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Gaussian Elimination

Standard in linear algebra class (reduce to row echelon)faiminate zeros below
the main diagonal at each step, using legal row operatiogs & «— o RR; + BR;)
until the (augmented) matrix is upper triangular. Then $geu can solve the
system by backsubstitution.

Assuming all diagonals remain non-zero, the trianguléiongorocess is completely
equivalent to multiplyingA on the left by a sequence of special, lower triangular
matricesL;.:

gm_l . 'LQL;A = .
121

Thus,A = LU.




GE

We’ll only be considering this for square matrices. Recad mave other tools
(SVD, QR) for finding bases faR (A), N'(A), whether or notA is square.

Show symbolically on the board the triangularization pescr a4 x 4 matrix.




Example
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Introduce zeros below the main diagonal.

e 2 is the “pivot”

° multipliersare/@’l = % = 2, H31 = % = 4, Ha1 = g = 3.

e ReplaceR; by R, — p; 1Ry, 1 =2,3,4
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Example, cont

e the 1 in the 2,2 position is now the pivot

e multipliersareps » =2 =2, g0 = 1 = 4.

e ReplaceR; by R; — p;2Rs,1 = 2, 3.
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1 and

2
2

Now the 2 in the 3,3 position is the pivot. $Q3
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Where I1s L?

Sincel3;L,L1 A = U, andL; are clearly invertible (why?!), we have

A=L{'Ly' L3 UL
L

Claim 1: L as defined here iswer triangular

Proof:

e The inverse of a lower triangular matrix is lower triangutdreorem, proved by
the 250 students)

e The product of lower triangular matrices is lower triangulleorem, previous
homework)




Claim 2: In generall is aunit lower triangular matrix (NOTE: we are assuming no
pivots are zero, or else the are undefined!), and that the entries below the main
diagonal inL are they; ;,7 = 2,...,m;j = 1,...,m—1, while the diagonal entries
are 1's.

Proof: Note we can writd;, = [ — Zkef, and thatL,;1 IS thereforel + éke;{ (check
that L, L, ' = I)

Because of the sparsity (zero) patterns, notedhat= 0 if j # k. So, cross terms
cancel. For exampld,, 'L, |, = (I + leef)(I + i€l ) = I + lpef + Lrsref .
Hence,

1
1 1 po1 1
L=Ly Ly = | 31 pz2 1

_,um,l Hm.2 - Hmm—1 1_




Practical GE without pivoting

Assuming we *want*L, U explicitly, otherwise, we can overwrité by U.

o U =A; L =ecye(m);
o for k=1:m-1
for j= k+1:m
L(j,K)=U(j,k)/U(k,k);
U(j,k:m) = U(j,k:m) - L(j,k)*U(k,k:m);

Flop count: 2nd line in the inner loop is 1 scalar mult, onevjreector subtraction,
lengthm — k + 1.

m—1

1+2(m—k+1) ZB
+1 k:zljzkl

m—1

LMS

k=1 j
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Practical GE without pivoting

e When A is banded, we can be more clever about our algorithms.

e Example, tridiagonal matrix: only ever 1 non-zero below diregonal to elimi-
nate. Let’s work this out.

e When A is a sparse matrix, note the potential “fill in” in the L and ¢tars.
Bandwidth vs. sparsity pattern. (airfoil example in matlab

e When A is real, symmetric, possible to modify to geD L’ factorization (as-
suming the LU factorization exists)
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Stability of LU

Note that[(i H has no LU factorization!

. 10720 1 o . . .
ConsiderA = o1l An LU factorization does exist, but in double precision
arithmetic. we computd = 7 = | - Y| but = 1070 1 while

’ putes = L= 11020 1 | = 0 1-10®

- [107 1
U‘[ 0 —1020]'
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o —20
Note thatLU = 101 (1)

ward, forward substitution, we get about 100 percent errdie first component!

. Using this to solvedz = b with b = [1; 0] and back-

In general, GE without pivoting (permutations of rows amdf@umns) is not back-
ward stable. However, forward and backward substituddrackward stable. Thus,
GE with no pivoting + forward/back sub, as an algorithm, is lmackward stable.
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Pivoting for Stabllity

: 1072V 1 01
ConsiderA = [ | 1] and letP = [1 O]'
ThenPA = [101_20 H Now computel, andU on this:

~ I 0 ~ 11
L_[10_201]’ U_[Oll'
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1 |

Observe thalL.U = [10_20 | 4 10-20

|0

|LU — PA|loo/||PAlloc = 1077/2

we have computed the exact factors of a nearby problem.

To solveAz = b, PAz = Pb — LUx = Pb. For the samé that gave us problems
before, the solution is nearly perfect!
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GE with Partial Pivoting

|dea: Before you eliminate zeros below the pivot entry, Idolwn the numbers (in
the current column) to be zeroed, compare to the pivot er8wyap rows for the
row with the largest magnitude entry, and continue.

Equivalent to

Ly 1Py LoPoL1PLA="U.
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Example

See book for rest of the detalls.

O = OO
o O = O

o OO =

_ o O O

A:

D 00 = IO
-3 -3 W —

; L1P1A —

O O© W+
co Ot — O

8 7 9 5
0 —1/2 —3/2 —3/2
0 —3/4 —5/4 —5/4

0 7/4 9/4 17/4
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1000
0001
P = 0010
0100
(8 7 9
LoPoLyPA — 07/4 9/4

5
17/4

0 0 —2/7 4/7
0 0 —6/7 —2/7 |
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Finally, swap the 3rd and 4th rows, compute/anand

L3P3Lo Pyl P A =

(8 7 9 5
07/4 9/4 17/4
0 0 —6/7 —2/7
00 0 2/3
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Where isL.?? Claim that the info to construct bothand L is in there, such that
PA=LU.

L3P Ly Py Ly Py = LyLL L P3Py Py
where
= Po_1- Poa Ly P P

and note than‘1 = PJ.T, because it's a permutation matrix.

L. was unit lower triangular. Because the permutations arkeapfsymmetrically”
(.e. same permutation of rows [left mult I3y;] as permutation of columns [right
mult by PJ.T]), L’ is going to be unit lower triangular still, but the non-zemshe
lower part may have switched position.
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So nowL = (L)) ~*(L) NIyt =

1 0 0 0]
3/4 1 0 0
1/2 =2/7 1 0

1/4 =3/71/3 1
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GEPP

e U=A, L=I, P=I
o for k=1:m-1
select; > k to maximize|U (i, k)|
swapU (k,k : m)with U(i, k : m)
swapL(k,1: k—1)with L(i,1: k—1)
swapP(k,:) with P(s,:)
for j=k+1:n
L(j,k) = U(j,k)/U(K,k);
U(j,k:m) = U(j,k:m) - L(j,k)*U(k,k:m)
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Odds and Ends

e The same number of Flops as without pivoting.
e Overhead for the search down the columns at each step.
e In practice,P is not created explicitly.

e |If only desire is to solve a system, don’t need’/, can overwrited and compute
Pb on the fly.

e Beware! Permutations can destroy structure!
e Storage and fill-in. Bad bet for sparse problems.
e Cases where no pivoting is needed for stabllity.

e Approximate ILU for preconditioning.
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More on PLU

PA=LU

Remember, if we have partial pivoting, ALL entries in L are

less than or equal to 1 in magnitude.

Seel x 4 example pg. 157-159 (needs 3 steps)
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LyP3LoPyL1PlA=U
Means {n = 4)

I 11 1/
Ltl P

| _ —1 —1
whereL, = Py, - P LpP o Po”

Note thatL;C will be unit lower triangular, sa&—! and will
be, too.
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PLU

If the entries InL are kept in check (notgL| = O(1)), what
about entries i/ ?

Definition: Thegrowth factorfor A is

maxz-?j ]uw\

- max; ; |a;]

implies||U]| = O(p||A|).
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Theorem 22.2Given the computation aPA = LU by Alg.

21.1, then the computed matsL, U satisfy

LU = PA +6A, % — O(pe

mach)'

Means that backward stabilidepends on the growth factor.
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Worst-case Instability

See example matrix (22.4) in text. Growth factoe’is 1.

Fortunatelygvil growth factors like this one aret common

In practice

“Large factors U like (22.5) never seem to appear In real

applications.”
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No pivoting needed?
When is no pivoting needed to ensure stability?

e Matrix is strictly columndiagonally dominant

agrl > > lajgl, k=1,...,m
J7#k
e Matrix is symmetric/Hermitiaipositive definite

A® = Aandz™ Az > 0 for every nonzera

29



Sparse and Banded Matrices

Definition: A sparsamatrix is one with a high percentage of

Zero entries.

(maybe 20 percent or fewer)

Example from first day of class: Discrete partial differanti

operators.
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etc.

S0 Au(x,y) + 72u(:1:,y) = g(x,y), u(z,y) = 0 on boundary of
square, leads to a set @f equations im? unknowns on an

n x n grid.
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Sparse

Airfoil example in Matlab.

Different orderings of the unknowns and equations give rise

to different amounts ofill in the L andvU factors.

Orderingsisynrcm col perm col nmmd, symmd
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Orderings for Sparse Matrices

Bottom line The L and U factors can take up significantly
more space to store thah Active research problem. Try

to reorder rows and cols to minimize fill BUT STILL GET

STABILITY. (Sometimes, these can be in conflict.)
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Banded Matrices

Definition: A is banded wittbandwidth 2p+1f all the non-

zeros are contained within the figssuper and firsg subdi-

agonals. 4;; = 0, i — j| > p).

Definition: A hasupper bandwidtly if a;; =0, >1i+q and

lower bandwidthr If a;; = 0,7 > j +r.
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Banded Matrices

It can be shown that it = LU (i.e. no pivoting) exists and
A has upper bandwidtihand lower bandwidth thentU has

upper bandwidtly and L has lower bandwidth.

We should take advantage of this in our algorithms!
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Banded Matrices

If partial pivoting Is needed, at worst the upper bandwidth o

U I1s ¢ +r (Whereag still has at most + 1 per column).

Our loops In findingZ,U should be adjusted for bandwidth,

as should our forward and backward substitution algorithms

(Do forward sub.)
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Nice data structures for storing banded matrices. (Generi
sparse are more difficult, since you don’t a priori know where

fill will occur.)
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Cholesky Factorization

Works only for

e A c R" " andA is SPD.

e AcC""andAis HPD.

Regardless, we havé™ = A, +*Az > 0 for all nonzeroz.
(Notez* Az IS real.)
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Cholesky Factorization

Find upper triangular such thatd = R*R, rij > 0.

Theorem 23.Every HPDA ¢ C"*"™ has auniqueCholesky

factorization.

Proof 1: by construction.
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Proof 2: From theLy = DM factorization. First show
M = L. Then showp is positive. Then foldb!/2 into each

term.
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Cholesky (Overwriting)

e R=A
ofoOrk=1:m
forj=k+1:m
R(j,j :m)=R(j,j:m)— (R(k,j)/R(k, k) * R(k,j : m);
end
R(k,k :m) = R(k,k :m)/\/R(k, k)

eend

41



Cholesky

No need for pivoting... bwd. stable(m?>) algorithm.

Theorem 23.4 et A ¢ C™*™ pe HPD, run (23.1). For all
it will run to completion and gen-

sufficiently smalle,, , .1,

erater:

Sk £ [0A]
R*R — A -+ (SA, W = O(Gmach>.

42



Note that it may not produce accurate

| R~ R|[/IIR] = O(x(A)e

mach>

(only the product satisfies the backstable error bound.)
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Cholesky andu: =

Recall forward/backsub as in text are backward stable algo
rithms. Consequently,

Theorem 23.3 he solution of HPD systems: = b via Cholesky
(Alg 23.1) and fwd/back sub Is backward stable in tha#t-
Isfies

loA]l

(A+dA)x = b, =
1A

Ol(e

Tnach)
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Misc.

e May know Iif A 1s HPD from application.
o If chol ( A) gives an error, probably not HPD
o« HPD matrices are nice for other reasons, too!

e Hermitian matrices that are strictly DD are HPD.
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