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Projectors

Projector:A square matrix P that satisfies

pP:—p

(Any matrix such thar? = P is calledidempoten)




Projectors
P?=p
Two classes of projectors:

e Orthogonal
e Nonorthogonal (Oblique)




Visual Interpretation

Orthogonal projections are easy to visualize if we collapse

the picture to 2 dimensions:

Let R(P) be denoted by a line through the origin. Given vec-
tor v, Pv Is the vector from the origin that is tleadowof v

In R(P) caused when we shine a light @) perpendicular

to R(P).




(I think this topic is the most difficult/abstract we’ll enmater
this semester. If you can keep up with this, you're in good
shape.)




Visual Interpretation

Obligue projections are caused when we shine the light fron

some other direction.

We’'re more interested in orthogonal projectors this seenest




Projector Facts

o If v € R(P), then it lies on its own shadow, so applying the
projector gives back.

Proof. v = Px for somex because € R(P). S0Py =
P?x = Pr = .
o If v & R(P), then there Is some part ofthat lives outside
this space.
That Isv # Pw.
Where doeg’v — v live?




Projector Facts

To see tharv — v lives INnN(P):

P(PU—U>:P21}—PU:PU—PU:O




Projector Facts

If PIs a projector] — P Is also a projector:

(I-P2=1-2P+P?*=1-P

Where does this projector project? Math 22 people....




e FOr anyw, (I — P)v = v — Pv, Which we said lives inv(P).
Thus,R(I — P) C N (P).

e FOr any itemw in N(P), Pw = 0. Butif Pw =0, (I — P)w =
w, SOw € R(I — P). Thus,N(P) C R(I — P).

e ThereforeR(I — P) = N(P).




Complementary Projectors

We say!/ — P is acomplementary projectdo P because it

projects ontoV(P) whereas? projects ontaz(P), and from
linear algebra we know

R(P)[ | N(P) = {0}

That Is, theprojector separate®™ into two spaces
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e \What s

e \What s

Note this is NOT an ORTHOGONAL MATRIX!

pace G

pace O

Example

LletP =010

0€eB pro|

100

000

ect onto?

oes— P

oroject onto?
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Let

oW
oW

nat s

nat s

pace o

va
| 1/V2

pace G

Example 2

0€eB pro|

oes— P

VELVE| = _:

ect onto?

project onto?

This is not orthogonal, either!
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Vector Decomposition

If S; ands, are 2 subspaces af’ with 5; () S, = {0}, then
S1 ands, arecomplementary subspacasd it isalways pos-

sible to decompose an arbitrary vector C"* uniguelyas
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Proof: LetP be a projector ont®(P). Then

v=Pv—Pv+v=Pv+ (I — P)v=v1+v9.
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Orthogonal Projectors

An orthogonal projectors one that projectors onto a sub-

spaces; along a spacs,, wheres; ands, are orthogonal.

Mathematically, ifP is a projector (i.e.P? = P) then it's
orthogonal if we also have* = P.
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In summary, orth. projector is matrix that satisfies:

0P2:P

e P*=P
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Example

100
letP= ({010
000

Pis an orth. projector onto—y plane (i.e. onto spdny, es}).

Note this iIs NOT an ORTHOGONAL MATRIX!
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Example 2

VG

1/V2

[1/\/51/\/5} _ 5.5

P Is an orthogonal projector onto the line= y. But it is

NOT an orthogonal matrix. In fact, note the rankrofs 1.

18



Theorem 6.1

A projectorP Is orthogonalf and only if P = P*.

(The 250NLA students should read the proof.)
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Projector: - r

I —-P

IS also an orthogonal projector. Furthermore, the space
IS orthogonal torR(I — P). That is, ifw € R(P) andy ¢
R(I — P), thenw™y = 0.

Proof: On board.
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Projection Via Orthonormal Basis

Let Q be anm x n matrix with m > n and orthonormal

columns.

ThenP = QQ* is an orthogonal projector onto the span of

the columns of).

Proof: Trivial! On board.
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Projection Via Orthonormal Basis

o Note that since) is tall and skinnypQ* is NOT the iden-

tity matrix!!!
 Note thatl — QQ* is also an orthogonal projector.

e However,Q*Q IS the identity matrix, since the columns of

Q are orthonormal.
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Example 2 again

vE
1/V2

Vi) - |

Clearly, P Is not an orthogonal matrix, and it is a rank-1 ma-

trix comprised of the outer product of 2 orthogonal vectors.
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The matrixfi — P = | | 1s an orthogonal projector

onto the liney = —=.
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Projectors from 1 vector

Example 2 is a special case of an orthogonal projector ont
a single direction.

e If ¢ IS anm-length vector withjq¢||o = 1, thenP = ¢¢* IS a
rank-1lorthogonal projector onto spé&y}.

e YOU can show — P = I — g¢™ will have rank m-1. This
makes sense, because projectors “divide” up the spéce
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Projectors from 1 vector

Supposela| # 1. We know that the vecto%l%a doeshave

unit norm.

Therefore,

1 1 " | « aa

P )" =

= a a
lall2 " lall2 lall3 a*a

IS an orthogonal projector sank 1
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Projectors from multiple vectors

Givenn linearly independengectorsay,...,an IN C™, m >
n, It can be shown that witl = (a4, ..., ap,

P =AA*A) " La*
IS the orthogonal projector on®(A4) = spafay,...an}

It's the multidimensional generalization of the rank-1-for
mula. (250NLA students should understand why, bottom
page 46)

27



Final Comments

o If A =0, we get back the same formula as before.

e QQ* is sometimes referred to as a rank-n outer product i
Q hasn columns. This is because

QQ" = q1a} + qodb + -+ + anay,

IS a sum of», rank-1 projectors.

e Therefore, — QQ* will have rankm — n.
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Example 1 revisited

P has rank 2.

100
010

000

= [e1e2)
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has rank 1.

000
000

001
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Final Comments, Con't

o We will see that formingi(4*4)~1A* isaREALLY BAD
iIdea. Instead, compute orthonormal basesiftarst. Could

use SVD, but we’ll learn a different way next.
e Orthogonal projections are used in PCA applications

e Orthogonal projections arise naturally in data fitting {lin

ear least squares)
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e If XIS an eigenvalue of orthogonal projectarthen|\| = 1

or 0.

e Whatis| P|o If PIs an orth. projector?
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