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Computing the SVD

We've noted already that in theory, one could compdtel and/orAA* and de-
termine the SVD once the eigenvalue decomposition of etthérose matrices Is

known. However, this isiot recommendefrom the point of view of numerical
stability.

Instead, we consider the matrix:
0 A*
i1 )

Note that this matrix is Hermitian.




Let A = UXV* be the full SVD ofA. This means
AV =UY, AU =VY*

Therefore

or

H = QAQ"?

So the singular values of are the absolute values of the eigenvalue& paind the
singular vectors ofd can be extracted frorf.




SVD Computation

e This procedure is stable

e Standard algorithms do not form explicitly! It is all done implicitly (in fact,
you will first wonder why | included the first slide at all)

e Key is aPhase reduction tdbidiagonal form




The Two Phase Process

1. ReduceA to bidiagonal (usually upper bidiagonal) mat¥sx
2. ReduceB to a diagonal matrix.

As we saw In the eigenvalue studies, phase | is the “direcsphwhich we can do
in O(mn?) flops.

Phase 2 is the iterative phase. It would in theory requir@fmie number of opera-
tions, but converge superlinearly, implyinf» log(| log(€e.qc)|)) iterationsneeded
to converge to order of,,,.,,. But since the matrix is bidiagonal, this requires only
O(n) flops, soO(n?) for this phase.




Golub-Kahan Bidiagonalization

Alternate unitary multiplications (Householder reflestoin the general case), to
Introduce zeros below main diagonal and to the right of tis $mper diagonal.

Example for a 6 by 4 matrix. See board for details.

A — UfAV, — USUAVIV, — USUS U AV,

Work is aboutdmn? — 4/3n’ flops




Faster Phase |

If m > n, this is too much. | will only mention one (popular) altenvat

First, do a QR factorization ofi: A = (QR. Then reduceR to upper bidiagonal
form by applying Golub-Kahan t&, so thatyU*RV = B. Then we have

U*Q*AV = B

This is known as Lawson-Hanson-Chan (LHC) bidiagonalorati

There’s a plot of the trade-off of using one method vs. theotlepending on sizes
of m,n on page 239.




Phase 2

A word on Phase 2.

From the 60’s to the 90’s, the standard looked like a varidrithe QR iteration

(note can be applied to bidiagonal form as “augmented” Heamesystem). Now,
Divide-and-conguer is gaining in popularity.




Partial Factorization

There are plenty of applications (we've seen some) wherenheneed to compute
a few of the “singular triplets”. For compression of data, dgample, we want the
singular triplets corresponding to the largest singuldwes only. Plenty of current
work on computing some of these accurately (Baglama anchBeifor very large
A.

Alternatively: use approximations through Krylov subspanethods (our next
topic for after break).




