Divide and Conquer
e Application(s)
e Computing the SVD by considering *the correct* eigenvaloagbem

e |terative methods for solutions to linear systems (thab alsmetimes give ap-
proximate eigen-information)

e Application(s)
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Bisection

e Real, symmetric tridiagonal matrices
¢ \ery fast at finding eigenvalues in arbitrarily small subivals

e If only a small number of eigenvalues are needed, it takeslog(€,,q..1)) flops,
which is better than th@(m?) for the QR iteration.

e Algorithm based around an eigenvalue interlacing propertygymm. tridiago-
nal matrices (see next board, picture in book pg. 228).

e Three key observations give rise to this algorithm, as wé sha.
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Interlacing and Strum Sequences

Interlacing means that for thex k leading principal submatrix of the symm. tridi-
agonal matrix4, we have

A A AN k=12 m =1 =1,2, .k

Key Observation linterlacing property makes it possible to count the exaat-nu
ber of eigenvalues of a matrix in a specified interval!

Recall thatdet(A) = [, A;. From this fact, we can at least establish if there is a
negative eigenvalue (providedlis invertible) among the bunch.

One of the few times computing a determinant is both feasibteuseful...!
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Determinants of the submatrices are easy to compute, bedais tridiagonal
matrix...

det(AM) = 1, det(A?)) = —1, det(A®) = —3, det(AY) = 4

Thus, we knowA™™ has no negative e-valgl® has 1,4 has only 1 (because of
the interlacing property)4*) has 2 (again, because of interlacing).
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In general, for a symm. tridiagonal, the number of negative eigenvalues is equal
to the number of sign changes in the Sturm sequence

L det(AY, det(A®), det(A), ..., det(A™)

Note: transition from + or O to - counts, from - or O to + courst not from + or -
to 0.

Key Observation 2Since the eigenvalues of — x1 are \; — z, by shifting A, we
can determine the number of eigenvalues in any inteémval): it's the number of
eigenvalues in—oo, b)) minus the number if—oo, a).
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Bisection, cont.

For a dense matrid, computingdet(A) is expensive and usually unstable.

However, this is a symmetric tridiagonal matrix, so by exgan by minors we can
show

det(AW)) = qdet(A* 1) — b2_ det(A*2).
Introducing a shifte, and writingp'®)(z) = det(A*) — zT), we get

pM(z) = (ar—z)p"(x)=bi_1p" (), p " N(z) = 0,p(x) = Lk=1,...,m.

See demo on example.
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Divide and Conquer

e Most description on board.
e Works on symmetric, tridiagonal matrix.

e Implementation details not fully discussed — but the deanid the stability) is in
the details!

e Introduced by Cuppen 1981, more than 2x as fast as QR itardtymu want
the eigenvectors as well as the eigenvalues. But stablewer§the algorithm
came in the 1990's.

Key ldea:Rewrite the triadiagonal matrix as a 2x2 block matrix + a rFAntorrec-
tion, where the x 2 blocks are each roughiy. /2.
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Divide and Conquer

Write T = T + rank-one (see board, pg. 230)
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Divide and Conquer

If we know
Ty = Q1 D@7, Ty = Q2 D2Q%

G ([7 0)o) [ o

wherez = [Zl ] , andg; is the last row ofy;, i=1,2.
2

then

So now we need to find the eigenvalues of a diagonal matrix xleoae correc-
tion...
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Secular Equation

The eigenvalues ab + ww! are the roots of theecular equatian

2
w;

f()\):1+zdj_)\
j=1

Since this is not linear i\, we need a root-finding procedure (i.e. have to solve

f(A) =0).

Use a variant of Newton's method. Onfy(1) iterations of Newton’s method re-
quired per root, so we need(m) flops per root of ann x m matrix, soO(m?)
altogether.

Since this is a divide and conquer method, we need to accousbifving via re-
cursion...
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CS folks??
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O(m* + 2(m/2)* + 4(m/4)* +8(m/8)* + ... m(m/m)?)

converges t@(m?).
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